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Abstract. We discuss the existence of solutions for second-order impulsive differential equation with nonlocal conditions
in Banach spaces. Our approach is based on the generalization of Schauder fixed point principle that is Darbo fixed point
theorem. An example is also presented for illustration.
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1. Introduction

In the present paper we consider the abstract second-order nonlinear impulsive differential equation with non
local condition

2(0) = 20+ g(@), #/(0) = o1 an
A1) = Dife(t), #(1), 1= 0,.0.p

Where A is a linear operator from a Banach space E into itself, Az(t;) = x(t]) — z(t]), A2/ () = /() —
z'(t7),0 < t; <ty <..<t, <T are the instants of impulse effect, f : [0,T|x ExE - E, I, : E — E,
D;:Ex E— E, x9,21 € E and g(z) is a function with values in F to be specified later.

For the basic theory on impulsive differential equations in infinite dimensional spaces, the reader is referred to
the literature [2, 3]. The impulsive differential equations has become an important area of investigation by many
authors because of their applications. For more details, we refer the reader to [3, 11, 15]. In [4], Peng and
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Adel Jawahdou

Xiang discuss the existence of optimal controls for a Lagrange problem of systems governed by the second-order
nonlinear impulsive differential equations in infinite dimensional spaces:

t) = Ax(t) + f(t,z(t),2'(t)) + B(t), t € J =[0,T], t #¢;,i =0,...,p
2(0) =z, 2'(0) = x4

(z(t:)) = I( (t:), ' (t;

A(2'(t:) = Di(z(t:), 2'(

They apply a direct approach to derive the maximum principle for the problem at hand. The authors [6] considered
the existence of mild solutions for a class of abstract impulsive second-order neutral functional differential
equations. In [10], the authors studied the abstract second-order nonlinear impulsive differential equation with
nonlocal condition

), i=0,..,p
tl))? L= 07 P

a”(t) = Az(t) + f(t, 2(t),2' (1)), (b1 (1)), z(b2(1)), .-
(b (1)), 2 (b1(¢)), .., @' (b (t))) t € J = [0,T],

(t
2(0) = mo, 2'(0) + g(x) = 21
A(SC( ))_I (tl)a)v i=0,..,m
A2 (t;)) = Di(x(t;), 2’ (t;)), i =0, ...,m.

In the present work, the existence of a mild solution for problem (1.1) is obtained by the cosine family theory,
measure of non-compactness and the the well known Schauder fixed point principle. Its generalization, called
the Darbo fixed point theorem. It should be pointed out that the restrictive condition on the impulsive term is
removed. The work is organized as follows: In Section two, we recall some definitions and facts about the cosine
family and facts concerning the Kuratowski measures of noncompactness in the Banach space PC([0,T7], E). In
Section three, we give the existence of mild solutions to the problem (1.1). In Section four we present an example
to illustrate our main result.

2. Preliminaries

We begin by giving some notation. Let E be a Banach space with the norm || - ||. We use 6 to present the zero
element in E. For any constant 7' > 0, denote J = [0, T]. Let C'(J, E) and be the Banach space of all continuous
functions from J into E endowed with the supremum-norm ||z||c = sup,c; ||z(t)|| for every x € C(J, E).
From the associate literature, we consider the following space of piecewise continuous functions,

PC(J,E) ={u:J— E : zis continuous for t # t,

left continuous at ¢ = t;, and x(t; ) exists for k = 1,2,...,m}.

It easy to see that PC(J, E) is a Banach space endowed with the PC-norm

el = max { sup [lo(¢9)], sup o(t)I}, @ € PC(J, B),
teJ teJ

where x(t*) and x(t™) represent respectively the right and left limits of x(¢) at ¢ € J. Similarly, PC"" will be
the space of the functions z(-) € PC such that x() is continuously differentiable on J, ¢;,% = 1,2, ..., n and the
derivatives N
t —x(t 4 —x(t™
2 () = lim D) T2 -y gy ZEES) —2(T)
5—0 S s—0 S
are continuous on [0, 7 and ]0, T, respectively. Next, for z € PC*, we represent, by z’(t), the left derivative at

t €]0, T and, by 2’(0), the right derivative at zero. It is easy to see that PC", provided with the norm

|zllpcr = max{||z]| pc, [’ || P}

3

s
2
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Mild solutions of second-order impulsive differential equations

is a Banach space. For each finite constant > 0, let
Q. ={ue PC(J,E): |u@®)] <r, teJ}

then €2, is a bounded closed and convex set in PC(J, E).
Let £(F) be the Banach space of all linear and bounded operators on E. Since the semigroup T'(¢)(t > 0)
generated by A is a Cy-semigroup in F, denoting

M :=sup |T(t)|| (), (2.1
teJ

then M > 1 is a finite number.

