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Abstract. In this paper we prove the existence and approximation of solution for a nonlinear two point boundary value
problem of ordinary second order hybrid differential equations with Dirichlet boundary conditions via construction of an
algorithm. The nonlinearity present on the right hand side of the differential equation is assumed to be Carathoe¢odory and
the proof is based on a Dhage iteration method based on a hybrid fxed point theorem of Dhage (2014) in an ordered Banach
algebra.

AMS Subject Classifications: 34A45, 34B15, 47H07, 47H10.
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1. Introduction

Let R denote the set of all real numbers and R the set of all nonnegative reals. Given a closed and bounded
interval J = [a,b] C R, a < b, consider the nonlinear two point hybrid boundary value problem (in short HBVP)
of ordinary hybrid differential equation,

— (f(f(;()t))> =g(t,z(t)) ae. teJ,

z(a) =0 = z(b),

(1.1)

where f : J x R — R\ {0} is continuous and f : J x R — R is a Caratheodory function.
*Corresponding author. Email address: bedhage @gmail.com (Bapurao C. Dhage)
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Approximation results for nonlinear hybrid boundary value problems
When f = 1on I x R, the HBVP (1.1) reduces to the well-known nonlinear two point BVP

—a2"(t) = g(t,z(t)) ae. te J,}
z(a) = 0 = z(b),

which is studied earlier extensively in the literature (see Bailey ef al. [1]).

(1.2)

Definition 1.1. A function x € AC'(J,R) is said to be a lower solution of the HBVP (1.1) if

- (729 ' z a.e
<f(t,x(t))> <g(t,x(t)) ae telJ,

z(a) < 0 > x(b),

(1.3)

where, AC1(J,R) is the space of functions x € C(J,R) whose first derivative exists and is absolutely continuous
on I. Similarly, v € AC'(J,R) is called an upper solution of (1.1) on J if the reversed inequalities hold in (1.3).
If equalities hold in (1.3), we say that x is a solution of (1.1) on J.

Notice that the differential equation (1.1) is a hybrid nonlinear differential equation with a quadratic
perturbation of second type. The details of classification of different types of perturbations of the differential are
given in Dhage [4]. The existence of the solution to the problem (1.1) may be proved by using hybrid fixed point
theorems of Dhage in a Banach algebra as did in Dhage [2, 3], Dhage and Dhage [9], Dhage and Dhage [11] and
Dhage and Imdad [13]. The existence and approximation result for the PBVP and the BVP (1.2) is already
proved respectively in Dhage and Dhage [10] and Dhage [7] via a new Dhage iteration method developed in
[5, 6]. In the present paper, we shall extend above Dhage iteration method to the HBVP (1.1) and study the
existence and approximation of positive solutions of under certain hybrid conditions on the nonlinearities f and
g from algebra, analysis and topology.

2. Auxiliary Results

We need the following definitions in what follows.

Definition 2.1 (Dhage [2-5]). An upper-semicontinuous and nondecreasing real function ¢ : Ry — Ry
satisfying the condition ¥(0) = 0 is called a D-function on Ry. The class of all D-functions is denoted by
D.

A few examples of the D functions on R appear in Dhage and Dhage [10] and references therein.
Definition 2.2. A function 5 : J x R — R is called Carathéodory if
(i) the map t — [(t,x) is measurable for each x € R, and
(ii) the map x — (¢, x) is continuous for each t € J.

The following lemma is often used in the study of nonlinear differential equations (see Dhage [3], Dhage and
Imdad [13] and references therein).

Lemma 2.3 (Carathéodory). Let 3 : J x R — R be a Carathéodory function. Then the map (t,x) — B(t,x) is
Jointly measurable. In particular the map t — B(t, x(t)) is measurable on J for each x € C(J,R).

We need the following hypotheses in the sequel.

(Hy) f defines a continuous bounded function f : J x R — Ry \ {0} with bound M.

3
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B. C. Dhage and J. B. Dhage

(H2) There exists a D-function 1y € ® such that

0< ft,x) — ft,y) < vy(z—y)

b—a)?

forall € J and z,y € R with x > y. Moreover, ( Mgps(r)y <r, r>0.
(Hs) The function g is Carathéodory on J x R into R .

(Hy) g is bounded on J x R with bound M,.

(Hs) g(t, ) is nondecreasing in x for each ¢t € J.

(LS) The HBVP (1.1) and (1.3) has a lower solution u € AC*(J,R).

(US) The HBVP (1.1) and (1.3) has an upper solution v € AC*(J, R).

Lemma 2.4. Given any function h € L*(J,R), the HBVP

- (“”(t)) —h(t) ae te

[t z(t)) (2.1)
z(a) =0 = z(b),
is equivalent to the quadratic hybrid integral equation (in short QHIE)
b
2(t) = [f(t, 2(t))] / G(t,)h(s)ds |, teJ, 2.2)
a
where G(t, s) is the Green’s function associated with the homogeneous boundary value problem
—2"(t) =0 ae tE€J,
(2.3)
z(a) =0 = z(b).

Notice that the function = given by (2.2) belongs to the class C(J,R). Clearly, G(¢,s) is continuous and
nonnegative on J x J and satisfies the inequalities

b N2
ogG(t,s)gT“ and /G(t,s)dsg(b o

8

The proof of our main result will be based on the Dhage monotone iteration principle or Dhage monotone
iteration method contained in a applicable hybrid fixed point theorem in the partially ordered Banach algebras.
A non-empty closed convex subset K of the Banach algebra E is called a cone if it satisfies i) K + K C K, ii)
AK C K for A > 0 and iii) {—K} N K = {0}. We define a partial order < in F by the relation z < y <=
y —x € K. The cone K is called positive if iv) K o K C K, where “o” is a multiplicative composition in . In
what follows we assume that the cone K in a partially ordered Banach algebra (F, K) is always positive. Then

the following results are known in the literature.
Lemma 2.5 (Dhage [8]). Every ordered Banach space (E, K) is regular.

Lemma 2.6 (Dhage [8]). Every partially compact subset S of an ordered Banach space (E, K) is a Janhavi set
in E.
Theorem 2.7 (Dhage [5, 6]). Let (E, K| - ||) be a regular partially ordered complete normed linear algebra

and let every chain C in E be a Janhavi set. Suppose that A,B : E — K are two monotone nondecreasing
operators such that
S
= =

[V =)
MM
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Approximation results for nonlinear hybrid boundary value problems

(a) A is partially bounded and partial D-Lipschitz with D-function 1 4,

(b) B is partially continuous and uniformly partially compact,

(¢c) Mpa(r) <r, r >0, where Mg = sup{||B(C)| : C isachainin E}, and
(d) there exists an element xy € E such that xo < AxoBxg or xo = Axq Bxg.

Then the hybrid operator equation Ax Bx = x has a solution x* in K and the sequence {x,,}>2, of successive
iterations defined by x,+1 = Ax,, Bz, converges monotonically to x*.

The details of Dhage monotone iteration principle or method and related definitions of Janhavi set and
uniformly partially compact operator along with some applications may be found in Dhage [5-8] and the
references therein.

3. Existence and Approximation Result

Let Ct (J,R) denote the space of all nonnegative-valued functions of C'(.J, R). We assume that the space C'(J, R)

is endowed with the norm || - || and the multiplication “-” defined by
[l = max|z(t)]  and (z-y)(t) = z()y(t) ¢ € J. 3.1

We define a partial order < in E with the help of the cone K in E defined by
K={zeE|x(t)>0 forall teJ}=C(JR), (3.2)

which is obviously a positive cone in C(J,R). Thus, we have x <y <— y—x € K.

Clearly, C'(J, R) is a partially ordered Banach algebra with respect to above supremum norm, multiplication
and the partially order relation in C'(J,R). A solution £* of the HBVP (1.1) is positive if it is in the class of
function space C'y (J,R).

Theorem 3.1. Suppose that hypotheses (H1 )-(Hs) and (LS) hold. Then the BVP (1.1) has a positive solution x*
defined on J and the sequence {x,,}52_ of successive approximations defined by

zo(t) = ult), te€J.

b 33
xn+1(t) = [f(tvxn(t))] (/ G(ta S)Q(Sa‘rn(t)) ds) , teJ, )

converges monotone nondecreasingly to x*.

Proof. Set E = C(J,R). Then, in view of Lemmas 2.5 and 2.6, F is regular and every compact chain C in E
possesses the compatibility property with respect to the norm || - || and the order relation < so that every compact
chain C' is a Janhavi set in E.

Now by Lemma 2.3, the BVP (1.1) is equivalent to the QHIE

b
2(t) = [f(t, 2(t))] (/ G(t,s)g(s,x(t))ds), e (34)

Define two operators A and B on E by

Az(t) = f(t,z(t), t € J, (3.5)

3
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and

b
Bx(t) :/ G(t,s)g(s,z(t))ds, teJ (3.6)

From hypotheses (H;) and (Hs), it follows that A and B define the operators 4, B : E — K. Now the QHIE
(3.4) is equivalent to the quadratic hybrid operator equation

Ax(t) Bx(t) = z(t), t € J. 3.7

Now, we show that the operators .4 and B satisfy all the conditions of Theorem 2.7 in a series of following
steps.

Step I: A and B are nondecreasing operators on E.

Let x,y € E be such that x > y. Then, from the hypothesis (H>) it follows that

Az(t) = f(t,x(t)) = f(t,y(t) = Ax(t)

forallt € J. Hence Ax = A(y) and that .4 is nondecreasing on E. Similarly, we have by hypothesis (Hs),

Ba(t) = / Gt 5)g(s, 2(5)d > / Gt 5)9(s, y(s)) ds = By(t)

for all ¢t € I. This implies that Bx = By whenever x = y. Thus, B is also nondecreasing operator on F.

Step II: Next we show that A is partially bounded and partial D- Lipschitz on E.

Now, for any x € FE, one has
[ Az[| = sup |f(t,z(t))] < My
teJ

for all ¢t € J. Taking the supremum over t, we obtain || Az|| < M, for all z € E and so A is bounded and so
partially bounded on E. Nxt let x,y € E be such that = > y. Then, by hypothesis (Hs),

|Az(t) — Ay(t)| < @ (lz(t) —y(®)]) < ez —yl)
for all ¢ € J. Taking the supremum over ¢, we get

Az — Ayl| < ¢ ([lz —yl))

forall z,y € E, « > y. This shows that A is a partial D-Lipschitz on E with D-function ¢y.
Step III: B is a partially continuous and partially compact on E.
Let {2, }nen be a sequence in a chain C such that x,, — x as n — oo. Since the f is continuous, by

dominated convergence theorem, we have

b
lim Bz, (t) = lim G(t,8)g(s,xn(s))ds

n— oo n— oo

S
/a G(t, s) {7}1_>Igog(s,xn(s))} ds = Bx(t),

for all t € J. This shows that Bz, converges to Bz pointwise on J. Next, we show that {Bz,},en is an
equicontinuous sequence of functions in £. Now for any ¢1, ¢y € J, one obtains

b
B (t1) — Ban(t2)] < Mg/ Gt1, 5) — Glts, 5)| ds

i
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Approximation results for nonlinear hybrid boundary value problems

Since the function ¢ — G(¢, s) is continuous on compact Jit is uniformly continuous there. Consequently the
function ¢ — G(t, s) is uniformly continuous on J. Therefore, we have

\G(tl,s)—G(tQ,sﬂ —0 ast; =ty
uniformly on J. As a result, we have that
‘BI’n(tl) — B$n(t2)| — 0 as tl — tQ,

uniformly for all n € N. This shows that the convergence Bz,, — Bz is uniform and that B is a partially
continuous operator on E into itself.

Next, we show that B is a uniformly partially compact operator on E. Let C' be an arbitrary chain in E.
We show that B(C') is uniformly bounded and equicontinuous set in E. First we show that 5(C') is uniformly
bounded. Let y € B(C') be any element. Then there is an element = € C such that y = Bz. By hypothesis (Hz)

b-a?

gs

b
mmzwmmz/ew@memws

(b—a)?

for all ¢t € J. Taking the supremum over ¢ we obtain ||y|| = ||Bzx| < M,, for all y € B(C). Hence

B(C) is a uniformly bounded subset of E. Next, proceeding with the arguments that given in Step II it can be
shown that
|y(t2) — y(tl)‘ = |Bl‘(t2) — Bm(t1)| —0 as t1 —ts

uniformly for all y € B(C). This shows that 5(C) is an equicontinuous subset of E. Now, B(C') is a uniformly
bounded and equicontinuous subset of functions in E and hence it is compact in view of Arzela-Ascoli theorem.
Consequently B is a uniformly partially compact operator on F into itself.

Step IV: A and B satisfy the growth inequality Mg a(r) <r, r > 0.

b— 2
Now, it can be shown ||B(C)|| < %Mg = Mp for all chain C' in E. Therefore, we obtain

(b= a)®
8

Mppa(r) = Mgtpp(r) <

for all » > 0 and so the hypothesis (c) of Theorem 2.7 is satisfied.
Step VI: The function u satisfies the operator inequality u = Au Bu.
By hypothesis (LS), the HBVP (1.1) has a lower solution u defined on J. Then, we have

u(t) 1 )
- (f( t))) < g(t,u(t)) ae. teJ,

t, u(
u(a) u(b)
fa @) =" 7 Fou®)

By using this, the maximum principle [15] and the definitions of the operators .4 and 15, it can be shown that
the function u € C(J, R) satisfies the relation u < Au Bu on J.

(3.9)

Thus, A and B satisfy all the conditions of Theorem 2.7 and so the quadratic hybrid operator equation
Az Bz = x has a positive solution z* and the sequence {x,}52, of successive iterations defined by z,,+1 =
Az, Bz, with initial term xo = u converges monotone nondecreasingly to z*. Therefore, the QHIE (3.4) and
consequently the HBVP (1.1) has a positive solution 2* and the sequence {x,, }5, of successive approximations
defined by (3.3) with zg = u, converges monotone nondecreasingly to z*. This completes the proof. |
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Remark 3.2. The conclusion of Theorem 3.1 also remains true if we replace the hypothesis (LS) with (US). The
proof of Theorem 3.1 under this new hypothesis is similar and can be obtained by closely observing the same
arguments with appropriate modifications. In this case the sequence {z,}52, defined by (3.3) with z(t) =
v(t), t € [0,T], converges monotone nonincrasingly to the solution z* of he HIVP (1.1) on J. Again, the
existence and approximation result, Theorem 3.1 includes similar result for the positive solution of the HBVP
(1.2) as a special case.

Remark 3.3. We note that if the HBVP (1.1) has a lower solution u € AC*(J,R) as well as an upper solution
v € ACY(J,R) such that u =< v, then under the given conditions of Theorem 3.1 it has corresponding solutions
x, and y* and these solutions satisfy the inequality

Uu=20 X012 22, 2T Y 2y, - 2y 2y =0,

Hence x, and y* are respectively the minimal and maximal impulsive solutions of the HBVP (1.1) in the vector
segment [u, v] of the Banach space F = C(J,R), where the vector segment [u, v] is a set of elements in C(J, R)
defined by

[u,v] ={z € C(J,R) |u 2z < v}.

This is because of the order cone K defined by (3.2) is a closed convex subset of C(J, R). However, we have not
used any property of the cone K in the main existence results of this paper. A few details concerning the order
relation by the order cones and the Janhavi sets in an ordered Banach space are given in Dhage [8].

4. An Example

Example 4.1. Given a closed interval J = [—1, 1] in R, consider the nonlinear HBVP

(e N\
(f(t,x(t))) tanhxz(t) +1 ae. t€J, @

#(—1) =0 = (1),
where the function f : J x R — R\ {0} is defined by

1, <0,

Then the function f satisfies the hypotheses (H;)-(Hz) with My = 2 and ¢¢(r) = 1_:752, 0 < ¢ < r. Here

g(t,z) = tanh x + 1 and satisfies the hypotheses (Hz3)-(Hs) with M, = 2. Now the HBVP (4.1) is equivalent to
the QHIE

«(t) = [f(t,2(t))] (/_1 k(t,s) [ tanha(s) + 1] ds) L tel-11],

where k is a Green’s function associated with the homogeneous BVP

—2"(t) =0, te[-1,1], z(-1)=0==xz(1), (4.2)
defined by
w’ —1<s<t<1,
k(t,s) = 4.3)
%2(1—5)’ l<t<s<i,
D
S
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Approximation results for nonlinear hybrid boundary value problems

which is continuous and nonnegative on J x J. It can be verified that the function u € C(J,R) defined by
1 1

u(t) = — / k(t,s)ds and v(t) = 4 / k(t,s)ds are respectively the lower and upper solutions of the
1 1

QHBVP (4.13 on [—1,1]. Hence, by an app]ication of Theorem 3.1, the HBVP (4.1) has a positive solution z*
and the sequence {z, }2, of successive approximations defined by

zo(t) = — /11 k(t, ) ds ¢ € [—1,1],

1

a9 = )] (|

k(t,s)[ tanhz,(s) + 1] ds> , te[-1,1],
-1

converges monotone nondecreasingly to z*. Similarly, the sequence {y,}52, of successive approximations
defined by

yo(t) = 4/1 k(t,s)ds, t € [-1,1],

Yn+1(t) = [f(tvyn(t))] (/_1 k(t’s)[tanhyn(s) + 1] ds) , te[-1,1],

converges monotone nonincreasingly to the positive solution y* of the QHBVP (4.1) on [—1, 1]. .

5. The Conclusion

Finally in the conclusion, we mention that the existence and approximation results for the BVP (1.1) and (1.2) on
J may also be obtained by using other iteration methods already known in the literature. In case of well-known
Picard iteration method, the nonlinearity f is required to satisfy a certain so called strong Lipschitz condition
whereas in our Theorem 3.1, it is not a requirement. Similarly, in case of monotone iterative technique for
the BVP (1.1) and (1.2), we need to have the existence of both comparable lower as well as upper solutions
along with a cumbersome comparison result for getting theoretic approximation of the solution (see [14] and
references therein). However, here in the present approach of this paper we get rid of above stringent conditions
and still obtain the existence of and approximation of solution in an easy straight forward way. Again, in the case
of existence result via generalized iteration method developed by Heikkild and Lakshmikantham [14] (see also
Dhage and Heikkild [12] and references therein), we also need the existence of both comparable upper as well as
lower solutions together with some other conditions such as integrability of the nonlinearity f, notwithstanding
it does not yield any algorithm for the solution. Furthermore, the conclusion of the upper and lower solutions
method is a by-product of our monotone iteration method as mentioned in Remark 3.3. Therefore, in view of
above observations, we conclude that our Dhage iteration method of this paper is an elegant, relatively better and
more powerful than all the above mentioned frequently used iteration methods for nonlinear problems because it
provides the additional information of algorithm along with the monotonic characterization of the convergence
of the sequence of iterations to the approximate solution of the BVP (1.1) and (1.2) defined on J under weaker
conditions.

References

[1] P.B. BAILEY, L.F. SHAMPINE, P.E. WALTMAN, Nonlinear Two Point Boundary Value Problems,
Academic Press, New York, 1968.

[2] B.C. DHAGE, On a fixed oint theorem in Banach algebras with applications, Appl. Math. Lett. 18 (2006),
273-280.

e

[V =)
MM

117



B. C. Dhage and J. B. Dhage

[3] B.C. DHAGE, Nonlinear functional boundary value problems involving Carathe¢odory, Kyungpook Math. J.
46 (2006), 421-441.

[4] B.C. DHAGE, Quadratic perturbations of periodic boundary value problems of second order ordinary
differential equations, Differ. Equ. Appl. 2 (2010), 465—-486.

[5] B.C. DHAGE, Partially condensing mappings in partially ordered normed linear spaces and applications to
functional integral equations, Tamkang J. Math. 45 (4) (2014), 397-427.

[6] B.C. DHAGE, Some generalizations of a hybrid fixed point theorem in a partially ordered metric space and
nonlinear functional integral equations, Differ. Equ. Appl. 8 (2016), 77-97.

[71 B.C. DHAGE, Approximation and existence of solutions for nonlinear two point BVPs of ordinary second
order differential equations, Nonlinear Studies 23(1) (2016), 1-17.

[8] B.C. DHAGE, Coupled and mixed coupled hybrid fixed point principles in a partially ordered Banach
algebra and PBVPs of nonlinear coupled quadratic differential equations, Differ. Equ. Appl. 11(1) (2019),
1-85.

[9] B.C. DHAGE AND J.B. DHAGE, Approximating positive solutions of nonlinear IVPs of ordinary second
order hybrid differential equations, Malaya J. Mat. 9(2) (2021), 12-19.

[10] B.C. DHAGE AND S.B. DHAGE, Approximating solutions of nonlinear pbvps of hybrid differential
equations via hybrid fixed point theory, Indian J. Math. 57 (2015), 103-119.

[11] B.C. DHAGE AND S.B. DHAGE, Hybrid fixed point theory for non-increasing mappings in partially ordered
metric spaces and applications, Journal of Nonlinear Analysis and Applications, 5(2) (2014), 71-79.

[12] B.C. DHAGE AND SEPPO HEIKKILA, On nonlinear boundary value problems with deiating arguments and
discontinuous right hand side, J. Appl. Math. Stoch. Anal., 6 (1) (1993), 83-92.

[13] B. C. DHAGE AND M. IMDAD, Asymptotic behaviour of nonlinear quadratic functional integral equations
involving Caratheodory, Nonlinear Analysis, 71 (2009), 1285-1291.

[14] S. HEIKKILA AND V. LAKSHMIKANTHAM, Monotone Iterative Techniques for Discontinuous Nonlinear
Differential Equations, Marcel Dekker inc., New York 1994,

[15] M.H. PROTTER AND H.F. WEINBERGER, Maximum Principles in Differential Equations, Prentice-Hall,
Englewood Cliffs, N.J. 1967.

This is an open access article distributed under the Creative Commons Attribution

@ ® License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

3

s
2

118



MALAYA JOURNAL OF MATEMATIK
Malaya J. Mat. 10(02)(2022), 119-127.
http://doi.org/10.26637/mjm1002/002

Toeplitz properties of w-order preserving partial contraction mapping

AKINOLA YUSSUFF AKINYELE*!, JUDE BABATUNDE OMOSOWON!, MOSES ADEBOWALE AASAZ,
BAYO MUSA AHMED! AND KAREEM AKANBI BELLO!

L Department of Mathematics, University of Ilorin, Ilorin, Nigeria.
2 Department of Mathematics, The College of Education, Lanlate, Nigeria.

Received 1 December 2021; Accepted 19 March 2022
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1. Introduction and Background

The emphasis of spectral theory in functional analysis is important because it studies the structure of a linear
operator on the basis of its spectral properties such as the location of the spectrum, the behaviour of the resolvent
and the asymptotics of its eigenvalues. It is an inclusive term for theories extending the eigenvector and eigenvalue
theory of a single square matrix to a much broader theory of the structure of operators in a variety of mathematical
spaces. Suppose X is Banach space, X,, C X is a finite set, (T'(¢));>0 the Cp-semigroup, w — OC'P,, the w-
order preserving partial contraction mapping, M,,, be a matrix, L(X) be a bounded linear operator on X, P,
a partial transformation semigroup, p(A) a resolvent set, o(A) a spectrum of A and A € w — OCP, is a
generator of Cy-semigroup and its also Toeplitz matrix. This paper consist of results of Toeplitz w-preserving
partial contraction mapping generating a spectral mapping theorem. Balakrishnan [1], established fractional
powers of closed operators. Banach [2], introduced the concept of Banach spaces. Bojanczyk et al. [3], obtained
some results on stability of the Bareiss and related Toeplitz factorization algorithms. Béttcher and Grudsky [4],
deduced some results on Teoplitz matrices, asymptotics linear algebra and functional analysis. Engel and Nagel
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[5], obtained one-parameter semigroup for linear evolution equations. Greiner et al. [6], showed some results
on the spectral bond generator of semigroup of positive operators. Hasegawa [7], introduced some results on the
convergence of resolvents of operators. Neerven [8], established the asymptotic behavior of semigroup of linear
operator. Pazy [9], presented semigroup of linear operators and applications to partial differential equations. Rauf
and Akinyele [10], obtained w-order-preserving partial contraction mapping and established its properties, also
in [11], Rauf et al. deduced some results of stability and spectra properties on semigroup of linear operator.
Slemrod [12], explained asymptotic behavior of Cp-semigroup as determined by the spectrum of the generator.
Vrabie [13], proved some results of Cy-semigroup and its applications. Yosida [14], established and proved some
results on differentiability and representation of one-parameter semigroup of linear operators.

2. Preliminaries

Definition 2.1. (Cy-Semigroup) [13] A Cy-Semigroup is a strongly continuous one parameter semigroup of
bounded linear operator on Banach space.

Definition 2.2. (w-OCP,) [10] A transformation o € P, is called w-order-preserving partial contraction
mapping if Vx,y €Doma : x < y - ar < ay and at least one of its transformation must satisfy
ay =y such that T(t + s) = T(t)T(s) whenever t, s > 0 and otherwise for T(0) = I.

Definition 2.3. (Resolvent Set) [5] We define the resolvent set of A denoted by p(A) set of all \ € C such that \I
- A is one-to-one with range equal to X

Definition 2.4. (Spectrum) [5] The spectrum of A denoted by o(A) is defined as the complement of the resolvent
set.

Definition 2.5. (Toeplitz matrix) [4] Toeplitz matrix is a matrix in which each descending diagonal from left to
right is constant for any n X n and for any m X n matrices.

Example 1
2 x 2 matrix [M,, (N U {0})]
Suppose

and let T'(t) = e*4, then

Example 2
3 x 3 matrix [M,,, (N U {0})]
Suppose
223
A=1222
122
and let T(t) = e*4, then
o2t o2t 3t
otA — | o2t o2t 2t
of o2t o2t

Example 3
3 x 3 matrix [M,,(C)], we have
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for each A > 0 such that A € p(A) where p(A) is a resolvent set on X.
Suppose we have
223
A=1222
122

and let T(t) = e**, then
Q2A 2t L3t

tAN | g2th g2tA g2t
A Q2N 2tA

(&
e

Example 4
Let X be the Banach space of Continuous function on [0,1] which are equal to zero at x = 1 with the supremum
norm. Define

(T(0)f) () = {WH) if st

0 if c+t>1
T(t) is obviously a Cp-Semigroup of Contractions on X. Its infinitesimal generator A € w-OC' P, is given by
D(A)={f:fel(0,1)NnX1f" € X}
and
Af = f" for fe D(A).

one checks easily that for every A € C and g € X the equation Af — f/ = g has a unique solution f € X given
by

1
1) = [ (51

Therefore o(A) = ¢. on the other hand, since for every ¢ > 0, T'(¢) is a bounded linear operator, o(T'(t)) # ¢
for all ¢ > 0 and the relation o(7'(t)) = exp{tc(A)} does not hold for any ¢ > 0.

Theorem 2.6. (Hille-Yoshida) [11] A linear operator A : D(A) C X — X is the infinitesimal generator for a
Co-semigroup of contraction if and only if

i. A isdensely defined and closed; and

ii. (0,4+00) C p(A) and for each A > 0, we have

IR, Do) < 5 2.1

> =

3. Main Results

This section presents results of spectral mapping theorem for point spectrum generated by Toeplitz w-OC P,;:

Theorem 3.1. Let T'(t);>0 be a Cy-semigroup on a Banach space X, with generator A € w — OCP,, which is
Toeplitz. Then we have the spectral inclusion relation

o(T(t)) > exp(to(4)), ¥t>0.

e
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Proof. Firstly we need to show that A is a Toeplitz matrix. Assume b is a trigonometric polynomial of the form
T
p(t) = ) bt?
Jj=-r

t € T(t),and let X and Y be infinite matrices of all entries of which are sero outside the upper left » x r block,
that is
P.XP. =X, PYP =Y.

without loss of generality assume that » > 1. Put
A, =Tu(a) + P,XP, +w,Ywy,
where A € w — OC'P,,. Obviously, A,, is a band matrix with at most 2 4+ 1 non-zero diagonals.So, let
M = max(|[T(a) + X[, I T@+Y]), Mo =|T(a)].

Since
1T (a)[| = 1T(a)]| = llall.

then we have
1T (a) + X|| = [[T(a)|| = [T(a)]],

IT(a) + Y[ = IT@)] = IT@] = T ()|

we always have M > My, so that ||A,|| — M as n — oo.
It is easy to see that

/t T(s)zds € D(A)
0

or all £ > 0. In fact, a direct application of the definition of the generator shows that

¢
A (/ T(s):cds) =T{t)x—z, VrelX. 3.1
0

A </OtT(s)mds) = /Ot T(s)Axdx. (3.2)

By applying (3.1) and (3.2) to the semigroup 7'(t) — A := {e T (t)};>0 generated by A — ), forall A € C and
t > 0 we have

t
(A—A) / AT (s)zds = (M — T(t))x, VYoe X
0
and A € w — OCP,, so that
t
/ AT () (N — A)zds = (N —T(t))x Vo € D(A) (3.3)
0

and A € w — OCP,.
Suppose e* € o(T(t)) for some A € C and ¢ > 0, and denote the inverse of e’ — T'(t) by K ;. Since K,
commutes with 7'(¢) and hence also with A, then we have

t
(A= A)/ e)‘(t_s)T(s)K,\,mds =z, VreX
0

e
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and A € w — OCP,, so that
t
/ AMIT(8) Ky (A — A)xds =z, Vo € D(A)
0

and A € w — OCP,.
This shows that the bounded operator B) defined by

t
Bz ;:/ e)‘(tis)T(S)KXtIdS
0

is a two-sided inverse of A — A. It follows that A € ¢(A) is in the spectral inclusion relation which achieved the

proof.
[

Theorem 3.2. Assume T'(t);>0 is a semigroup of linear operator on a Banach space X, with generator A €
w — OC'P,, which is Toeplitz. Then

op(T(t)) \ {0} exp(to,(A4)), ¥t >0.

Proof. Suppose A € 0,(A) and z € D(A) is an eigenvector corresponding to A, the identity (3.3) shows that
T(t)x = eMa, that is e is an eigenvalue of T'(¢) with eigenvector . This proves the inclusion D.

The inclusion C is proved as follows. The case ¢t = 0 being trivial, we fix t > 0. If A € 0,,(T'(t)) \ {0}, then
A = e#t for some i € C. If x is an eigenvector, then

T(t), =e''x

implies that the map
s e T (s)x

is a periodic with period ¢.
Since this map is not identically zero, the uniqueness theorem for the Fourier transform implies that at least
one of its Fourier coefficients is non-zero. Thus, there exists an integer & € Z such that

1 [t ,
o=y [ e BT (a)ds £ 0,
0

we shall show that i, := p + 27ik/t is an eigenvalue of A with eigenvector x.
By the t-periodicity of s — e #*T'(s)x, for all Rev > wo(T'(t)), we have

R(v,A)x:/ e T (s)xds
0

o (n+1)t
= Z/ e T (s)xds

n=0 t

0ot

-y / e~V T(s) (e~ T (nt)x)ds (3.4)
n=0"0

o0 t

= Ze(’“”)m/ e T (s)xds

n=0 0

1 ! —vSs
_m/o e T(s)xds.

e
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Since the integral on the right hand side is an entire function, this shows that the map v — R(v, A)z admits a
holomorphic continuation to C\ {x+2min/t : n € Z}. Denoting this extension by F;(-), (3.4) and the definition

of x;, we have
lim (v — pk)F,(v) = zy.

v—pk
Also, by (3.4) and the t-periodicity of s — e #T'(s)x,
lim (11— A)((v — k) Fy(0)) = Tim (s~ A) (v — k) Fa(v)

v—pk v—pk

— lim “_7“]") ((I — eTUIT(t)) + (uk — v) /0 t e”ST(s)xds)

v~>/_Lk 1-— 6(“ v

¥(0+0) =0.

From the closedness of A , it follows that z, € D(A), A € w — OCP,, and (uk — A),, = 0.

The spectral mapping theorem also holds for the residual spectrum. This follows from a duality argument for
which we need the following definitions.

Since T'(t) is a Cy-semigroup on X, then we define

© ._ * EI * ¥ —
X9 ={a"eX }1_{%||T (t)z —x™|| = 0},

where T*(¢t) := (T(T'))* is the adjoint operator. It is easy to see that X © is a closed 7*(¢) - invariant subspace of
X*, and the restriction T® of T* to X© is a Cp-semigroup on X ©. We denote its generator by A® € w—OCP,.
We claim that 0,,(A*) = 0,(A®), where A* € w — OCP, is the adjoint of the generator A of T'(¢), and
op(T*(t)) = 0,(T(t)), t > 0and A € w — OCP,.
We start with the first of these assertion. For all z* € D(A*), z € X and A € w — OCP,,, we have

(x*, T(t )w—x>

(A*a* fo t)xdt)
:ff(A*x* T(t)z)ds

J(T*(t) A ™, z)dt.

(T*(t)x* — x*, x)

(3.5)

Therefore,
(T ()™ — ™, )| < tl|z|[[|A"z"]| sup [T(s)].
0<s<t

By taking the supremum over all x € X of norm < 1, it follows that
lim [ 7 (6)2* — & = 0,

that is * € X ©. This proves that D(A*) C X©.
Now assume that A*z* = A\z* for some z* € D(A*) and A* € w — OCP,,. Then z* € X© and (3.5) shows

that

Lromat —a)—xatx ) = 2 [T — o, 2)at
t t

and therefore,
1
Ht(T@(t)aﬁ* —z") = \z*

< [Alll="| sup [T (s)z — =|.
0<s<t

Letting ¢ — 0, this shows that z* € D(A®) and

A®z* = \z*,

e
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SO\ € 0,(A9).
Conversely, if A € 0,(A®) and A®2® = Az®, for some 2© € D(A®) and A® € w — OCP,, then for all
x € D(A) we have

1

O] — lim = (@ _
(9, Azx) = %g% t(ac ,T(t)x — x)
1
= lim —(T®(t)z® — 2, 2) = (A%2° z)
t—0 ¢
= Mz®, z).

This shows that 2® € D(A*) and A*z® = X\z®, so that A € o,,(A*).
Next we prove that
o0 (T*(1)) = op(TO(£))  forall t > 0.

Clearly, we have the inclusion
ap(TO(t)) C op(T™ (1))
Since T®(t) is a restriction of T (¢).
Conversely, if T*(t) = Az* for some non-zero z* € X*, then for all p € ¢(A*) = p(A) we have
R(u, A*)z* € D(A*) C X© and

TOt)R(p, A*)z* = R(p, A*)T*(t)x* = AR(u, A*)z*.

Hence, R(j1, A*)x* is an eigenvector of T'®(t) with eigenvector \. Hence, the proof is complete.
|

Theorem 3.3. Assume T'(t) is a Cy-semigroup on a Banach space X, with generator A € w — OCP,, which is
Toeplitz. Then,

(1)or (T(1)) \ {0} = exp(to,(A)).

(i3)Suppose A € w— OCP, isa closed linear operator on X, ando(A) = 0,(A) Ugy(A). } (3:6)

Proof. By (3.6) above, we have
or(T(t)) = op(T" (1)) = 0p(T7(1))
and
or(A) = 0p(A%) = UP(A®)~
It now follows from Theorem 3.2 applied to the Cp-semigroup T (¢), which proves (i).
To proof (ii), assume that A € o(A) \ 0,(A4). Then A\ — A has dense range. If A — A is not injective, then

A € 0p(A) C 0,(A) and we are done. Suppose therefore that A — A is injective.
Assume for the moment that there exists a constant ¢ > 0 such that

lA—=A)x| > c|lz|| VzeD(A) and Acw—OCP,.
Then the range of A — A is closed. Indeed, if y,, — y with
Yn = ()‘ - A)xn

then
[Zn — Zm| < C_IH()‘ = A)(@n —zm) | = |Yn — Yml

so the sequence (x,,) is Cauchy, with limit z. The closedness of A implies that x € D(A), A € w — OCP,, and
(A — A)x = y, proving that y belongs to the range of A — A. Thus, the range of A — A is closed. Since it is also
dense, it foloows that it is of X. Since A — A is injective, the inverse Ry := (A — A)_1 is well-defined as a closed
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linear operator on X whose domain is all of X. Hence R) is bounded by closed graph theorem. Thus, A — A is
invertible, a contraction. It follows that a constant ¢ > (0 as above does not exists. But then there is a sequence
x,, of norm one vector, x,, € D(A) for all n, such that

lim (A — A)z, =0,

n— oo

which proves that A € 0,(A).
|

Theorem 34. Let A € w — OCP,, Toeplitz be a closed linear operator on a Banach space X. Then the
topological boundary Q,(A) of the spectrum o (A) is contained in the approximate point spectrum o,(A).

Proof. Let A € Q,(A) be fixed and let (A\,,) C ¢(A) be a sequence such that \,, — A. It follows from uniform
boundedness theorem and suppose A € w — OCP,, is a closed linear operator on X . Then for all A € p(A), we

have
1

RN, A)|| > distOn, o (A))"

Then there exists an x € X such that
lim ||R(\n, A)z|| — oo.
n—roo

Assume
Ty = [|[R(\,, A)z|| 'R\, A)z.
Then
[znll =1
and
li_)m Az, — Azy| = 1i_>m R, Azl 75 - [(An — AN R(A\y, A) — 2| = 0.
Hence, the proof is complete. |

4. Conclusion

In this paper, it has been established that Toeplitz w-order preserving partial contraction mapping (w-OCP,,)
generates results on spectral mapping theorem for point spectrum.
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1. Introduction

Several authors generalized metric spaces and fuzzy metric spaces (for reference please see [1,3,4,5,7,9]) in
different ways and studied various topological properties on such spaces (please see [2,6,8,10]).
In this paper, we have considered fuzzy strong b-metric space introduced by T. Oner[7] and explore some new
concepts such as compactness, totally boundedness to develop some basic results on such spaces.
The organization of the paper is as follows:
In Section 2, some preliminary results are given to be used in this paper. In Section 3, an idea of compact fuzzy
strong b-metric space is introduced. Definitions of closed and bounded sets are given and some basic results are
studied. The concept of @ — e—net and a—totally bounded set is introduced and some fundamental results are
developed in Section 4.

*Corresponding author. Email address: tarapadavb@gmail.com (T. Bag)

https://www.malayajournal.org/index.php/mjm/index (©2022 by the authors.



Some results on compact fuzzy strong b-metric spaces

2. Preliminaries

In this section, some preliminary results are given which are used in this paper.

Definition 2.1. ([3]) A binary operation * : [0,1] x [0,1] — [0,1] is a continuous t-norm if * satisfies the
following conditions;

1) % is associative and commutative,

2) = is continuous,

3)axl=a Vae€l01]

4) axb < cxdwhenevera < candb<d, a,b,c,d € [0,1].

Definition 2.2. ([9]) An ordered triple (X, D, K) is called strong b-metric space, D is called strong b-metric on
X if X is a nonempty set, K > 1 is a given real number and

D: X x X — [0,00) satisfies the following conditions Vx,y,z € X

I)D(x,y) =0iffz =y,

2) D(z,y) = D(y,z),

3) D(z,2) < D(z,y) + KD(y, 2).

Definition 2.3 (7). Let X be a nonempty set, K > 1, x is a continuous t-norm and M be a fuzzy set on X x X X
(0, 00) such that Vaj,y, z€Xandt,s >0,
1) M(z,y,t) >
Z)M(x Y, )_11]7‘37::'-/’
3) M(z,y,1) = M(y, 2, 1),
4) M(z,y,t) « M(y,z,8) < M(z,z,t+ Ks),
5) M(z,y,-) : (0,00) — [0,1] is continuous.
Then M is called a fuzzy strong b-metric on X and (X, M, *, K) is called fuzzy strong b-metric space.

3. Compact fuzzy strong b-metric space

In this section some definitions are given and basic results are studied.

Definition 3.1. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X. A is said to be compact if every
sequence in A has a convergent subsequence which converges to some point in A.

Theorem 3.2. Every compact fuzzy strong b-metric space is complete if 1 < K < 2.

Proof. Let (X, M, x, K) be a compact fuzzy strong b-metric space.

Let {x, } be a Cauchy sequence in X.

Let r and t be arbitrary real numbers such that ~ € (0,1) and ¢ > 0. Then 3ry € (0, 1) such that (1 —7g) * (1 —
r0) * (1 —rg) > 1 — r. (Since * is a continuous t-norm)

Since {x,} is a Cauchy sequence, thus for ro € (0,1) and ¢ > 0, there exists a natural number ny such that

t
—-)>1—7r9 VYn>ng. 3.1
3

Since X is compact, 3 a subsequence {zy, } of {x,,} which converges to some = € X.

M(.’I/'n, x’ﬂo?

Thus, for 325 — 5= (> 0) and ro € (0,1), Im € N such that
2t t >
M(ka,x,gﬁ 3K)>1—r0 Vm > nyg. (3.2)
Since k,,, > m > ng, we have from (3.1), we have
t
M(Ikm,xno,g) >1—rg. 3.3)
S
Y =
MJM
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Now for n > ng, from (3.1), (3.2) and (3.3), we get

t 2t
M(zp,x,t) = M(xp,x, 3 + K3?)
3 2t
z M(x"’xno’ g) * M(xnovxa 37[()
t t 2t t
= M(zn, Tn,, g) * M(xp,,, 3 +K(3ﬁ - 37())
¢ t 2 t
2 M(xTHan’ g) * M(‘rn07‘er7 5) * M(mevxv 3? - 37[()
> (1—ro) % (1 —ro) * (1 — 7).
Thus for ¢ > 0 and r € (0,1) we have
M((En,x,t)>l—'r‘ VnZnO
= lim z, = .
n—oo
= X is complete. =

Note 3.1. Converse of the result may not be true. We justify it by the following example.
Example 3.1. Let X = R. Define M(z,y,t) = m fort >0

and z,y € X where D(z,y) = |z —y| Vz,y € X.

By using Example 2.2[7] it is enough to prove that (X, D, K) is a strong b-metric space to show that
(X, Mp,*, K) is a fuzzy strong b-metric space induced by D where %= product t-norm.
Solution . First we show that (X, D, K) is a strong b-metric space.

1. D(z,y) =|z—y|=0iffr =y

2. D(z,y) =z —y| =y — x| = D(y, =)

3D 2)=lz—zl=lz-y+y—z<|lv—yl+ly—z[<|z—yl+ Kly—2[,K>1
S.D(x,2) < D(x,y) + KD(y,z) Vx,y,z € X.

Thus (X, D, K) is a strong b-metric space.

So, (X, Mp, *, K) is a fuzzy strong b-metric space.

Next we show that (X, Mp, %, K) is complete.

Suppose {x,,} is a Cauchy sequence in X.

We choose € = 1 (> 0) arbitrarily where ¢ > 0,7 € (0, 1).

Now for ¢ > 0 and r € (0, 1), there exists ng,

such that Mp (Zy,, T, t) = m >1—7r, VYn,m>ng.

= |2y — T | <= —1)= {2 =€ Vn,m > no.

= |z, —Tm| <€ VYn,m > ng.

So {x,} is a Cauchy sequence in R. Since R is complete, there exists 2 € R such that z,, — x.

NOW, MD(.Tn,x,t) = m Vvt > 0.
= nl;n;oMD(xn,x,t) =17 Im o — 7] vt > 0.
n—oo

= nli_{ToloMD(ﬂCmﬂ?,t) = HLO =1 Vt>0.

= nH_{T;OMD(meU»t) =1 Vt>0.

Thus z,, — x, for some x € X.

So, (X, Mp, *, K) is complete.

If possible suppose that (X, Mp, *, K) is compact.

Let {x,} be a sequence in X such thatz,, =n  Vn.

Since X is compact, there exists a subsequence {y,, } of {x,} such that y,, — y, for some y € X.

NOW, MD(yn7y,t) = m vt > 0.

3
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t

= Vt>0.
t+ lim |y, —y|
n— oo

lim MD (ynv Y, t)
n—oo
=1=—a-t
t+ lim |y, — v

n—oo
= lim |y, —y|+t=t
n—oo
= lim |y, —y| =0
n—oo
= yn — y, for some y € R.
Which is a contradiction since the sequence of all natural numbers has no convergent sequence in R. w.r.t. usual

metric.
Thus (X, Mp, x, K) is not compact.

Definition 3.3. Ler (X, M, *, K) be a fuzzy strong b-metric space. A subset A of X is said to be bounded if
Jt>0re(0,1)
such that M (z,y,t) >1—r Vz,y € A.

Definition 3.4. Let (X, M, *, K) be a fuzzy strong b-metric space. A subset F of X is said to be closed if for any
sequence {x,} in F such that x,, — x implies x € F.
ie. im M(xp,xz,t) =1 Vt>0impliesxz € F.

n—oo

Proposition 3.5. Every compact subset of a fuzzy strong b-metric space is closed and bounded.

Proof. Let (X, M, x, K) be a fuzzy strong b-metric space and A be a subset of X.
If possible suppose that A is not closed. So 3 a sequence {x,} in A such that z,, — x but x ¢ A.
Since A is compact, so 3 a subsequence {x,,,. } of {x,,} which converges to some point in A.
Since z,, — x thus {x,,,.} — « and hence x € A.
Which is a contradiction. Thus A is closed.
Now we show that A is bounded.
If possible suppose that A is unbounded. Fix zy € A.
Choose a sequence {«,,} € (0,1) Vn such that o, — 1 as n — oo.
Thus for a given ¢ > 0, for each n, 3x,, € A such that
M(zg, zpn,t) <1 — .
Now we obtain a sequence {z,, } in A. Since A is compact, 3 a subsequence {x,, } of {x,,} which converges to
some point z € A.
Now we have M (zg, Zp,,t) <1 — ap,
We have, 1 — oy, > M (20, zp,,1)
= M(x07x7ll’ % + %)
> M (zo,x, 5) % M(x,&n,, 57)

t
. _ ST t . o
= nlg{.lo(l ap,) > nh_}n;oM(xmx, 2) * nh_)rr;oM(xmm, 2K)
= OEM(zO,x,%)*I:M(zO,x,%)
= M (z¢,z, &) = 0 which contradict the condition (3.1). [ |

Note 3.2. Converse of the above result may not be true. We justify it by the following example.
Example 3.2. Let X = [5.

Define D(z,y) = (Z |2 — y;|?)? where @ = (1,29, x3,.....) and y = (y1, Y2, Y3, -....)

i=1
Then it is easy to verify that (X, D) is a strong b-metric space for K > 1
Again define My(x,y,t) = m vt € (0, 00).
Then by using Example 2.2[7], it follows that (X, My, *, K) is a fuzzy strong b-metric space w.r.t. the t-norm
x=product.
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Choose A = {(1,0,0,....),(0,1,0,...),(0,0,1,0,...), ...} subset of l5.

For z,y € A with ¢ # y we get My(x,y,t) = t+t\/§-
Taket = /2 + 1land o = %
Then Vz, y(x # y) € A we get,
My, y, V2 +1) = 2L

V24142
Now, —Y2+1 1 _ 2v/2+42-2v2-1
> V2+1+V2 2 2(2v2+1)
= 55050 > 0
(2v2+1)

ThusMb(x,y,\/ﬁ+1)>1fa:17% Va,y(x £y) € A

Also for z =y, My(z,y,V2+1)=1>1— 1.

Thus A is bounded.

On the other hand if we consider the sequence {x,} in A where z,, = (0,0,0, ..., 1(n*"place), 0, ...).

Clearly A is closed and since neither the sequence {x,, } nor its any subsequence converges to some element in
A, so A is not compact.

Proposition 3.6. Every finite subset in a fuzzy strong b-metric space is bounded.

Proof. Let (X, M, *, K) be a fuzzy strong b-metric space and A be a finite subset of X containing n elements
L1,22,...Tp.
Choose to > 0 fixed. Let min M (z;, z,%0) =5 4,5 =1,2,...n.

Z’j
Clearly 8 € (0,1).

Choose a € (0,1) such that min M (z;, zj,t0) > 1 —«
0.
:>M(l‘i,l‘j,t0)>1—a Vwi,xj € A.

= A is bounded. [ |

4. Totally bounded set in fuzzy strong b-metric space

In this section the concept of a—totally bounded set is introduced and some fundamental results on a— totally
bounded sets are developed.

Definition 4.1. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X and « € (0,1) be given. Let
€ > 0 be a positive number. A set B C X is said to be an « — e-net for the set A if for any x € A, Iy € B such
that

M(z,y, ) > 1 -«

B may be finite or infinite.

Definition 4.2. A set A in a fuzzy strong b-metric space (X, M, x, K) is said to be a-totally bounded for a given
€ (0,1), if for any € > 0, there exists a finite o — e-net for the set A.

Theorem 4.3. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X be «-totally bounded for some
€ (0,1). Then A is bounded.

Proof. Since A is a-totally bounded, so for each € > 0, there exists a finite « — e-net B for the set A.
Choose ¢y > 0. Then for each = € A, there exists y € B such that M (z,y, &) > 1 — a.

Since B is finite thus B is bounded. (by Proposition 3.6).

So Je; > 0and ap € (0,1) such that

M(y17y2,61)>1—010 Vyl,ygeB.
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Now, for arbitrary 1, x2 € A we have,

€ €
M(Z‘l,l‘g,el —|—260) = M(xl,x2,€1 +K70 +K£)

K K
€ €
> M(z1,y2, €1 +K?O) * M (12, 22, EO)
€
ZM($17y1’E0)*M(y1,y2,€1)*M($2,YJ2,€0)- 4.1

Now M (z1,y1,52) > 1 —a, M(y1,y2,€1) >1—agand M(z2,y2,2) > 1—a.
Choose 8 € (0, 1) such that (since * is continuous ).
l-a)x(1—ay)*x(1—a)>1-2.
From (4.1), we get
M(z1,29,61+260) > (1—a)*x(1—ag)*(1—a)>1-7.
= M(x1, 22,61 +2¢0) > 1— 5. Vai,z9 € A.
= A is bounded.

Note 4.1. The converse of the theorem is not true. We can prove it by the following example.

Example 4.2. Let X = [5. Define D(z,y) = (Z |x; — yi|2)% where = = (z1,22,23,.....) and y =
i=1

(Y1, Y2, Y35 -on)-
Then it is easy to verify that (X, D) is a strong b-metric space for K > 1
Again define My(z,y,t) = m vVt > 0,Vz,y € X.

Then by using Example 2.2[7], it follows that (X, M;, %, K) is a fuzzy strong b-metric space w.r.t. the
t-norm x=product.
Consider A = {(1,0,0,...),(0,1,0...),(0,0,1,0,...),..}. Then A C X. It is proved that A is bounded (by
previous Example 3.2).
Now, we show that there is no a — e—net for A. Choose € = %, a=1- % and if possible suppose that N
is a finite o — e-net for A. Then for x;, z;, (¢ # j)eA, there exist y;,y; from N such that My, (z;,y;,€) > 1 — «
and My(zj,y;5,€) >1—a.
Now, My (z;, z;, €+ Ke) > My(zi,yi, €).My(z,y;, €)

>(1—a)(l—a)

—(1—a)?
(1+K)e 2
= 4K)etv3 = 1-a)
= % > (1 —a)?
=1>1

Which is a contradiction. So, A is not o — e—bounded.

Definition 4.4. Ler (X, M, *, K) be a fuzzy strong b-metric space and o € (0,1).
(i) A sequence {x,} is said to be a-convergent and converges to x if
lim M(zp,z,t) >1—a Vt>0.

n—oo
(ii) A sequence {x,,} in X is said to be a-Cauchy sequence if

lim M(zp,&Tm,t) >1—a Vt>0.

m,n— 00
(iii) A subset A of X is said to be a-compact if every sequence in A has an a-convergent subsequence converges

to some element in A.
If the converging point belongs to X not to A then we say that A is a-compact in X.
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Definition 4.5. Let (X, M, %, K) be a fuzzy strong b-metric space and A(C X ) be a nonempty subset of X. Then
a— diameter of A is defined as
a—6(A) = \/ /\{t>0:M(x,y,t)>lfa}, O<a<l
z,y€A
Theorem 4.6. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X.
(1) if A is compact then A is a-totally bounded Vo € (0, 1).
(2) If X is a-complete and A is a-totally bounded Yoo € (0,1) then A is a-compact in X Vo € (0,1) w.rt. the
t-norm * = min.

Proof. (1) We assume that A is compact. Choose o € (0,1) and € > 0 be arbitrary. Let 21 be an arbitrary

element of X.

If M(z,21,7%)>1—a Vrc A, thenafinite o — e—net B exists for A.i.e. B = {x,}.

If not, 3 a point xo € A such that M (z1, 22, ) < 1 — o If for every point z € A either M (z, 21, ) > 1 —«

or M(z, 2, z) > 1 — « then a finite e-net B exists for A.

ie. B={x1,22}.

If, however, this is not true, then there exists x3 € A such that M (3,21, 7) < 1—aand M (23,72, ) < 1—au

Then a finite & — e—net B = {x1, x2, 3} exists for A.

Continuing in this way, we obtain points x1, 22, ...... ,Tn;x1 € X and x; € A, 2 < i < n for which

M(zs, 25, ) <1—a fori#j.

There are two cases may arise.

Case I. The procedure stops after k th step.

Then we obtain points x1, Ta, ...... , % such that for every = € A at least one of the inequalities

M(zs,2,%) >1—a, i=1,2,....,k holds and then B = {x1, 5, ...z } is a finite o — e—net for A and here

A is a-totally bounded.

Case II. The procedure continues indefinitely.

Then we obtain an infinite sequence {x, }, z1 € X and ; € A for ¢ > 1 such that

M(zi, x5, 5) <1—a fori#j.

If possible suppose there exists a subsequence {z,,, } of {x,, } which converges to x.

Now M (zp,, x, 2K) * M (2, T, s 5702) < M(2py, Ty, 72) <1 —a

= lim M(x,,,x,
k—o0

=1x1<1—«

= 1 <1 — a which is a contradiction.

Thus Case II does not arise.

Hence A is a-totally bounded. Since o € (0, 1) is arbitrary thus A is a-totally bounded Vo € (0,1).

2. We assume that X is c-complete and a-totally bounded for each o € (0, 1).

So for every € > 0 and each o € (0, 1), there exists a finite @ — e—net for A. Let « € (0, 1) be given. We choose

a sequence {e,} such thate,, — O and €, > 0 Vn and €,; < €, and construct for each n = 1,2, .... a finite

« — €,— net
[:C(1n)7 xén),

)*kll)m Mz, Zny s 575) < 1 —«a

<)
oK 2K?2

(”)] for the set A. Let T = {x,, } be an arbitrary sequence of elements from A. Without loss of

generality we may assume that x; # x; if i # j and T is the infinite set with elements z,,.
Around every point of the o — €1-net [xg ), xél), ...... , xgl)], we construct closed balls with radius €. It is clear
that each element of {x,,} belongs to one or more of these balls.

Since the number of balls is finite, there exists at least one ball containing an infinite subset 77 C T (say
Bl a,e)).

Now we show that oo — 5(T1) g 2%.

Letz,y € Ty. Then M(x,x >
Now M (z,y,2€¢;) = M(x y, 1+ K-

>M@d%%)M(

1 —aand M(y, 51),%)>17a(1<i§k1).

) > M(l’,.’tgl)761) *M(yv 51)7 ;é)

2R-y

)
_|_

€1
K
X
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>1-a)x(1—a)=1-aq.

= A{t>0: M(z,y,t) >1—a} <2¢
= \/ /\{t>0 s M(z,y,t) >1—af <2¢

z,y€T1
= o — (S(Tl) < 2¢;.
Next, around every point of the oz — e3-net [x?), x;2>, ...... , x,(;)]
we construct closed sphere with radius €.
By the same argument as above, there exists an infinite subset 75 C 73 and
o — (S(Tg) S 262.
Continuing in this process, we obtain a sequence of infinite subsets 7" D 77 D 15 D ... D T, D ... where
a—0(T,) <2 Yn.
We now choose a point z,,, € 17, a point x,, € T different from x), , a point z,, € T3 different from z,, and
Zp, and so on.
We have z,,, € T}, xp,, € T}, and forn > m, T;, C Ty,
Thus forn > m, xp,,, Tp,, € Tin.
So A{t>0:M(zp,,xp,t) >1—a} <a—06Ty) < 2.
= lim A{t>0:M(zp,,2p,,t) >1—-0a} =0

n,m—o0
Thus for a given € > 0, there exists a natural number say ng such that

Nt >0:M(zy,, xp,,t) > 1—a} <e Vm,n > no.
= M(zp,,zp,.,€) >1—a Ym,n > ny.
= lim M(zp,,xp,.€) >1—a

m,n— o0
Since € > 0 is arbitrary, thus

= lim Mz, ,xp,,t) >1—a V>0

m,n— 0o

Choose 8 € (0,1) suchthat 1 —a > 1 — §.
So lim M(zp,,zp,,.t) >1—p.

m,n—o0
Thus {z,, } is a 8-Cauchy sequence in A and hence in X. Since X is S-complete, thus there exists € X such
that
nh_{rgo M(zp,, xp, ,t) >1—5 Vt>0.
Hence A is S-compact in X.

Since a € (0, 1) is arbitrary, thus 5 € (0, 1) is also arbitrary and hence the proof is complete. [ |

Definition 4.7. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X.
The closure of A is denoted by A and is defined by A = AU A" where A" denotes the derived set of A.

Proposition 4.8. Let (X, M, *, K) be a fuzzy strong b-metric space and A C X. For x € A, for each ¢ > 0 and
a € (0,1), there exists y € A such that
M(z,y,e) >1—cu

Proof. Letz € A.Soxc AUA'.

Casel.z € A. Then we choose y = = and we have

M(z,y,e) = M(xz,x,e) =1>1—aforeache > 0and o € (0,1).

CaseIl.znotin Aandz € A'.

Thus for each € > 0 and @ € (0, 1), there exists y € A such that

y € B(z,€, ).

ie. M(z,y,e) >1—a. [ |

Proposition 4.9. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X. If A is compact then A is
compact.

e

[V =)
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Proof. Let {y,,} be a sequence in A.
Choose ¢ > 0 be arbitrary and {cv, } be a sequence in (0, 1) such that ov,, — 0 as n — co.
Now by Proposition 4.8, for each y,,, there exists z,, € A such that
M(zpn,yn, 5) > 1 — an.....(i)
Thus we obtain a sequence {x,, } in A. Since A is compact, thus there exists a subsequence {z,,, } of {x,,} which
converges to some point x € A.
So lim M(xy,, ,z,t) =1 Vt>0
T—00
L € .
ie. Tlggo M(zy,,x, ﬁ) =T (i1)
Now M (yn,,z,€) = M(yn,, =, 5 + K.5%)
ZM(ynraxnr,g)*M(xnrvxaQLKe) ¢
. S T € . €y
= lim M(yn,, 2, ¢) 2 lim M(yn,, zn,, 5)* lim M(wn,, 2, 57)
From (i) we get M (zp,, Yn,,5) > 1 — an,
= lim M(xnr,ynr,i) >1— lim o, =1
r—00 % r—00
= lim M(Zp,,Yn,s =) = Lo @iv)
r—00
Using (ii) and (iv), from (iii) we have
lim M(yn,,xz,e) >1x1=1
r—00

= lim M(yn,,x,e) =1

r—00

Since € > 0 is arbitrary, thus lim M (y,,,z,t) =1 Vt>0.
00

Thus the subsequence {¥,,. } of {y,,} converges to x. Hence A is compact. [ |

Note 4.1. Converse of the result is not true. We justify it by the following example.

Example 4.1. Let X = R. Define M(z,y,t) = e~ " V¢ > 0; Va,y € X.

We write D(z,y) = |x—y| Va,y € X. Thenitis verified that (X, D, K) is a strong b-metric space (by previous
Example 3.2).

Now, we shall prove that (X, M, %, K) is a fuzzy strong b-metric space. Where x is the product t-norm and
K>1.

1. M(z,y,t) = P ) Vz,y € X and Vt > 0.

2. M(z,y,t) =1 Vz,y € X and V¢t > 0.

_D(=,y)

e T =1=¢0
& -PEv) —g v > o,
< D(z,y) =0

ST =Y.

D(=z,y) _D,»)

3. M(z,y,t)=e "¢ =e —t Vt>0.
=M(y,z,t) Ve,ye X

4. Now, Vz,y, z € X,

D(z,2) < D(r,y) + KD(y,2) K> 1

D(z,z) D(z,y)+KD(y,z) .

TTKS = Sars s s >0

D(z,z) D(z,y)+KD(y,z)
et+ks < e t+KS

D(z,2) D(ay) 22
et+Ks < g#+tKS .e KT
T D(z.y) D(y.z)
<e t e s

D(z,2) D(z, D(y,
e H(j{;) < e( (f,y)+ (?'Z))
D(z, D(zx, D(y,
o t+§{zs) > 67( (at" v) 4 (1{ z))
_ D(=,2) _ D(=z,y) _ D(y,2)
e t+KS 2 e z .e r}

S M (2,2t 4 Ks) > M(x,y,t) - M(y, 2, 5)
5. This is clear that M (z,y,-) : (0,00) — [0,1] is continuous. Thus (X, M, -, K) is a fuzzy strong b-metric
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space.
Let A = (0,1). Then A = [0, 1].

Firstly, we will show that A is not compact in X. If possible suppose that A is compact. Let {x,, } be a sequence
in A where z,, = n%_l Vn > 1.
Let {z, } be a sequence in A such that x5, — y for some y € A.

D(zg,, »y)

M(zg,,y,t) =e — ¢ vt > 0.
D(xp, )

) ) D(ay,, v) - lim e ¢
lim M(zy,,y,t)= lim e” 7 ¢  =e n—=ee
n—roo n—oo

. D(zg, )
— lim e ¢
el =1=¢ nooo vt > 0.
= lim

D

M =0 Vt>D0.
n—oo

= lim D(z,,y) =0
n—oo

= lim |z, —y| =0

n—roo
=y =0.
=y ¢A
Which is a contradiction.
So, A is not complete.
Now we prove that A = [0, 1] is compact.
By Hine-Borel theorem, A = [0, 1] is compact in R w.r.t. usual norm given by ||z|| = |z| Vz € R.
Let {x,} be a sequence in A. So,there exists a subsequence {x,,. } of {x,} which converges in some point
xr e A
ie. |z, —z| > 0asr — occandz € A.
ie. D(zy,,z) - 0asr — coand z € A.

D(@ny @)
Now M (z,,x,t) = e~
D(zn,. )
) . D(wn, ) — lim e T

= lim M(zp,,z,t)= lim e”— ¢ =e r=o®

r—00 T—>00
Since D(x,,,z) — 0 as r — oo, from above we have,
= lim M(z,,,z,t)=1 Vt>0.

T—00
=z, — xin (X, M, K).
Since {x,,} is an arbitrary sequence in A, thus A is a compact subset in (X, M, %, K).

5. Conclusion

The concept of fuzzy strong b-metric space is relatively a new idea by modifying the triangle inequality in
fuzzy setting. In this paper, we explore an idea of compactness and totally boundedness on fuzzy strong b-metric
spaces and establish some basic results. We think that the researchers will be enriched with serendipitous findings
by this research work.
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1. Introduction

Reaction-diffusion equations model a variety of physical and biological phenomena. These equations
describe how the concentration or density distributed in space varies under the influence of two processes: local
interactions of species, and diffusion which causes the spread of species in space. In population dynamics,
diffusion terms correspond to a random motion of individuals and reaction terms describe their reproduction.
Recently, reaction-diffusion equations have been used by many authors in epidemiology as well as virology.
Wang and Wang [11] proposed a mathematical model to simulate the hepatitis B virus (HBV) infection with
spatial dependance. They introduced the random mobility of viruses into the basic model proposed by Nowak et
al [7] and they assume that the motion of virus follows a Fickian diffusion, that is to say, the population flux of
the virus is proportional to the concentration gradient and the proportionality constantis taken to be negative.
They also neglected the mobility of susceptible cells and infected cells. Wang et al [12] introduced into [11] an
intracellular time delay between the infection of a cell and the production of new virus particles. They
considered the initial conditions in a one-dimensional interval with Neumann boundary conditions. The authors
neglected the diffusion by assuming that the space is homogeneous in order to establish the global stability of
equilibrium solutions. When the space is inhomogeneous, the effects of diffusion and intracellular time delay
are obtained by computer simulations. Xu and Ma [14] introduced the saturation response response to the model
[12], and obtained sufficient conditions for the global stability of the infected steady rate. In [13], Shaoli et al
proposed a diffused HBV model with CTL immune response and nonlinear incidence for the control of viral
infections. They Showed that the free diffusion of the virus has no effect on the global stability of such HBV
infection problem with Neumann homogeneous boundary conditions. In their work, Yang et al [16] considered
the SIR epidemic model with time delay, nonlinear incidence rate was also presented and studied by Xu and Ma
[15]. They introduced spacial diffusion in these models and assumed that the three diffusion coefficients are
equal in order to prove the existence of traveling waves solutions for the models. They discussed the local
stability of a disease-free steady state and an endemic steady state to these models under homogeneous
Neumann boundary conditions. Hattal et al [6] take account of the term e~ the probability of surviving from
t — 7 to time ¢ in their diffusion model.

Our work is derived from the following SIR epidemic model with a general incidence function described by

S=B—mS— f(S,1),
I=f(S,1) = (na + )1, (1.1)

R=~I — 3R,

where S, I and R are susceptible, infectious, and recovered classes, respectively. B is the recruitment rate of the
population, y; is the natural death rate of the population, p is the death rate due to disease, -y is the recovery rate
of the infective individuals. f(.S, I) is the rate of transmission.

On the other hand, the spatial content of the environment has been ignored in the model (1.1). However, due

to the large mobility of people within a country or even worldwide, spatially uniform models are not sufficient to
give a realistic picture of disease diffusion. For this reason, the spatial effects cannot be neglected in studying the
spread of epidemics.
This paper is organized as follows. The global existence, positivity and boundedness of solutions is described in
Section 2. In Section 3, we give the Qualitative analysis of the spatial model (2.2) in which we determine the
local and the global stability of the models. In addition, we present the numerical simulation to illustrate our
results in Section 4. Finally, the conclusion of this paper is given in Section 5.
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2. Presentation of the model

We consider the following SIR epidemic model with general incidence function and spatial diffusion:

08

E(l'vt) = dsAS(SL’ﬂf) + B — Mls(mvt) - f(S(:ut),I(x,t)),

o1

a(zvt) = d]AI(l‘,t) + f(S(’I,t),I({ZZ,t)) - (NZ + V)I(Ivt)a (21)
%—I:(I,t) = drAR(x,t) + vI(x,t) — pusR(x,t),

where S(x,t), I(x,t), and R(z,t) represent the numbers of susceptible, infected, and removed individuals at
location x and time ¢, respectively. The positive constants dg, d;, and dr denote the corresponding diffusion
rates for these three classes of individuals.

The aim of this work is to investigate the global dynamics of the reaction-diffusion system (2.1). Note that R
does not appear in the first two equations; this allows us to study the system

oS
5(1.7 t) = dSAS(xv t) + B - M15($7 t) - f(S(xv t)a I(LC, t))v
2.2)
ol
E(x’ t) = d]AI(QS, t) + f(S(:L’, t)a I(:U, t)) - (/‘2 + ’7)1(1'7 t),
with homogeneous Neumann boundary conditions
oS oI
5 = 5 =0, on 00 x (O, +OO), 2.3)
and initial conditions
S(x,0) = ¢p1(x) 20, I(x,0) =a(z) >0, ze€ (2.4)
. .. . oS oS8 .
Here, 2 is a bounded domain in R™ with smooth boundary Of2. % and e are , respectively, the normal
1% 1%

derivatives of .S and I on Of2.
Remark 2.1. The Neumann condition is used to ensure the mobility of people in bounded domain ().

Let us put
f(5,1) =g(S, DI

The incidence function f (.S, ) is assumed to be continuously differentiable in the interior of Rf_ and satisfies
the following hypotheses:

H1: f(0,1) = f(S,0) =0forall S >0 I >0.

H2: g—g(S,I) >0forall S >0and I > 0.

H3: %(S,I) > (0forall S > 0and [ > 0.

H4: £(S,1) > f2(S°,0)1 forall S > 0and I > 0.

Let us denote by f; and f, the partial derivatives of f with respect to the first and to the second variable.
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3. Global existence, positivity and boundedness of solutions

n this section, we establish the global existence, positivity, and boundedness of solutions of problem (2.2)-(2.4).
Hence, the population should remain nonnegative and bounded.

Proposition 3.1. For any given data satisfying the condition (2.4), there exists a unique solution of problem
(2.2)-(2.4) defined on [0, +oc| and this solution remains nonnegative and bounded for all t > 0.

Proof. The system (2.2)-(2.4) can be written abstractly in the Banach space X = C(Q) x C(Q) of the form:

u'(t) = Au(t) + G(u(t))

w(0) = ug € X, 3.1)
_ S _ 1/;1 _ dsAS
where u = <I>,u0 = (¢2>,Au(t) = (d;AI) and
(B-mS=fSD\  ray
e = <f<s, 1)~ (2 +v>1> - (G> o

G is locally Lipchitz in X. From [8], we deduce that system (3.1) admits a unique local solution on [0, T},q2],
where 7)., is the maximal existence time for solution of system (3.1).
In addition, system (2.2) can be written in the form:

%f —dsAS = Gy (S, 1) (3.3)
ol
o~ dIAl = Ga(S,1).

The functions G1(S,I) and G2(S,I) are continuously differentiable and satisfy G1(0,1) = B > 0 and
G2(S,0) = f(S,0) > 0 forall S,I > 0. Since initial data of system (2.2) are nonnegatives, we deduce the
positivity of the local solution (see [10]).

Now, we show the boundedness of solutions. So from (2.2)-(2.4) we have

oS
9 _jsAS < B—
ot dS S = /’LISa
a8
= 4
EY 0, (3.4
S(,0) = 1(2) < [t loc = maxyn ().
By the comparison principle [9], we have S(z,t) < S1(t),
B
where S (t) = 1 (x)e 1t + /7(1 — e~ #"1t) is the solution of the problem
1
dS,
@1 _p_
dt /J’lSl?
S1(0) = [[¥]loo- (3.5)
. B
Since S1(t) < max{—,||¥1]|eo} for ¢ € [0, 00), we have that
M1
B _
S(z,t) < max{u—, 1100}, V(z,t) € Q x [0, Thaz)- (3.6)
1
S
Sy
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From Theorem 2.1 given by Alikakos in [1], to establish the L°° uniform boundedness of I(x,t), it is sufficient
to show the L' uniform boundedness of I(x, ).

Since
95 _or _
v v
and 9
E(S—i— I)— A(dgS +diI) < B— i (S+1),
we get
0
(/ (S+ I)dar) < mes(Q)B — ul(/ (S + I)daz). 3.7
Hence,
B
(54 Do < mes(@) max{ [ + v, (338)
Q 1

which implies that

sup/ I(z,t)dr < K = mes(Q) max{E, l1 + Ya|loo }-
t>0.JQ M1

Using the Theorem 3.1 of [1], we deduce that there exists a positive constant K * that depends on K and |[¢1 +
2|00 such that

sup | 1(.,t)]Jco < K™. (3.9)

From the above, we have proved that S(z,t) and I(x,t) are L° bounded on Q x [0, Tipax)-
Therefore, it follows from the standard theory for semilinear parabolic systems(see [4]) that Ti,,x = +00. This
completes the proof of the proposition. |

4. Qualitative analysis of the spacial model

Considering (1.1), we get that the basic reproduction number of disease in the absence of spatial dependence is
given by
S9.0
Ry = 25200 4.1)
M2+
This describes the average number of secondary infections produced by a single infectious individual during the

entire infectious period. It is not hard to show that the system (2.2) is always a disease-free equlibrium of the

form Fy = (—,0) when Ry < 1. Further, if Ry > 1, the system (2.2) has an endemic stationary state
1

E* = (5*,I%).

4.1. Local stability of the equilibria

The purpose of this part is to determine the local stability for reaction-diffusion equations (2.2)-(2.4) by applying
the method of Hattaf presented in [5].

First, we linearize the dynamical system (2.2) around arbitrary spatially homogeneous fixed point E(S, I) for a
small space and time dependent fluctuations and expand them in Fourier space. For this, let

_ ryd
S(?,t) ~ Se/\tezk.?’
_ =
I(Z,t) ~ I e F- T (4.2)
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- = - = —
where 7 = (r,y) € R?and k.k :=< k, k >:= k2 k and \ are the wavenumber vector and frequency,
respectively. Then, we can obtain the corresponding characteristic equation as follows:
det(J — k*D — \Iy) = 0, 4.3)

where I is the identity matrix, D = diag(dg, dy) is the diffusion matrix, and J is the Jacobian matrix of (2.2)
without diffusion (ds = d; = 0) at E which is given by

g <—/L1—f1(57]) —f2(S,1) )
fl(‘gaj) fQ(Svj)i(,u’2+’Y)

The characterization of the local stability of disease-free equilibrium Fj is given by the following result.

4.4)

Theorem 4.1. The disease-free equilibrium Ey is locally asymptotically stable if Ry < 1 and it is unstable if
Ry > 1L

Proof. Evaluating (4.3) at Fy, we have the following equation,
Cua = f1(8°,0) = kK2ds — X)(f2(8,0) = (p2 + ) — k*d; — N)
#1(5°,0)f2(5°,0) = 0. (4.5)
By developping (4.5), we get
M(p1 4 f1(5°,0) = f2(5°,0) + po + 7 + K*ds + k*dp) X — p1 f2(S°,0)

He1 (p2 + ) + f1(SY,0) (p2 +7) + pak?dr + f1(S°,0)k*d; + k'drds
H2dg(po + v — f2(5°,0)) = 0. (4.6)
Since Ry < 1, we obtain
—f2(8°,0) 4 po +v > 0.

Therefore, by the Routh-Hurwitz criterion all the roots of equation (4.5) have a negative real parts. This shows
that equilibrium Ey is locally asymptotically stable.
|

Next, we focus on the local stability of the endemic equilibrium E*.

Theorem 4.2. The endemic equilibrium E* is locally asymptotically stable if Ry > 1.
Proof. Evaluating (4.3) at E*(S*, I*), we get
M(pr+ (S5 1) = fo(S*, 1) + po + v + kPds + K2dp)A — py f2(S™, T*)

1 (o + ) 4+ f1(S*, T (pa + ) + mk?dy + f1(S*, I*)kd; + k*d;ds
+#ds (2 + v — f2(S*,1%)) = 0. .7)

By using H3, we conclude that £ is locally asymptotically stable. |

4.2. Global stability of the equilibria

The purpose of this subsection is to determine the global stability for reaction-diffusion equations (2.2)-(2.4) by
constructing Lyapunov functionals proposed in [2] and applying the method of Hattaf presented in [3].

Theorem 4.3. If Ry < 1, the disease-free equilibrium Fy of (2.2)-(2.4) is globally asymptotically stable for all
diffusion coefficients.
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We define
S,I
g(S, 1) = 7](-( )

Proof. Consider the following Lyapunov functional

S(t) 9(5070)

Vl(t):S(vt)—SO—/S0 o(X O)dX+I,

B
where S® = — . Calculating the time derivative of V along the positive solution of system (1.1), we get

H1
. 0 . .
Vi) = (1 - g;(SS,’OO)))S +1
0 0
= (- BB - ) + D) = a4
0 0
— s = B )+ G+ (Ao D) o o - 1),

By using g(S, 1) = JC(S#’I) which implies g(S%,0) = f2(S?,0), so we have

. 0
Vi(e) < 80 - L0 - )+ G+ w@g Dro - 1).
By H4, we get
) 0
Vi) < 8001 = D0 = )+ (i ) IR0 = 1)

By using H2 we obtain the following inequalities

0
1—9(‘9’0)20 for S > S°,

9(S,0)
g(SOaO) 0
1-— <0 for S<S°.
9(S,0)
Thus, we have
S 9(58%,0)
g - _
( SO)( 9(570))— ’
then,
avy
— <
dt — 0

Now, From [3], we construct the Lyapunov functional for system (2.2) at Ej as follows

Wy = /Q Vi (S(@, 1), (2, 1))dz

145
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Calculating the time derivative of W7 along the solution of system (2.2)-(2.4), we have

0
M [ s 580 S, w

g(SO,O)f(S,I) 1
+(M2+’Y)I(g(5,0) 7 fQ(SO’O)RO—l)}dx

91(85.,0) 2
— dsg(S°,0 / g VS |? dx
) Jo Ggs e |V
0, 9(5°,0) S
I -1
< [ {msra - S 5+ G k1t - 1)}
91(5,0) 24
— dsg(s",0) | L VS P
(9(S,0))2
Since Ry < 1, we have
dWi
< 0.
dt — 0
Thus, the disease-free equilibrium Ej is stable, and
dWh
dt 0,
if and only if S = Sy and I(Ry — 1) = 0. [

Theorem 4.4. If Ry > 1, the endemic equilibrium E* of (2.2)-(2.4) is globally asymptotically stable for all
diffusion coefficients.

Proof. Consider the following Lyapunov functional

Va(t) = S(t) — 5 _/f@ g(& ;:))dX+I*q)(I(t))7

I*
where ®(z) = 2 — 1 — Inz, x € R%. Obviously, ® : R — R attains its global minimum at z = 1 and
®(1) =0.
The function ¢ : © — = — x* _/ EAS R Il
x* g(X7 I*)
¥(x) > 0 for any x > 0.

xT

dX has the global minimum at x = z* and ¢ (z*) = 0. Then,

S(t I(t
Hence, V5 (t) > 0 with equality holding if and only if % = % = 1forallt > 0.

Finding the time derivative of V(t) along the positive of system (2.1) gives

T =0 s - i
= 0= 2B s - £(8.0)+ (1= TS0~ (i + D)
Note that B = p1.S* + f(S*, I*) and f(S*, I*) = (pu2 + v)I*.
e
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Hence;
T = ms - S - )
+ F(S*, 1) [(1 - Jm)(( - f](cés?)) (1- I)(m TI*)
. Ii . (é* H
— Sl - %)(1 _ m) ST 3 - gg(f;,li*)) ~ g?(sfiﬁ)
~ten e s %))
By adding and substracting In 201 41, 965D 9(5. 1)

g5, 17) T g 1) T g8, 1)

we get,

dVy N S g(S*,I*)
—= = 1——)(1—=—/—"—-=
dt 15 ( S*)( g(S’J*) )

e em 1)

"1 g0 - L)

+f(5*’f*)[ (((Ss*:))) (g éf:?*>q><9(éﬁ))>
s (0650 =65 10) (50115 1)

By using H2, we have the following trivial inequalities

g8t 1)
9(S, I*)
_g(sT, 1)
g(S, I*)

>0 for S>5%,

<0 for S<S*.
Thus, we have
S g(5*,I7)
(1- ) - =
S 9(5,17)
By using H4, we have ¢(S, I') is monotonically decreasing for I and by H3 ¢(S, I)I is monotocally increasing
for I, and so

) <0

<g(S, I)—g(S, I*)) <g(S, NI —g(S, I*)I*> <0.

On the other hand, the function ® is always positive.

e

147



Dramane OUEDRAOGQO, Idrissa IBRANGO and Aboudramane GUIRO

Now, we construct the Lyapunov functional for system (2.2) at E* as follows

Wgz/QVg(S(m,t),I(x,t))dx

Calculating the time derivative of W5 along the solution of system (2.2)-(2.4), we have

T /Q {MS*(I— Sya-2onl),

di 5 905, 1%)
e D ) ()
+ g T (908D 96510 (a0 - (.08 ) |
- ng(S*,I*)[)MWSFdQ:

Since the function ® is monotone on each side of 1 and is minimized at 1 and

(s6.0 - 5.1 ) (a(5. 07 = g(5.191°) <0

then W
2
<0.
dt —
Thus, the endemic equilibrium E* is globally asymptotically stable. |

5. Numerical simulations

In this section, we present the numerical simulations to illustrate our theoretical results. To simplify, we consider
system (2.2) under Neumann boundary conditions.

oS oI
5 =~ oy 0, t>0, x=0,1, 5.1
and initial conditions
1.1z, 0 <x<0.5, 0.5z, 0 <x<0.5,
S(z,0) = I(z,0) = (5.2)
1.1(1 — x),0,5 <z <1, 0.5(1—2),0,6 <z <1,

We choose the following data set of system (2.2): dg = 0.1, v =0.5, pu3 =0.1, 8 =0.2, dy =0.1, ps =
0.6, B = 0.5. By calculation, we have Ry < 1. In this case, system (2.2) has a disease-free equilibrium Fj.
Hence, by Theorem 3.3, Ej is globally asymptotically stable. Numerical simulation illustrates our result (see
Figure 1).

In Figure 2, we choose 8 = 0.8 and do not change the other parameters values. By calculation, we have Ry > 1
which satisfy Theorem 3.4; the system (2.2) has a unique endemic equilibrium E*. Therefore, by Theorem 3.3,
E* is globally assymtotically stable. Numerical simulation illustrates well this result (see Figure 2).
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Figure 1: The temporal solution found by numerical of problem (2.2) with the Neumann boundary conditions (5.1) and initial conditions (5.2)
when Ry < 1.
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Figure 2: The temporal solution found by numerical of problem (2.2) with the Neumann boundary conditions (5.1) and initial conditions (5.2)
when Rg > 1.

6. Conclusion

In this paper, we investigated the dynamics of a reaction-diffusion epidemic model with general incidence
function. The global dynamics of the model are completely determined by the basic reproduction number Rj.
We proved that the disease-free equilibrium is globally asymptotically stable if Ry < 1, which leads to the
eradication of disease from population. When Ry > 1 then disease-free equilibrium becomes unstable and a
unique endemic equilibrium exists and is globally asymptotically stable, which means that the disease persists in
the population.

From our theoretical and numerical results, we conclude that the spatial diffusion has no effect on the stability
behavior of equilibria in the case of Neumann conditions and spatially constant coefficients.
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1. Introduction

Several algebraists have done immense work in the field of valuation rings. Pseudo valuation domains are the
rings which are closely related to valuation domains. In [12], Hedstrom introduced the notion of pseudo valuation
domains and further studied by Anderson [2] and Badawi [3]. Semirings [8] are the generalization of elaborately
studied algebraic structures such as rings, bounded distributive lattices and have significant applications in
computer science, engineering and optimization theory (cf. [11, 13, 14]). The brief structure of semirings have
been studied by various researchers (cf. [5-10, 16, 18]). The algebraic structure pseudo valuation semidomain is
a generalization of the pseudo valuation domain.

In this paper, by a semiring .S, we mean a nonempty set .S on which operations of addition and multiplication
have been defined such that the following conditions are satisfied:

() (S,4+) is a commutative monoid with identity element 0;
(%) (S,.) is a monoid with identity element 1;

(#4i) Multiplication distributes over addition from either side;
(tv) 0s = 0 = s0, forall s € S

(v) 1 #0.

Moreover, a commutative semiring .S is said to be a semidomain if .S is multiplicatively cancellative semiring
i.e., xy = zz implies y = z for all z,y, z € S with x # 0. Using techniques adapted from the ring theory, it is
easy to show that a semidomain S can be embedded into a semifield, known as the semifield of fractions, denoted
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by F(S) (see p. 22 in [7]). For instance, we denote every element of F'(S) by a/b, where a € S and b € S\{0}.
Throughout this article, S represents a semidomain with semifield of fractions F'(.5).

A semidomain S is a valuation semidomain if and only if its lattice of ideals is a chain [17, Theorem 2.4]. A
proper ideal o of a semiring .S is said to be a prime ideal, if zy € p implies eitherx € pory € p. Anideal N of a
semiring S is a maximal ideal if it is maximal among all proper ideals of S. If z and y are elements of a semiring
S, then y divide x, written as y|z, if there exists a € S such that x = ay. This is equivalent to (z) C (y) and for
more on the ideals of semiring, one can refer to (cf. [15, 16, 19, 20]). A prime ideal p of a semidomain S is called
strongly prime if z,y € F(S) and xy € p infers that € p or y € . If every prime ideal of a semidomain S is
a strongly prime, then S is called a pseudo valuation semidomain. However, an oversemiring of a semidomain .S
is a semiring between S and F'(S). If I is an ideal of .S, then we define the set (I : I) = {x € F(S)|zI C I}.
One can easily verify that (I : I) is an oversemiring of S and [ is an ideal of (I : I).

The radical of an ideal I of a semiring S, denoted by /T, is the intersection of all prime ideals of .S containing
1. Furthermore, a semiring .S is said to be quasi-local if it has only one maximal ideal. It was shown in Nasehpour
[17, Proposition 3.5] that a semiring S is quasi-local if and only if S\U(.S) is an ideal of S, where U(S) is the
set of all unit elements of S. In this paper, we prove some results of pseudo valuation semidomains and introduce
a new closely related class of semidomains called pseudo almost valuation semidomains. The main objective of
this paper is to obtain results analogous to Hedstrom’s and Badawi’s results.

The second section is devoted to the characterization of pseudo valuation semidomains. Furthermore, several
comparable conditions which allow a semidomain to be a pseudo valuation semidomain are discussed. Also,
the relationship between valuation, pseudo valuation and quasi-local semidomains are derived. In section 3,
we introduce and characterize the notion of pseudo almost valuation and almost valuation semidomains. In
addition, we study some properties of pseudo almost valuation semidomains by establishing the connection
between pseudo almost valuation, almost valuation and quasi-local semidomains.

2. Properties of Pseudo valuation semidomains

In this section, we characterize the pseudo valuation semidomains. We start this section with the following
examples of pseudo valuation semidomain.

Example 2.1. Ler S = {0, 1}, we define operations with the help of the following tables:

(0 1 ©l0 1

00 1 010 O

1|1 1 110 1
One can easily see that S is a semidomain with only one prime ideal I = {0}, which is a strongly prime ideal.
Therefore, S is a pseudo valuation semidomain.

Example 2.2. Consider S = {0,1,2,...,p — 1}, where p is a prime number with binary operations addition &
and multiplication ® as follows:
a®db=a+bifa+b<p—1, otherwise, a@bza—!—b(modp);}
a®b=abifab <p—1, otherwise, a ® b = ab(modp),
forall a,b € S. Clearly, S is a pseudo valuation semidomain.

The proofs of the next two lemmas are quite easy, so we omit the proofs.

Lemma 2.3. Let S be a semidomain. Then the following statements hold:
(1) If p is a strongly prime ideal of S and I is an ideal of S, then p and I are comparable.
(43) If S is a pseudo valuation semidomain, then S is quasi-local.

Lemma 2.4. If p is a prime ideal of S, then @ is a strongly prime ideal if and only if for every a € F(S)\S,
a"tp Cp.
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Theorem 2.5. A semidomain S is a pseudo valuation semidomain if and only if for a maximal ideal N of S,
a"'N C N, for every a € F(S)\S.

Proof. Let S be a pseudo valuation semidomain with a maximal ideal N. Then by definition of S, N is a strongly
prime ideal and by the above lemma, a ="' N C N, for every a € F/(S)\S.

Conversely, assume that N is a maximal ideal of .S such that for every a € F(S)\S, a !N C N. First, we will
show that S is quasi-local. For this, let V " be a maximal ideal of S such that N #* N " By using Lemma 2.3 and
Lemma 2.4, we get that NV and N " are comparable, which is a contradiction. Thus S is quasi-local with maximal
ideal N. Now, let p be any prime ideal of S. To show S is a pseudo valuation semidomain, it suffices to prove
that g is a strongly prime ideal of S. Again by using Lemma 2.3, p and N are comparable. Since N is a maximal
ideal, so p C N. Further, by using the hypothesis, we have a_lp C N, forevery a € F(S)\S. Forp € p, we
obtain a~'pa~! € N which infers that (a~'p)(a~'p) € . This leads to a~'p € g, since g is a prime ideal. By
Lemma 2.4, p is a strongly prime ideal of S. Hence, S is a pseudo valuation semidomain. |

In light of the proof of Theorem 2.5, we have the following corollary.

Corollary 2.6. Let © be a strongly prime ideal of S. If U is a prime ideal of S and U C g, then U is a strongly
prime ideal of S.

Proposition 2.7. If N is a maximal ideal of S such that tN and N are comparable for each x € F(S), then S
is quasi-local.

Proof. Let N be a maximal ideal of .S such that N and N are comparable for each z € F(.S). Suppose that N '
is a maximal ideal of S with N % N. Choose a € N\N’and be N/\N. By the hypothesis, either ab=! N C N
or N Cab 'N.Ifab='N C N, thenaN C bN C N'. As N is a prime ideal and a € N, so a2 € aN C N’
implies a € N', which is not possible. Now, if N C ab= N, then a='bN C N. Asa € N,sob=a"tba € N,
which is a contradiction. Hence S is quasi-local. |

By using the above result, one can easily prove

Proposition 2.8. If N is a maximal ideal of S, then the following statements are equivalent:
(1) aN and N are comparable, whenever a € F(S).
(1) S is quasi-local and for each a € F(S), either aN C S or N C aS.

Lemma 2.9. If N is a maximal ideal of S such that for each pair I, Is of ideals of S, either Iy C I, or I,N C 14,
then S is quasi-local.

Proof. Let N be a maximal ideal of .S such that for each pair I, I5 of ideals of .S, either I; C Is or [N C I7.
Assume that M is a maximal ideal of S with M # N. By using the given hypothesis, for I; = M and I, = N,
either M C N or N2 C M. Since M and N are two distinct maximal ideals of S, so M C N, a contradiction.
But N2 C M implies N C M, which is again a contradiction. Hence, S is quasi-local. |

Theorem 2.10. Let N be a maximal ideal of S. Then S is a pseudo valuation semidomain if and only if for each
pair Iy, Is of ideals of S, either Iy C I, or LN C 1.

Proof. Let S be a pseudo valuation semidomain and I3, I> be any pair of ideals of S. Since S is a pseudo
valuation semidomain, then N is a strongly prime ideal. By Lemma 2.3, I; and I are comparable to N. Further,
letI; ¢ Iy and a € I;\I5. Thenforeachb € I, we geta/b ¢ S. By using Lemma 2.4, we have (a/b) !N C N,
which infers that bN C aN C I); N. Thus, NI, C NI; C I;. Conversely, assume that for each pair I, I5 of
ideals of S, either I; C I or I, N C I;. By the above lemma, S is quasi-local with maximal ideal N. We have to
show that for every z € F(S)\S, 7 'N C N. Now, leta,b € S with a/b ¢ S. Then (a) € (b). As (a) € (b),
then by the hypothesis N (b) C (a). Further, Nb C (a) leads to Nba=! C S. If N(b/a) = S, then N = S(a/b)
and a/b € N C S, which is a contradiction. So Nba=! C N. Therefore, 7' N C N, whenever z € F(S)\S
and by Theorem 2.5, S is a pseudo valuation semidomain.
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In the forthcoming result, we prove that a semidomain S is a pseudo valuation semidomain if and only if for
each nonunit a € S, we have b=1a € S forall b € F(S)\S.

Theorem 2.11. A semidomain S is a pseudo valuation semidomain if and only if for each nonunit a € S, we
have b=Ya € S forallb € F(S)\S.

Proof. Let S be a pseudo valuation semidomain and a be a nonunit of .S. By Lemma 2.3, the semidomain S is
quasi-local. As a is a nonunit, so a belongs to the maximal ideal, say IV of .S. Further, by using Lemma 2.4, we
conclude that b=a € N C S, foreach b € F(S)\S. Thus, b~'a € S for each nonunita € S and b € F(9)\S.

Conversely, assume that b~ 'a € S for each nonunit a € S and b € F(S)\S. It suffices to prove that each prime
ideal @ of S is a strongly prime ideal. Let z,y € F(S) such that zy € . If x,y € S, thenx € pory € p.
Suppose that € F(S)\S, then by the hypothesis y = z~txy € S. Now, we have to show that y is a nonunit
of S. If possible, let y be a unit of S. Then x = xzyy~! € p, which is a contradiction. Thus, y is a nonunit and
y? = 27 lyzy € p. Since @ is a prime ideal of S, so y € p. Therefore, g is a strongly prime ideal and hence S
is a pseudo valuation semidomain. |

We need the following lemma for the proof of subsequent results.

Lemma 2.12. [17] For a semidomain S, the following statements are equivalent:
(1) S is a valuation semiring.

(ii) For any element a € F(S), either a € S ora™! € S.

(¢it) For any ideals 1, J of S, either I C J or J C I.

(iv) For any elements a,b € S, either (a) C (b) or (b) C (a).

Proposition 2.13. If S is a pseudo valuation semidomain with a nonzero principal prime ideal, then S is a
valuation semidomain.

Proof. Let o = (p) be a nonzero principal prime ideal generated by some prime p of S. Assume that p is
nonmaximal, then there exists a nonunit element ¢ € S\p. By Lemma 2.3, we have p C (a). In particular,
p € (a), which is not true, as p is prime and a ¢ g, a is a nonunit element of S. This concludes that p is a
maximal ideal of S. Let a, b be nonunits in S and ab~! € F(S)\S. By Lemma 2.4, we have ba~'p € p and
ba—! = s, for some s € S. Therefore, b = as gives that (b)) C (a). Hence, by Lemma 2.12, S is a valuation
semidomain. |

By using Lemma 2.12, one can easily prove
Proposition 2.14. Every valuation semidomain is a pseudo valuation semidomain.
Now, we will close this section with

Theorem 2.15. Let S be a quasi-local semidomain with a maximal ideal N. Then the following statements are
equivalent:

(1) S is a pseudo valuation semidomain.

(i¢) (N : N) is a valuation semidomain with maximal ideal N.

Proof. (i) = (ii) Suppose that S is a pseudo valuation semidomain and a € F'(S)\S. Then, by Lemma 2.4, we
have a !N C N. Soa~! € (N : N) and Lemma 2.12 infers that (N : N) is a valuation semidomain. Now, N
is an ideal of (IV : ), so it is sufficient to prove that IV is a maximal ideal of (N : N). For this, leta € (N : N)
be a nonunit element. Suppose that a ¢ N. Then, a ¢ S. Therefore, by Lemma 2.4, we have a~'N C N. This
implies a=! € (N : N), a contradiction. Thus, if @ is a nonunit of (N : ), then a € N. Hence, N is a maximal
ideal of (N : N).

(#4) = (¢) Suppose that (N : N) is a valuation semidomain with a maximal ideal N. Let p be any prime
ideal of S and p € p,a € (N : N). As S is quasi-local with maximal ideal N and p € p, so p € N. Thus,
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ap € N and (ap)(ap) € p, as apa € N. From (ap)(ap) € p, we get ap € p. Hence, g is an ideal of (N : N).
To show that g is a prime ideal of (N : N), let ab € p with a,b € (N : N). If a,b € S, then either a € p or
b € . Suppose thata ¢ S,soa ¢ Nanda™! € (N : N). As pis anideal of (N : N), we have b = a~tab € p.
Thus, g is a prime ideal of (N : N). By Proposition 2.14, (N : N) is a pseudo valuation semidomain. So g
is a strongly prime ideal. Therefore, every prime ideal of S is strongly prime and hence S is a pseudo valuation
semidomain. |

3. Pseudo almost valuation semidomains

In this section, we study pseudo almost valuation semidomains. Let us recall that a prime ideal p of an integral
domain R with quotient field K is called a pseudo strongly prime ideal in sense of Badawi [4] if, whenever
a,b € K and abp C p, then there is a positive integer n > 1 such that either a™ € R or b"p C . If every prime
ideal of R is a pseudo strongly prime ideal, then R is called a pseudo almost valuation domain. This motivated
us to give the definition of a pseudo almost valuation semidomain and its several characterizations. Throughout
this section, £(A) ={a € F(S) | a™ ¢ S for every n > 1}, where A C S. We begin with

Definition 3.1. A prime ideal p of S is said to be a pseudo strongly prime if, whenever a,b € F(S) and abp C g,
then there is a positive integer n > 1 such that either o™ € S or b C . If every prime ideal of S is a pseudo
strongly prime ideal, then S is a pseudo almost valuation semidomain.

Proposition 3.2. Every pseudo valuation semidonain is a pseudo almost valuation semidomain.

Proof. Assume that .S is a pseudo valuation semidomain and g is any prime ideal of S. To show that S is a
pseudo almost valuation semidomain, it suffices to show that p is a pseudo strongly prime ideal. Let a, b € F'(S)
such that abp C p. Suppose that a € £(S). Then, by Lemma 2.4, we have a~"(a™b"p) C g for every n > 1,
since a"b"p C p and a™ € F(S)\S. This concludes that b"p C . Therefore, p is a pseudo strongly prime
ideal of S and hence S is a pseudo almost valuation semidomain. |

Lemma 3.3. If p is a prime ideal of S, then following statements are equivalent:
(1) g is a pseudo strongly prime ideal.
(13) For every a € £(S), there is ann > 1 such that a " p C .

Proof. (i) = (ii) Assume that p is a pseudo strongly prime ideal of S and a € £(S). Let p € g, then
p = aa”'p € p which infers that a='p € p. Asa™'p € a~'p, s0o a~1p C p. Thus, there is an n > 1 such that
a "p C p,since a € £(5).

(#4) = () Assume that for every a € £(.5), there is an n > 1 such that a " C . To see that p is a pseudo
strongly prime ideal, let abp C p with a,b € F(S). Assume that a € £(5), then by the hypothesis, there is an
n > 1 such that a™"p C p. As abp C p, so a"b™p C . This implies that b"p = a~"(a™b"p) C p, since
a~ "o C . Therefore, e is a pseudo strongly prime ideal. |

Proposition 3.4. If o1 and o5 are pseudo strongly prime ideals of S, then 1 and oo are comparable.

Proof. Suppose that p; and p- are pseudo strongly prime ideals of S. Our claim is that p; and - are
comparable. If not, then there exists a € p1\p2 and b € p2\p1. As a & o, so a/b € £(S). By using
Lemma 3.3, there is an n > 1 such that (a/b) " p1 C 1. Therefore, (b)" = (a/b) " ™a™ € p1. As gy is prime,
s0 (b)™ € p1 concludes that b € 1, which is a contradiction. Hence, g; and - are comparable. [ |

Next corollary is an immediate consequence of Proposition 3.4.

Corollary 3.5. If S is a pseudo almost valuation semidomain, then the prime ideals of S are linearly ordered. In
particular, S is quasi-local.
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Theorem 3.6. Let N be a maximal ideal of S. Then S is a pseudo almost valuation semidomain if and only if N
is a pseudo strongly prime ideal.

Proof. Let S be a pseudo almost valuation semidomain. Then, IV is a pseudo strongly prime ideal, as IV is a
maximal ideal of S. Conversely, let N be a pseudo strongly prime ideal of S. We first observe that S is quasi-
local. If not, then there exists a maximal ideal N' of S such that N # N " By using Proposition 3.4, we get
that N and N are comparable, which is a contradiction. Therefore, S is quasi-local with maximal ideal N. We
must show that each prime ideal o of S is a pseudo strongly prime ideal. By Proposition 3.4, we have p C N.
Assume that @ € £(S). Then, by Lemma 3.3, there exists an n > 1 such thata™"p C N. Now, (¢ "p)a~" € N
forp € p. So (a™"p)(a~"p) € p which leads to a~"p C p, as p is a prime ideal. Further, by Lemma 3.3, we
conclude that g is a pseudo strongly prime ideal of S. Hence, S is a pseudo almost valuation semidomain. W

Corollary 3.7. Let @1 be a pseudo strongly prime ideal of S and @2 be a prime ideal of S such that ps C 1.
Then o is a pseudo strongly prime ideal of S.

Recall from [1] that an integral domain R is an almost valuation domain if for each pair a,b € R\{0}, there
exists an integer n > 1(depending on a, b) with a™|b™ or b™|a™. Influenced by this concept, we give the following
definition

Definition 3.8. A semidomain S is said to be an almost valuation semidomain if for each pair a,b € S\{0},
there exists an integer n. > 1 (depending on a,b) with a™|b™ or b"|a™.

The upcoming proposition follows immediately by definition of almost valuation semidomain.

Proposition 3.9. For a semidomain S, the following statements are equivalent:
(1) S is an almost valuation semidomain.
(1) For each x € F(S)\{0}, there exists an n > 1(depending on x) with ™ or z—™ € S.

Lemma 3.10. Every valuation semidomain is an almost valuation semidomain.

Proof. Let S be a valuation semidomain. Then, by using Lemma 2.12, we get that for any element a € F(.S),
eithera € Sora~! € S. Further, consider a # 0, we have a € Sora~! € S. Therefore, for n > 1, we conclude
that o € S ora™" € S. By Proposition 3.9, S is an almost valuation semidomain. |

Remark 3.11. If I is a proper ideal of S and D = (I : I), then ID = I.

Theorem 3.12. Let S be a quasi-local semidomain with maximal ideal N. Then S is a pseudo almost valuation
semidomain if and only if D = (N : N) is almost valuation semidomain with maximal ideal \/ N D (the radical
of ND in D).

Proof. Let S be a pseudo almost valuation semidomain and let, a € ¢(D). Obviously, a € £(S). By Lemma 3.3,
we get that there is an n > 1 such that « =™ N C N, since N is a pseudo strongly prime ideal and a € ¢(S).
Therefore, a=™ € D. By Proposition 3.9 and Remark 3.11, D is almost valuation semidomain and ND = N.
Now, we have to show that v/ N D is a maximal ideal of D. Let a be a nonunit element of D. If a ¢ v/ N D, then
a € ¢(S),as ND = N and a is a nonunit of D. Further, by using Lemma 3.3, we conclude that there is ann > 1
such that a™” N C N which infers that =" € D. This implies that a is a unit in D, a contradiction. Therefore,
a € VND and hence v N D is a maximal ideal of D.

Conversely, let D = (N : N) be an almost valuation semidomain with maximal ideal vV ND. Let a € £(S),
then a ¢ VND. If a™ € D for some n > 1, then a™ is unit of D which implies a "N C N. If a € {(D),
then there is an m > 1 such that a=™ € D, as D is almost valuation semidomain. Therefore, there is an m > 1
such that ™™ N C N. So, N is a pseudo strongly prime ideal. By Theorem 3.6, S is a pseudo almost valuation
semidomain. |
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Proposition 3.13. If S is a semidomain and for every a,b € S, there is an n > 1 such that either o™ |b™ or b™|a™c
for every nonunit ¢ € S, then the prime ideals of S are linearly ordered.

Proof. Assume that S is a semidomain and for every a, b € S, there is an n > 1 such that either o™ |b™ or b"|a"c
for every nonunit ¢ € S. If a is a nonunit, then there is an n > 1 such that either a™[d" or b"|a"+1. Let g1 and
(2 be distinct prime ideals of S and a € p;\ 2. Therefore, for every b € o, there is an n > 1 such that a™|b"
which leads to b € p1. So 2 C 1. Hence, the prime ideals of .S are linearly ordered. |

Theorem 3.14. If S is a semidomain, then the following statements are equivalent:
(1) S is a pseudo almost valuation semidomain.
(ii) For every b € £(S), there is an n > 1 such that ab™" € S for every nonunit a € S.

Proof. (i) = (ii) Let S be a pseudo almost valuation semidomain and a be a nonunit of S. By Corollary 3.5, S
is quasi-local. So a belongs to the maximal ideal, say N of S. Moreover, by Lemma 3.3, we get that for every
b € £(9), there is an n > 1 such that b="a € N C S. Therefore, for every b € £(S), there is an n > 1 such that
ab™™ € S for every nonunit a € S.

(#4) = (i) Assume that for every b € ¢(.S), there is an n > 1 such that ab~™ € S for every nonunit a € S. To
show that S is a pseudo almost valuation semidomain, we need only show that each prime ideal p of S is a pseudo
strongly prime ideal. Let xyp C p with 2,y € F(S). Assume that x € £(S). By using the hypothesis, there is
an n > 1 such that (z"y"p)z~™ = y"p € Sforall p € p, as 2"y"p C p. Now, it suffices to show that y™p
is a nonunit of S. If possible, let y"p be a unit element for p € . Then, 2" = z"y"p(y"p)~* € S, which is a
contradiction. Thus, y"p is a nonunit of S and (y"p)z~" € S for p € . Further, (y"p)? = (y"px~")(z"y"p) €
p infers that y"p € g, as p is a prime ideal. So y"p C . Therefore, p is a pseudo strongly prime ideal. Hence,
S is a pseudo almost valuation semidomain. |

4. Acknowledgement

The second author gratefully acknowledges the financial support by UGC.

References

[1] D.D. ANDERSON AND M. ZAFRULLAH, Almost Bézout domains, J. Algebra, 142(1991), 285-309.

[2] D.F. ANDERSON AND D.E. DOBBS, Pairs of rings with the same prime ideals, Can. J. Math.,
32(1980), 362-384.

[3] A. BADAWI, On domains which have prime ideals that are linearly ordered, Commun. Algebra,
23(12)(1995), 4365-4373.

[4] A. BADAWI, On Pseudo-almost valuation domains, Commun. Algebra, 35(2007), 1167-1181.
[51 S. BOURNE, The Jacobson radical of a semiring, Proc. Nat. Acad. Sci., 37(1951), 163-170.

[6] K. GLAZEK, A Guide to the Literature on Semirings and Their Applications in Mathematics and
Information Sciences, Kluwer, Dordrecht, 2002.

[7] J.S. GOLAN, Power Algebras over Semirings, with Applications in Mathematics and Computer Science,
Kluwer, Dordrecht, 1999.

[8] J.S. GOLAN, Semirings and Their Applications, Kluwer, Dordrecht, 1999.

[9] J.S. GOLAN, Semirings and Affine Equations over Them: Theory and Applications, Kluwer, Dordrecht,
2003.

3

s
2

157



Madhu Dadhwal and Geeta Devi

[10] M. GONDRAN AND M. MINOUX, Graphs, Dioids and Semirings, Springer, New York, 2008.

[11] U. HEBISCH AND H.J. WEINERT, Semirings, Algebraic Theory and Applications in Computer
Science, World Scientific, Singapore, 1998.

[12] J.R. HEDSTROM AND E.G. HOUSTON, Pseudo-valuation domains, Pacific J. Math., 75(1) (1978),
137-147.

[13] W. KUICH AND A. SALOMAA, Semirings, Automata, Languages, Springer-Verlag, Berlin, 1986.

[14] P. NASEHPOUR, A brief history of algebra with a focus on the distributive law and semiring theory,
arXiv:1807.11704 [math.HO], 2018.

[15] P. NASEHPOUR, Some remarks on semirings and their ideals, Asian-Eur. J. Math., 13(1) (2020), Article
ID 2050002 (14 pages).

[16] P. NASEHPOUR, Some remarks on ideals of commutative semirings, Quasigroups Relat. Syst., 26(2)
(2018), 281-298.

[17] P. NASEHPOUR, Valuation semirings, J. Algebra Appl., 16(11) (2018), Article ID 1850073 (23 pages).

[18] R. SHARMA AND MADHU, Partitioning Ideals of a Semiring R and its Skew Group Semiring R * G,
Journal of Combinatorics Information and System Sciences, 43(2018), 47-56.

[19] R.P. SHARMA, M. DADHWAL, R. SHARMA AND S. KAR, On the Primary Decomposition
of k-ideals and Fuzzy K-Ideals in Semirings, Fuzzy Information and Engineering, DOI:
10.1080/16168658.2021.1950390.

[20] R.P. SHARMA AND MADHU, On connes subgroups and graded semirings, Vietnam Journal of
Mathematics, 38(2010), 287-298.

This is an open access article distributed under the Creative Commons Attribution

@ ® License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

3

s
2

158



MALAYA JOURNAL OF MATEMATIK
Malaya J. Mat. 10(02)(2022), 159-170.
http://doi.org/10.26637/mjm1002/006

On some fractional order differential equations with weighted conditions

SHEREN ABD EL-SALAM*!
L Faculty of Science, Department of Mathematics, Damanhour University, Damanhour; Egypt.

Received 23 November 2021; Accepted 25 March 2022

Abstract. In this paper, we study some Cauchy problems with weighted conditions of a fractional order differential equation
. We study by using some fixed point Theorems the existence of at least one solution in the two spaces C1—x([) and C(I),
where I = [0, .
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1. Introduction and Background

A Cauchy problem in mathematics asks for the solution of a partial differential equation that satisfies certain
conditions that are given on a hypersurface in the domain. A Cauchy problem can be an initial value problem or a
boundary value problem. Also, Cauchy problems are very natural in physics: The typical example is the solution
of Newton’s equation in classical mechanics, which is a second-order equation for the position of a particle. We

know indeed that the motion of a particle is uniquely specified by its initial position and velocity.
*Corresponding author. Email address: shrnahmed @yahoo.com; shrnahmed @sci.dmu.edu.eg (Sheren Abd El-Salam)
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An important result about Cauchy problems for ordinary differential equations is the existence and uniqueness
theorem, which states that, under mild assumptions, a Cauchy problem always admits a unique solution in a
neighbourhood of the point zy where the initial conditions are given.

In this work, we study the two weighted Cauchy-type problems

D" u(s) = f(g,u,fg h(g,s,u(s))ds), ¢ >0, 0< k<1,
1.1)
I u(Q=o = b b € R
and
D*us) = f<§,u,f0g h(s, s, u(s)) ds), ¢>0,0< k<1,
(1.2)
u(0) = 0.
The weighted Cauchy-type problems were studied in many papers see [1]-[7].
In [8], the author studied the existence of a solution of the weighted problem
D u(t) = f(t,u(t)) + [y g(t,s,u(s))ds, t > 0,
(1.3)

1= u(t)|j=0 = b, where0) < a < 1,b € R,
in the space Cy_, (I), where the functions f and g satisfied the following conditions
(1) t1=*f(t,u) is continuous on R* x C)__ (R*) and

[f(tw)] < to@)|ul™, p =0, my > 1,

(2) s'~%g(t,s,u(s)) is continuous on Dyt x CY__ (R*) where
Dy ={(t,s) e RT xR, 0< s <t}

and
|g(t757u(s))| < (t - 5)ﬂ7150¢(5)|u|m27 0< 6 < 13 o> Oa mo > 1;

where ¢(t) and v (t) are such that
(3) (t) is continuous and t#~(1=*)™1(5(¢) is continuous in case
uw—(1—a)m; <0,
(4) 9(t) is continuous and 7~ (1=®)™24)(#) is continuous in case
oc—(1—a)mg <0.

Problem (1.3) is a special case of our problem (1.1), we will study the existence of at least one solution of problem

(1.1) in the space C_,(I) under similar conditions of paper [8].
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2. Preliminaries and Definitions

In this section, we state the definitions and theorems which will be used in our paper.
Let Ly = L; [J] be the class of Lebesgue integrable functions on the interval J, J = [0, c0), with norm
defined by

11l = /J|f<<>|d<, Je L,

then we have the following definition for the fractional (arbitrary) order integration.

Definition 2.1. The fractional (arbitrary) order integral of the function f € Li[a,b] of order 8 > 0 is defined by

(see [9]-[11]) . 51
250 = [ S s

or

When a = 0, we can write I? f(5) = Ig f(s) = f(s)* pg(s), where

and ¢ satisfies the property
¢B1 (§) * ¢52 (g) = (bﬂl + B2 (g)

Also ¢p(s) — d(s)as 8 — 0, where §(s) is the Dirac-delta function (see [5]).
For k, 8 € RT, we have
(a) [gv : L1 — L]_,
(b) I°IPf(t) = IO £(2).
Definition 2.2. The Riemann-Liouville fractional derivative of order 5 € (0,1) of a Lebesgue-measurable
function f : RT™ — R is defined by (see [9] - [11])

d

DY f(s) = ngi‘ﬂf(<) =

1 d

I T AR LT

Theorem 2.3. (Schauder fixed point Theorem)[12]
Let W be a convex subset of a Banach space X, and T : W — W is compact, continuous map. Then T has
at least one fixed point in W.

3. Main Results

Define the two spaces

C(I) := {u: u(s) is continuous on I = [0, 4], ||u|| = max lu(s)[}
S

3
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and
C1_n(I) = {u: ¢'7"u(s) is continuous on I with the weighted norm ||u||;_. = ||s* ™" u]|}.
Our paper will be divided into two parts, in the first part we will study the existence of a solution for problem
(1.1) in the space Cy_,(I). And in the second part we will study the existence of a solution for problem (1.2) in
the space C'(I).
3.1. Solution in Cy_(I)

Suppose that the two functions f and h satisfy the following conditions

(1*) foreachs € I, f(s,-,-) is continuous,

for each (u,v) € ® x R, f(-,u,v) is measurable, and

(55w 0)| < Fo(o)|ul™ + v], = 0,my > 1,

(2*) foreach (¢,s) € I x I, h(s,s,-) is continuous,

for each uw € R, h(-,-,u) is measurable, and
|h(s,s,u(s))] < (s — 8)° 7 1s79(s)|ul™,0 < B < 1,0 > 0,my > 1,

where ¢(s) and (<) are continuous functions.

3.1.1. Integral representation

In ([1]-[2]) the authors proved that the Cauchy problem (1.1) is equivalent to the nonlinear integral equation of

fractional order
)nfl

u(s) =bs" ! + /g (i) i
0

T'(x) f(w(s),/os h(s,0,u(9)) d0> ds. 3.1)

Define the operator 1" by

k—1

rue) = bt s [
0

Tﬁ) f(s,u(s),/os h(s,@,u(@))d&) ds.

It is clear that the fixed point of the operator 7" is the solution of the integral equation (3.1).

3.1.2. Existence of solution

Theorem 3.1. Assume that assumptions (1*)-(2*) and (3)-(4) are satisfied, then the weighted Cauchy-type

problems (1.1) has at least one solution u € Cy_,(I).

Proof. Define the set
Sy = {u €C_w(I):|lu—bs" M1, < r}.

Now,

<1'"””I"””f<§,U(C),/Og h(s, s,u(s)) ds>

[ Tu —bs" Y|1_, = max
el

3
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< maXeer gl=rr"®

7 (soute) s sute as)|

< maxee; 1R (cw<<>|u<<>|ml TS Ihes s, u(s))] ds)

S maxeer el (g”*"@'“@l’”l TS = 8)P 18 () uls) ™ ds)

< maxeer ' fo I‘(n) 3”@(3)|u(3)|m13(17'{)m187(17“)m1d5

)nl

+maxcers' " f5 SR — [ (s — 0)5 71070 (0) u(6)|™ df ds

< maxger < lgl| [l [ fy S pal—st—(rmids

+maxger < f3 ST [5(s — 0)71073(0) [u(0) 200 m2p-(-mma dg ds

- Pp—(= +1 (-
< maxcer <t || ‘|“||71nflnr(u<_u(1£,@)f%?jr1)lg)c“ (1—r)(m1+1)+1

maxier s MYl S5 Sg— S (s = 0) 1070002 df ds

F —(1=r)mi1+1 —(1—k)m
< ol 7 e lsimssts oo

—K DB —(1—k)ma+1) o—(1—k
+maxcer < I ull2, f5 kr?L) F(é? ((1 f(e)mz)réﬂ)) (mmmats ds

I 1—k)mi+1) Wm
< gl 2, L1y 1

- LBNoe—(1 +1) _D(e—(1 +B+1 _
+maxcer |l 72, R e i, Tt e ey <~ (A mat et

r 1—r)mi+1 "
< Nl fful 1, pRemmat =1

1—-r)mo—+1 o— RV
HI I ellz= "‘F(U (1( m)(m2+)n+23+1))h (1=r)matf+t,

If u € S,, then

where

K= P(p—(A—r)mi+1)[[o[| (r+[bD™? £p—(1—r)mi+1
1T — b1 < MG P e (mmat
4 Do == r)mat DI (r+b)™2 o —(1—r)ma+8+1

I'(o—(1—r)ma+r+B+1)

< Ci(r+ o)™ B + Co (r+[b])™2 12,

D(p— (1 = r)mi + 1)|[]|
D(p—(1—kK)mi+K+1)

e
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LB (o — (1 = k)ma + D[¢]]
Mo—(1-r)ma+r+B8+1)’

Cy =

y=p—(1—-r)m+1 >0

and

=0—-(1—-Kk)me+B+1 > 0.
If we take r = |b| and /i very small, then
1 Tu—bs" "M <,

then 7°(S,) C S,.

Now, we prove that 7" is continuous on .S,.. Indeed: let uy, us € S,., then we get

[[Tur — Tup||1 - = max.er

k-1
< maxcer " f0< %

f(s,ul(s), IN h(s,ﬂ,ul(e))de) - f(s,u2(s), I h(s,0,us(6)) d9> ‘ ds.

From the continuity of f and h, we can deduce that for a given € > 0 there exists a §; > 0 such that for all

(S,Ul,’Ul)7 (5,u2,v2) el x Ol_,@([) X Cl_ﬁ(l), we have

Slfn

f(s,ul(s),/os h(s,&,ul(e))cw) - f(s,uQ(s), /0S h(s,0,uz2(0)) de)‘ <e

provieded that ||u; — ua||1—x < 1.

e
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To prove that T'(S,.) is equicontinuous, let 71,72 € 1,71 < T2, |72 — 71| < d, then

3 "Tu(re) — 1 "Tu(ry) = n' =" [ % < s), Jy h(s,0,u( d0> ds

nloe fr Gl f(s,u<s>,fih<s,e,u(e>>d9) ds
=yl [ f<s, u(s), [ (s, 0, u(e))de)
gl [T el f(s,u(s),fosh(s,ﬁ,u(ﬁ))d0> ds
-t % f(s,u(s),f;h(s,e,u(e))w) ds

< (7_21—/@ - 7_11 ~) fOTl (711:(5’2) fo (s,0,u(0))d6)ds

R [T % f(s,u(s),f(f h(s,&u((?))d@)ds

‘TQ]‘_HTU(TQ) _ 7—1 NT’lu(7'1)| < ( 7'11 M) fOTl %If(g’u(s),fos h(S,G,U(G))dG)‘dS
+rplTr ;;2 % f(s,u(s),fos h(s,@,u(@))d@) ds

< (7'21 — 7'11_”) o % (s“gp(s)|u|m1 + s |h(s,9,u(0))|d0> ds

rtor [ (”;(fz;l(sﬂw(s)lu(s)lml +J5 |h(s79,u(9))d9) ds

< <T%‘“ - T%‘“’) [ IS %5“7(17”)7”1@(5)5(1*”)”“ lu(s)|™ ds
T(x)

—|—le (7—1 s)"~ 1 fo s—0 B 190—(1—5)7)@2,(/}(9)9(1—5)7712|u(9)‘MQd9 d8:|

7! [f:f (el (s o (5) s1=ma y (s) 1 dis

_|_sz (TQF(S)) fo s — ﬁ 190—(1—n)m2¢(0)9(1—n)m2|u(9)‘m2d9 d8:|

< (=) el s, 7 om0 as

Rl lul 72, 7 Cml = f2 (s — 0)5- 167165 "‘)m2d0ds}

T (19—s)" 1 l‘iml
=l [, 72 @l a0 g

Jie

<
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—K I'(p—(1—r)mi+1 1—r)mi+k
< ( - )Mnuu R

k—1

“r‘H(/)H H ||m2 L(B)r(c—(A—r)mo+1) fn (T1—5)

o—(1—rk)m
1=k T(o—(1—r)ma+B+1) T(r) (1=r) 2+5d5}

Ir 1—k)mi+1 (1K)
s {||<P||||u|1 "‘F(u(ﬂ(l( n)vqulr;r)l)(TZ—Tl)“ (1=r)ma+

mqo I'(B)'(c—(1—k +1 s (T K— 1 —)m
LI w12, p(ﬁa) ((1 £m2%§rl)) I (21“(3;«3 ~(1-k) 2+5ds}

—K T 1—k)mi+1 1—k)mi+
< (=) ol a2 gty = omee

ma DB (6—(1—k)ma+1) T(o—(1—r)ma+B+1) _ o—(l—k)m .
Hlepl] (a7, R =Uondmatl) Lo (omima b ) 7y o —(1-r) 2+B+}

I'(p—(1—k)mi1+1)

a1 ol R = 1

T'(B)(oc—(1—k)mso+1
) |2, g2 ommat ) (7, — )

J(ln)m2+ﬁ+n:|

1- r 1 +1 1— +
R L e
T'(B)r 1 +1 —(1—
1l a2, SR matt) o n>mz+ﬂ+~}

F(;L (1—k)m1+1)

gl 2 R = ot

I I'(c—(1—k)mo+1
HII |72 F 2 n ey (12 = 1

)U—(l—n)m2+5+m:|

i [01 ullT™, (7 — 7)1 4 Cy [[ul[T (7 — n>5+5-1]

Therefore T'S, is equi-continuous, by Arzela-Ascoli Theorem then 7'S, is relatively compact. Therefore the
conditions of Schauder fixed point Theorem are hold, which implies that 7" has a fixed point in S,. Then the
nonlinear integral equation (3.1) has at least one solution v € C1_,(I) and consequently the weighted Cauchy-

type problem (1.1) has at least one solution v € Cy_(I).

E =

[V =)
MIM
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3.2. Solution in C(I)
3.2.1. Integral representation

Lemma 3.2. The Cauchy problem (1.2) is equivalent to the nonlinear integral equation of fractional order

u(s) = /(: (g;(;z))’ﬁl f<s,u(s),/os h(s,0,u(h)) d@) ds. (3.2)

Proof: Let u(s) be a solution of

(@) = £(suls) [ hiss () ds).

integrate both sides, we get

Il%@)ﬂ“m¢poIme@y{h@aM$mQ,

operating by /" on both sides of the last equation, we get

S
ru(©) = 10 = 1 1 (o). [ hte,souls) ds)
0
differentiate both sides, we get

mo—CNWI:ﬁf@mql%mawmm)

from the initial condition, we find that C; = 0, then we get (3.2)
Define the operator F' by

Fu(c) = /O ) (gr(z))l f(s,u(s), /O ) h(s,a,u(a))do) ds.

It is clear that the fixed point of the operator F' is the solution of the integral equation (3.2).

3.2.2. Existence of solution

Theorem 3.3. Assume that the assumptions (1% )-(2*) are satisfied. Then the weighted Cauchy-type problem (1.2)

has at least one solution u € C(I).

Proof. Define the set

B, = {u e o) ||ul| < rl}.

Now,

; I"”"f(g,u(c),/og h(s,s,u(s)) ds>‘

[|Ful| = max
<€

3
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< maxcer 1| (s ule)  Rlsos () s )|
< maxser I (S4pOIul6)™ + 1,5, ) ds

< max.e; I* (cﬂso(c)u(c)ml (s — 8P Lsmp(s)u(s)| ™ ds)

< maxer "o () [u(©)|™ +maxcer fy ST Ji (s = 0)7~1073(6) [u(0) "2 dods

—_g)s—1 m
< maxces [y (s F(L) sto(s)lu(s)|™ ds

my (BT (o+1 s o
t+mager ||| [Jul|2 LD [+ o e g

I'(p+1
< maxcer |[@l] [[ul|™ gt ortn

B)I'(o+1 +o+1
+max§€[ H’IZJH Hu”Wl2 I‘([;+§70+1)) F(Ii(f-ﬁ—oi-v-‘r)l) §n+ﬁ+a

m T'(p+1 5 mo I I'(o+1 K o
< [lepl| faall ™ PRt pts (3] [ |2 D et

If u € B,, then

Ful| <
[1Full < IM'k+p+1) F'k+pB+0+1)

If we take h very small, then

[[Full < 71,

then F(B,.) C B,.

From the continuity of f and &, we obtain that the operator F is continuous.
To prove that F'(B,.) is equicontinuous

Let 71,72 € [0,h], 71 < T2, |2 — 71| < §, then

Fu(ry) — Fu(n) = [ % < ) Jo 15, 0,u(®
P 0,u(0))d6 ) d

—Jo T IS u( (s,0,u(9)) s

= o e <s u(s 5,0 u(e))do) ds

168

Lp+ Dllell 1™ ey | DAL+ DIfY] ™

prtBto.

)d@) ds
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N ( (5,0 u(0))d6) ds
- Tl S f( (s 0,u(9))d9) ds
S Tl (Tlr(s»z)ﬁ lf(s u(s s,&,u(@))d@) ds

T1 7'1 5
1“(fﬂ)

o e lf( (s 9,u(9))d9)ds,
= gt )

‘Fu(rg) Fu(m) ds

< fT2 (TZF(SH) ’f(s u(s fos h(S,eyu(Q))dQ)

< 7 R (st 0,0 a0 ) s

< [ oo g () u(s)| ™ ds
—Jr T'(k) ¥

+sz2 TQF(SH) fo 5 —0)P=107(0)|u(0)|™2dOds

_g)r—1
< lll flulm™ [T 2l s ds

H[l] [l [ Cori— S)K Jo (s —6)°~16°do ds

I 1
< Nl [l RSt (7, — s

I'(B)I'(oc+1 T2 (ro—s)""! &
]| ]2 BT 72 (et 57 P s

—+1
e e N e

mes T(B)T(c+1
] llull™= s B2y (s

Therefore F'B, is equi-continuous, by Arzela-Ascoli Theorem then F'B,. is relatively compact. Therefore the
conditions of Schauder fixed point Theorem are hold, which implies that F" has a fixed point in B,.. Then the
nonlinear integral equation (3.2) has a solution © € C(I) and consequently from Lemma 3.2, we get that the

weighted Cauchy-type problem (1.2) has a solution u € C([).

e
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Abstract. In this paper, we prove the Poisson Integral theorem and Poisson-Jenson formula for the upper half disc and
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1. Preamble

Nevanlinna theory for meromorphic functions in the complex plane is about a century old and still is an
emerging active area of research. This theory has wide range of applications including complex differential
equations and value sharing of meromorphic functions etc. Nevanlinna theory for an angular domain is also
developed by some authors like ( see [4],[5],[6]) using Carleman’s formula.

In this paper, we propose a similar theory for the upper-half plane. Our main tool here is the conformal self map
of the upper half disc as defined in (2.1).

*Corresponding author. Email address: 'ssbmath@gmail.com (Subhas S. Bhoosnurmath), 2renukadyavanal @ gmail.com (Renukadevi
S. Dyavanal), 3mgbarkidud @gmail.com (Mahesh Barki)
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2. Preliminaries

Let C denote the set of all complex numbers, C, the extended complex plane, Cy = {z: Imz > 0} and
C, = {z:Imz > 0}. Throughout, let D = {|¢| < R: Im¢& > 0} and D = {|¢| < R : Im& > 0} be open and
closed upper-half discs respectively.

In what follows, we see that conformal self map of upper-half disc

R(E—2) R?—¢2

*O - m e e 9

2.1)

where z, £ € D plays a cardinal role in the development of the theory.

The analogous notations of Nevanlinna theory for meromorphic functions in the upper-half disc shall be
introduced as and when required.

3. Main results

We now present the core result namely Poisson Integral formula for the upper-half disc.

Theorem 3.1. Let f(z) be analytic on the closed upper-half disc D = {|¢| < R: Im& > 0}. For z = re'®
(0 <7 < R) in D, we have

1" o | R2— 2 R2-|2 1 [ 2rsing  2R2rsin¢
= Re'? — do+ — ¢ — dt (3.1

Proof. By the Cauchy’s integral formula, we have

flz) = - I e (32)

270 Jjg =R imez0 € — 2

If 2y = R; = RTQe“b, then |z1| = RTQ > R and hence z; lies outside the upper-half circle {|¢| = R : Im& > 0}.
Thus 5’:(—2 = {’:(—% is analytic on the closed upper-half disc {|{| < R : Im& > 0}.

In view of this and by the Cauchy’s theorem, we have

1 f(€
— ( 11 d¢ =0 (3.3)

210 Jig|=R,1me>0 £ — &

For z € D, % lies outside the upper-half disc {|{| < R: Im& > 0} and z; = R; is also outside the upper-half
disc {|¢| < R: Im¢& > 0}.
In view of the above observations and by using the Cauchy’s theorem again we have,

1 f€)

— Ldg =0 (3.4)
21t Jig|=R.rme=0 § — 7
and
1
— / (’22 de = 0. (3.5)
210 Jig|=R,1me>0 § — &
S
[V (&)
MIM
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Combining the above equations (3.2) — (3.5) we get

! /(&) 1 §iG)
frng d o
e 210 Jjg|=R.1mez0 € — % ¢ 270 Jig|=R,1me>0 § = Z a
! 1) 1 (€)
" 210 Jig|=R,1me>0 § — i 270 Jj¢|=R,tme>0 € — R2 ¢
1 1 1 1 1
= - — d
270 J\¢|=R, Ime>0 f&) lf -z £-Z + £ — 372 = R;} 3
1 1 1 z z
" 2mi |&|=R,Img>0 /) [5 -z £-% TR £z R%— fz} d (3.6)
1 R -1 R
27 Jigi-Rameo © E—2)(R?-¢2) (£-2)(R?—&2) de 3.7
Equation (3.6) can also be rewritten as
-1 (-2 R*(z — %) }d 3.8
T®)= 3 \szR,Imezof ¢ [(5 —2)(§-%) (R?-¢&2)(R?—¢€7) ¢ 3.8)

For & = & + &, where §; = Re?, 0 < 0 < mand & =+, —R <t < R and in view of (3.7) and (3,8), we
have
2 2 2 R . 2 .
z R — |z 1 2rsing  2Rrsin ¢
/ (R O el 1 PR Y L0 o _ oL
o IS—ZI [ 2r J g lz—t* |R2— |

The above Poisson Integral formula for the upper-half disc leads to the following result. This result plays a
cardinal role in the development of the Nevanlinna theory for the upper-half disc.

Theorem 3.2. Poisson Jensen formula for upper-half disc
Let f(z) be analytic in the closed upper-half disc D = {|¢| < R : Im& > 0} except for the poles by, ba, ..., by, in
D and a1, as, ..., am be zeros of f(z) in D. Then for any z # am,, by, in D, we have

1 /" | [ R?—|z|? RQ—\zF} 1 /R’ {2rsinq§ 2R2rsin¢}
1 = — 1 R - o+ — 1 t — dt
e |/(=)] 27r/0 og 7 (e )){ € -z ez on ) VO T P

(R? —@p2) R(z— @) (R? —b,2) R(z—b,)
— I I 3.9
l;ﬂ | R = am) (B2 = am2) ngm Bl RG—bn) (R —baz)| O
Proof. Set
(Zfén)
(Z_bn)
bn|<R,Imby,>0
glz) = ! —f(2) (3.10)
H (z—am)
(ZfEM)

|am |<R,Imay,>0

Then ¢(z) is analytic in D having no zeros and poles in D and hence there exists an analytic branch log g(z) in
D. In view of the Poisson Integral formula for the upper-half disc i. e. by (3.1), we have

1 s ) R2 _ 2 R2 _ 2 1 R 9 . 2R
logg(z) = %/ 1Ogg(Re”9){ |Z| . |72’2‘ }d@—f— 7/ logg(t) T‘Sln(b rsin ¢ it
0

2 2 2
€ — 2| € —Z| 2 J-r |z =t |R? t|
-
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1 [ , 1 [F
= %/ B4 1ogg(Reze)d9+%/ B=2log g(t)dt (3.11)

0 -R

where )

— 2> R

B = —

K—A € -2

and

2rsing 2R?rsing
lz—t?*  |R2— 2t

B =

Taking real part on both sides of equation (3.11), we get

log|g(2) / Bllog|g Re”’ |d0+—/ B2 log |g(t)| dt 3.12)
By (3.10), we get
loglg(=)| =log /(=) + 3 log|Zmllo 3 jeg|iTim (3.13)
glg(2)| = log b e :
|br | <R,Imb, >0 |am|<R,Imam,m>0
and
log g(t)] = log | f(t)] + > log | L= 0n | _ > log | L 9m (3.14)
glg(t)| = log 8,3, 8l .
|6y, |[<R,Imb, >0 |@m |<R,Ima.,,>0
Since , (3.14) leads to
log [g(t)| = log | f(t)] (3.15)
Using (3.13) and (3.15) in (3.12), we get
_bn m
log |f(2)] + Z log | o Z log i_g
|by | <R,Imby, >0 2= On [@m | <R,Imam>0
_ 1 i 0 Re*® — b, _ ReY — a,,
_ 27T/O By [Iog‘f(Re )‘ + Y log BT T 3 log | oo _am‘] 0
|bn|<R,Imby >0 lam |<R,Imay,>0
1 R
+ g5 [ maloslre)ar
1" 0 1 (" — by,
=3 Brlog |f(Re”)|[do+ — [ PBalog|f(t)|dt+ — 51 og | ——="|df
T Jo 2 J_p — by,
\b,L|<R Imb,L>0
_ —/ B1 log Rew ’d& (3.16)
|am\<R Imam,>0
Since » »
0 _ = i
Re_ gm _ R —a,,e (3.17)
Re® —a,, R — ae®
and » o
) _bn _bn )
Re” = bn) _ | R=bne (3.18)
Re® —b,| |R—Dbye?
S
=]
MM
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In view of (3.17) and (3.18), (3.16) becomes.

log |f(2)] + > log

[bn|<R,Imby, >0

1 & . 1 R
= %/ ﬁllog|f(R619)’d9+%/_ Bz log | f(t)| dt

b 60
+ —/ Bllog‘R - */ 5110g

|b,L|<R I'mb, >0 |a,,L\<R Iman,>0

z — by,
z— by,

— Z log

[am|<R,IMmam>0

o (3.19)

> s are zeros of f(z) in D, we have L@ # 0 in D and hence there exists an analytic branch of
R

Since a,, o

log (%) in D. By the Poisson Integral formula for the upper-half disc, we get

R_M R am,
) L)

Using |R2 — Emt} = ’RQ — amt| and taking real part part on both sides of above equation, we get

R? -G,z — e
1 1 de 3.20
©8 R R2 — amz / frlog | 7= R — apmei? (3:20)
Similarly,
R%2 —b,2 R 1 [7 R — bpet?
1 =— log | =————|df 3.21
o8 R R2—-b,2 2 /0 frlog ‘ R —b,e? 3.21)
From equations (3.19), (3.20) and (3.21), we have
z — bn Am
lo z)| + lo = lo
glf(2)] > 8l 3, > gz_am’

|by |<R,Imb, >0 [am | <R, Iman,>0

1 g ) 1 R
= ﬂ/o B110g|f(R€19)’d9+g/_RﬁzlogU(t”dt

RZ -0,z R
LD log’ R R by

|bn|<R,Imby, >0

_ Z 1o R2 — Amz R
& R R? —a,,z
|@m |[<R,Imam,>0
Hence
log | () / By log |£(Re) |d0+—/ By log | ()] dt

R? — b,z R(z —by)
R(z—by) R?—bpz

R? — @z R(z —ap)
R(z —am) R2—anz

Z log

[brm | <R, Imb., >0

- Z log

|@m | <R, Imamn, >0
Substituting the values of 3; and 3, in the above equation, we obtain the desired equality
1 [7 | [R2—|2)> R*—|z? 1 (B 2rsing 2R?*rsin¢
log| f(2)] = 5 [ log] Rez‘{ - d9+—/ log | f(t - dt
1) = o [ s |pre)| e ey pae 5 [ eslso - R
S e

7 Z o (R? —@mz) R(z—am) (R* —bnz) R(z—by)
SRz —am) (RZ —amz) R(z —byn) (R? — bn2)
|am |<R,Imap >0 |bn |<R,Imby >0

i
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4. Nevanlinna functions in the upper-half disc D

Poisson-Jensen formula for upper-half disc enables us to define Nevanlinna functions in the upper-half disc D:

For a meromorphic function f in D and a € D, we define

Definition 4.1. Proximate function of f — a in D

2 0

1 [ o | R2—lal*  R2—|a?
m(D,a, f): = — 1og+|f<Re9>|{ laff _ & o] }

€—af®  |¢-a?

1 (B 2rsing  2R?*rsin¢
+ —/ log™ | f(t — dt
om | 108 If()l{a_t|2 B o]

where, log™ is the positive logarithmic function.
Briefly we write this as

m(D,CL, f) = ml(Dvaa f) +m2(D7a7f)

where,

1 [7 o | RZ=1a®> R2—la
D _ 1 + 0 _
mi(D; a, f) 27T/o og" |f(Re )|{ €—af  e—af ;

1 (B o2rsing  2R%*rsing
mo(D,a, f) = — log™ |f(t — dt
(D) =g [ gLﬂ){m_ﬂz it

Definition 4.2. Counting function of f in D

(R? —b,a) R(a—by,) ‘

N(va) :N(D,oo,f) = Z log’ R(a—bn) (R2 _bna)

|by |<R,Imb, >0

where b,,’s are poles of [ in D, appearing according to their multiplicities.
and

_ 1y oo | (B —@ma) Rla—an)
N(Dya,f)—N(va_a)_ Z lg’R(a—am) (RQ_ama)

|am | <R, Imamu,>0

where a,’s are zeros of f — a in D, appearing according to their multiplicities.
N(D, f), N (D, a, f) denotes the distinct poles f and zeros of f — a in D, respectively.

Definition 4.3. Characteristic function of f — ain D

T(D,a, f) :=m(D,a, f) + N(D,a, f)

5. Properties of Nevanlinna functions in D

As in the Nevanlinna theory for the whole complex plane, we have the following basic results in (D)
Let f;(i = 1,2, ..., p) be p meromorphic functions in D, we have

p p
m <D7a'azf’i> S Zm(D7a'7 fZ) +10gp
i=1

i=1
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P P
m (D,a, H) <> m(D.a,f) (5.2)
i=1

(5.3)

7 N
Q
NE
ot
SN—
H M%
U
8
:'s

p p
N (D,a,H> < Z (D, a, f;) (5.4)
=1 1=1
p
(D a Zf,) <D T(D.a,f;) +logp (5.5)
p p
T (D,a,H> <> T(D,a,f) (5.6)
=1 ]
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1. Introduction and Background

Henstock integral of a function introduced in the mid-1950s by R. Henstock and J. Kursweil is a powerful
generalisation of the Riemann integral, which can handled nowhere-continuous functions which gives a simpler
and more satisfactory version of the fundamental theorem of calculus. Simply put, the Henstock integral
includes the Riemann, Improper Riemann, Newton and Lebesgue integrals and is equivalent to the Denjoy and
Perron integrals(see [1-9]). While the standard definition of the Henstock integral uses the ¢ — § definition, then
the Sequential Henstock integral was introduced, by employing sequences of guage functions. Many authors
have worked on the application of the Henstock integral to functions taking real values and have made
generalisations on a number of its’ properties, see [1-16].

For instance, Cao [3] gave a generalization of the definition of the Henstock integral for Banach space-valued
function, and then established some of its properties. Macalalag and Paluga [9] studied the Henstock-type
integral for [,,-valued functions with 0 < p < 1 and obtained its basic properties. The authors have studied the
Sequential characterization of the Henstock integral and obtained equivalence results between Henstock and
Certain Sequential Henstock Integrals when dealing with real-valued functions.(see [6]). Wu and Gong[15]
introduced the notion of the Henstock (H) integral of interval valued functions and Fuzzy number-valued
functions and obtained a number of properties. Hamid and Elmuiz[5] established the concept of the Henstock
Stieltjes (HS) integrals of interval valued functions and Fuzzy number-valued functions and obtained some
number of properties of these integrals. It is well known that the class of LP[0,1]-valued functions with
0 < p < 1is a Banach Space with the norm denoted by ||.||».

In this paper, we introduce the notion of Sequential Henstock integral for LP[0, 1]-interval valued functions with
0 < p < 1, and investigate some of its basic properties.

*Corresponding author. Email address: victorodalochi1960 @ gmail.com (V.O. lluebe)

https://www.malayajournal.org/index.php/mjm/index (©2022 by the authors.



L?[0, 1]- Interval valued functions

2. Main Results

Let R denote the set of real numbers, F'(X) as an interval valued function, F'~, the left endpoint, F* as right
endpoint, {0, (z)}22,, as set of gauge functions, P,, as set of partitions of subintervals of a compact interval
[a,b], X, as non empty interval in R and d(X) = X — X, as width of the interval X and < as much more
smaller and consider the integral of interval functions defined on the compact interval and ranging in a
quasi-Banach L?|0, 1]-space which carries a quasi-norm denoted by ||.|| z.

Let F a Lebesgue measurable set in any euclidean space, and ¢ any positive number, we define LP(E) to be the
class of all real valued Lebesgue measurable functions f on E for which [ gl f|9 < co. Asit’s well known,

whenever ¢ < 1, this class of functions is a Banach Space with the norm || f||, = (fE|f|q)% When 0 < p < 1,
the function || f||,, no longer satisfies the triangular inequality but only the weaker condition

Ifr+ Lol < 27(1f ) + ([ f21)
(1-p)

where v = T(see [3D).

Definition 2.1[10,12] A gauge on [a, b] is a positive real-valued function § : [a,b] — R*. This gauge is J-fine if
[ui_l,ui] C [ti — 5(ti),ti + 5(tl)]

Definition 2.2[10,12] A sequence of tagged partition P, of [a,b] is a finite collection of ordered pairs
P, = A(ug-n), wi,) ti, Yy where [u;_1,u] € [a,b], wgoy, <t < w;, and
a=1up < Uiy <,.oop < Upp,, = b.

in

Definition 2.3 [12] A function f : [a,b] — R is Henstock integrable to « on [a, b] if there exists a number
a € R such that if ¢ > 0 there exists a function §(x) > 0 such that for §(x)-fine tagged partitions
P = {(u—1 ), ¢}, we have

|Z f)[ui —ug—1)] —af <e.
=1

where the number « is the Henstock integral of f on [a,b]. The family of all Henstock integrals function on
[a, b] is denoted by H [a, b] with o = (H) f[a p f(@)dz and f € Hla,b].

Definition 2.4 [12] A function f : [a,b] — R is Sequential Henstock integrable to « € R on [a, b] if for any

e > 0 there exists a sequence of gauge functions 0, (x) = {,(x)};2; such that for any 0,,(x) — fine tagged
partitions P, = {(u(;—1),, i, ) ti, };—y. We have

my, EN

> ft) (i, —ugo),) —al <e,
i=1

where the sum Y is over P,,, we write « = (SH) f[a ) f(z)dz and f € SH]a,b).

Lemma 2.5[5] Let f,k be Sequential Henstock (SH)integrable functions on [a,b], if f < k is almost
everywhere on [a, b], then
b b
/ f< / k.
Definition 2.6 [11 and 15]

Let Ig = {I = [I~,I"]: Iis a closed bounded interval on the real line R}.
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For X, Y € Iy, we define

i X<Yifandonlyif Y- < X and XT <Y,

ii. X+Y=Zifandonlyif Z-=X"+Y and ZT = X+ + YT,
ili. X.Y ={z.y:2 € X,y € Y}, where

(X.Y) =min{X~.Y ", X" YT Xty  Xtyt}

and
(X.Y)Jr =max{X .Y, X" YT, Xty X+.Y+}.

Define d(X,Y) = max(|X~ — Y|, | X — Y T|) as the distance between intervals X and Y.

Definition 2.7 [5]

An interval valued function F' : [a,b] — L? is Henstock integrable(l,-I H|[a, b)) to Iy € L?[0, 1] on [a, b] if for
every ¢ > 0 there exists a positive gauge function é(x) > 0 on [a, b] such that for every §(x) — fine tagged
partitions P = {(u;_1,u;), ¢}, we have

neN
||Z F(tl)(ul — Ui—l) — IoHLP <e€
i=1

We say that I, is the Henstock integral of F' on [a,b] with (LP[0,1]-IH) f[aAb}F = Iy and
F € L?|0,1]-IH|a, b].

Now, we will define the Sequential Henstock integral of L?[0, 1]-interval valued function and then discuss some
of the properties of the integral.

Definition 2.8
An interval valued function F' : [a,b] — LP is Sequential Henstock integrable(L?[0,1]-I1SH]a,b]) to
Iy € L?[0,1] on [a, b] if for any ¢ > 0 there exists a sequence of positive gauge functions {4, ()} such that

My,

for every 0, (x) — fine tagged partitions P, = {(u(i—1),, i, ), i, };—;. we have

my €N
1> Flti)(ui, —ui-1y,) = lollor <e.
i=1

We say that LP[0, 1] is the Sequential Henstock integral of F' on [a,b] with (LP[0,1]-ISH) f[a pyF = cand
F € L?[0,1]-ISH|a, b].

In this section, we discuss some of the basic properties of the L?[0, 1]-interval valued Sequential Henstock
integrals.

Theorem 2.9
If F € LP[0,1]-1SH]|a, ], then there exists a unique integral value.

Proof. Suppose the integral value are not unique. Let au = (LP[0,1)-ISH) f[a 0] F and
ay = (LP[0,1]-ISH) [, ,y F with ;i # 2. Let € > 0 then there exists a {6} (z)}22, and {6%(x)}2>, such
that for each &} (z)-fine tagged partitions P! of [a, b] and for each §2 ()-fine tagged partitions P2 of [a, b], we
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have
mn €N .
| Z F(ti, ) (ui, —ug-1),) —allzr < 2
=1
and
m, EN .
| Z Uzn (ifl)”) — e < 3
respectively.

Define a positive gauge function &, (z) on [a, b] by 6, () = min{d} (x),d2(x)}. Let P, be any d, (x)-fine tagged

M . Then we have

p

partition of [a, b] and let e =

my €N my €N

ar — asllr = | Z ti, ) (Wi, —ui-1),) — o1 + Z ti, ) (Wi, — wi-1),) — o2|[Lr

my €N mn, EN
<> Plti) (s, —ug-),) —oaloe + 1 Y Fti,)(ui, —u@-1),) — a2l|Le
i=1 i=1
1.6 € 1
< 2"(5 + 5) =2re = [lag — az| Ls,
This is a contradiction. Thus a; = ao. This completes the proof. [ |
Theorem 2.10
An interval valued function F' € L?[0,1]-1SH]|a, b] if and only if F~, F'* € L?[0,1]-SH]|a, b] and
(20, 0-1SH) [ F=[0,-SH) [ F~,(L7[0,1-SH) / P @1
[a,b] [a,b] [a,b]

Proof. Let F € LP[0,1]-ISH][a,b], from Definition 2.8 there is a unique interval number I, = [I;, I] in the
property, then for any ¢ > 0, there exists a {J,,(z)}22;, n > p on [a, b] € R such that for any d,,(x)-fine tagged
partition P,,, we have

MmN
1Y Fti,)(ui, —ug-1),) = Tollr <.
=1
Observe that
my €N my €N
1> Fti) (i, —ug—1),) = Tollee = max(| Y F~(ti,)(ui, —ug-1),) — I |l e,
M €N -

I Z Frt, ) (wi, —ug-1y,) — Ig || e

Since u;, — Ugi—1), = 0 for 1 < i,, < m,, hen it follows that

my €N my €N

| Z F= (s, ) (ui,, —ugi-1),) = Io lle <&, || Z F (i) (i, —ug-n), — Iy <e.

e
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for every 6, (x)-tagged partition P,, = {(u(;—1),,ui, ), ti, }i—y. Thus, by Definition 2.8, we obtain F'*, F~ €

L?[0,1]-SH]|a,b] and

in

I7 = (LP[0,1]-SH) /[ ) F~(z)da

and

I} = (LP[0,1]-SH) F(z)da.
[a.b]

Conversely, Let '~ € LP[0, 1]-SH|, 3. Then there exist a unique 3; € R with the property, let ¢ > 0 be given,
then there exists a {5} (2)}52,, such that for any &} (z)-fine tagged partitions P} we have

mp €N

|| Z F_(tin)(uin — U(i,l)n) — 51||Lp < E.
=1

Similarly,
Let F* € LP[0,1]-SH|a, b]. Then there exist a unique 32 € R with the property, let ¢ > 0 be given, then there

exists a {02 (x)}5° 4, such that for any 02 (x)-fine tagged partitions P? we have

my, €N

1> Fr(ti,) (ui, —ug-1), — B2)llrr <e.
i=1

Let 8 = [B1,B32). If F~ < FT, then B; < Bo. We define §,,(x) = min(8} (), 52 (x)), then for any 6,,(z) — fine

tagged partitions P,, we have
mn €N

1Y F(ti,) i, —ug-1),):Blle <e.
i=1
Hence, F' : [a,b] — L” is Sequential Henstock integrable on [a, b].

This completes the proof.
[ |

Theorem 2.11
Let F,K € L?[0,1]-ISH[a,b] with F = [F~,F*]and H = [K~,K"] and 7, € R. Then vF, (K €
L?[0,1]-ISH]a, b] and

(vF + ¢K)dx = ~(LP[0, 1]-ISH)/ Fdx + ¢(LP[0,1]-1SH) Kdx
la,b] [a,b]

(L?[0,1]-ISH) /

[ab]

Proof. (i) If F, K € LP[0,1]-ISH|a,b], then [, FT|,K = [K~, K| € L?[0,1]-SH|a, b] by Theorem 2.10.
Hence, vF~ + K, yF~ + (K, yF+ + €K~ yF*+ + €K+ € LP[0, 1)-SH]|a, b].
1)Ifv > 0and ¢ > 0, then

(LP[0, 1]-SH)/[ b](’yFJrﬁK)*d:z: = (L]0, 1}-SH)/[ b](fny + (K7 )de
= y(LP[0,1]-SH) F~dx + £(LP[0,1]-SH) K~ dx
[a,b] la,b]
S
Sy
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= y((L*[0,1]-ISH) Fdz)™ + &((LP[0,1]-ISH) Kdx)~

[a,b] [a,b]
— (W(L?[0,1]-1SH) / Fda + £(LP[0,1-1SH) | Kdx)~.
[a,b] la,b]

2)If vy < 0and € > 0, then

(Lp[O,l]-SH)/[ b](’yF—&—fK)_dx = (Lp[O,l]-SH)/[ b]('yF+ +EKT)dz
= ~(L*[0,1]-SH) Ftdx + £(LP[0,1]-SH) K'dx
[a,b] la,b]
= y((L*[0, 1]-ISH)/ Fdx)* +&((LP[0,1]-1SH) Kdx)*
[a,b] [a,b]

= (y(LP[0,1)-ISH) /[ ) Fda + £(LP[0,1)-ISH) » Kdz)~.

3)Ify>0and £ < 0 (ory < 0and £ > 0), then

(vF +¢K)~dx = (LP]O, 1]-51{)/{ ) (YF~ + (K )da

(LP[0,1]-ISH) /[ )

F~dx + ¢(LP]0, 1}_51{)/ K*da
[a.0)

— (L7[0,1)-SH) /

[a,b]

= y((L*[o, 1]-ISH)/ Fdx)™ + &((LP[0,1]-ISH) Kdzx)*

[a,b] [a,b]
— (y(LP[0,1]-1SH) / Fda + £(LP[0,1-1SH) | Kdx)~.
[a,b] [a,b]

Similarly, for four cases above, we have

(vF + €K)Tdx = (y(LP]0, 1]-ISH)/[ ) Fdx + ¢(LP[0,1]-I1SH) i Kdz)*

(LP[0,1]-ISH) /

[a,b]
Hence, by Theorem 2.10, vF, (K € LP[0, 1]-1SH]a, b] and

(vF + ¢K)dx = 'y(Lp[O,l]—ISH)/ Fdx + ¢(LP[0,1]-1SH) Kdz.
[a,b] [a,b]

(LP[0,1]-ISH) /

[a,b]
This completes the proof.

Theorem 2.12
Let F, K € LP[0,1]-ISH|a,b] and F'(z) < K (z) nearly everywhere on [a, b], then

(L?[0, 1]-ISH) / Fa)de < (17(0,1)-1SH) | Kdz
la,b] [a,b]
Proof. If F(z) < K(z) nearly everywhere on [a, ] and F, K € LP[0,1]-ISH|a,b], then F~, F* K~ KT €
L?[0,1]-SH]|a,b] and F~ < F™, K~ < K nearly everywhere on [a, b]. By Lemma 2.5

(L?[0, 1]-SH) /[ P 0ALSH) [ K

e
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and

F*(z)dx < (LP[0, 1]-ISH)/ K*dx.
[a,b]

(LP[0, 1]-ISH) /

[a,b]
Hence by Theorem 2.10, we have
(LP[0,1]-ISH) / F(x)dx < (LP[0,1]-ISH) Kdzx.
[a,b] [a,b]
This completes the proof. u

Theorem 2.13 Let k € R.
1.If F € L?[0,1]-ISH]a,b], then kF' € L?[0, 1]-1SHa, b]. Moreover,

b b
[rr=k[F

2.If F € LP[0,1]-ISH][a,b] and G € LP[0,1]-ISH]c, b], then (F + G) € LP[0,1]-ISH|a, b]. Moreover

/ F+G)= / P / G.
Proof. (1) Suppose F' € LP[0,1]-ISHJ[a,b]. The case ¥ = 0 is obvious. Suppose k& # 0 and

F € L?[0,1]-ISH]a, b], there exists a sequence of positive functions{d,,(z)}>2; on [a, b] such that

my, EN

b
| Z F(t, ) (ui, —ug-1), —/ Fl» < \k|
i=1 a

whenever P, is 6,,(z) — fine tagged partitions of [a, b]. Then, exists a sequence of positive functions {62 (x)}°°_,
on [a, ¢] such that

mp EN my, EN b
I kF (), o, — & [ Pl = 1 D P, iy, —k [l
5
< |k|pr 77—
= €.

(2) Lete > 0 Suppose f: F = oy and f: G = a. Then there exists a sequence of positive functions{d} (z)}3,

on [a, b] such that
my €N

13
1> Fti) (s, —ug—1), —oalloe <

2(27)
whenever P! is 0. (x) — fine tagged partitions of [a,b]. Also, there exists a sequence of positive functions
{62(x)}22; on [a, b] such that

mp €N

3
u — U(j— — <
I Z ti, ) (ui, (i=1)n 2| v 2(2%>

whenever P2 is §2(x) — fine tagged partitions of [a, b].
Define a positive gauge function &,,(z) on [a, b] by 6, () = min{d}(x), 52 (x)}. Let P, be any d, (x)-fine tagged
partition of [a, b]. Then

m, EN

1Y (F+ Gt (ui, —u-1),) = (a1 + az)l|zs

=1

e
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my €N mp €N
= (I Y. Flti)(ui, —ug-1y,) + > Gti,) (i, —ug_1), — (o1 + a2)| r)
i=1 i=1
my €N mp €N
<20(|| Y Fti,) (i, —ug-1y, —aalloe) + 27 (1 Y Glti,) (s, —ug-1y, — azlLs)
i=1 i=1
1 g 9
< 2% (g + )
2e1) " 20
=e.
This completes the proof. n
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