Definition 2.1. A Cy-semigroup T'(¢)(¢t > 0) in E is said to be equicontinuous if 7'(¢) is continuous by operator
norm for every ¢ > 0.

Now we introduce some basic definitions and properties about Kuratowski measure of noncompactness that
will be used in the proof of our main results.

Definition 2.2. [1, 8] The Kuratowski measure of noncompactness «(-) defined on a bounded set S of Banach
space E is
a(S) :=inf{o0 > 0: S =U,S; with diam(S;) < dfori =1,2,...,m}.

The following properties about the Kuratowski measure of noncompactness are well known.
Lemma 2.3. /I, 8] Let E be a Banach space and S, U C E be bounded. The following properties are satisfied:

(i) a(S) = 0ifand only if S is compact, where S means the closure hull of S;

(ii) a(S) = a(S) = a(conv S), where conv S means the convex hull of S;
(iii) a(A\S) = |A|a(S) for any X € R;
(iv) S C U implies a(S) < a(U);
(v) a(SUU) = max{a(S),a(U)};
i) a(S+U) < a(S) +a(U), where S+ U ={z |z =y+2z,y€ S,z€ U};

(vii) If the map Q : D(Q) C E — X is Lipschitz continuous with constant k, then a(Q(V)) < ka(V) for any
bounded subset V. C D(Q)), where X is another Banach space.

In this work, we denote by «(-), ac(-), ape(-) and a;ye1 (+) the Kuratowski measure of noncompactness on the
bounded set of E, C(J, E), PC(J, E) and PC(J, E), respectively.
In the following, let Jo = [0,%1], J1 = (t1,t2], ..., Jp—1 = (tp—1,tp] and J, = (¢, 1], tp4+1 = 1. For any
X C PC(J,E),wedenote by X' ={z' : z € X} C PC(J,E)andby X (t) = {z(t): x € X} C E and by
X'(t) ={z(t): € X} C Efort € J. To discuss the problem (1.1), we also need the following lemma [12].

Lemma 2.4. [12] If X C PCY(J,E) is bounded and the elements of X' are equicontinuous on each Jy,, k =
0,1,...,p then

aper (X) = max{ilelg) a(X(t)), ilelg) a(X' ()} (2.2)

Obviously the following formulated theorem constitutes the well known Schauder fixed point principle. Its
generalization, called the Darbo fixed point theorem, is formulated below.

e

[V =)
MM
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Lemma 2.5. [8] Let §2 be a nonempty, bounded, closed and convex subset of a Banach space E and let'T : €} —
Q be a continuous mapping. Assume that there exists a constant k € [0, 1) such that p(T(X)) = ku(X) for any
nonempty subset X of §2, where (1 is a measure of noncompactness defined in E. Then T" has a fixed point in the
set ).

Lemma 2.6. [5, 16] Let E be a Banach space, and let X C E be bounded. Then there exists a countable set
Xo C X, such that o(X) < 2a(Xy).

Lemma 2.7. [13] Let E be a Banach space, and let X = {u,, : n =0,1,...} C PC([0,T], E) be a bounded
and countable set for constants —oo < 0 < T < +o0o. Then a(X (t)) is Lebesgue integral on [0, T}, and

a({ /OT up(t)dt i m € N}) < 2{/OT auny(t))dt :n=0,1,...}.

Lemma 2.8. [1] Let E be a Banach space, and let X C C([0,T], E) be bounded and equicontinuous. Then
a(X (t)) is continuous on [0, T), and
(X) = X(1)).
c(X) = max a(X()
Next, we shall need the following definitions [25].

Definition 2.9. A one parameter family {C(t),¢ € J} of bounded linear operators in the Banach space X is
called a strongly continuous cosine family if

() C(s+t)+C(s—1t)=2C(s)C(t), forall s,t € J;
(i) C(0) =1I;
(iii) C(t)x is continuous in ¢ on J, for each z € X.

Define the associated sine family S(t),¢ € J by
t
S(t)x :=/ C(s)xds, ze€X,teJ
0

The infinitesimal generator of a strongly continuous cosine family {C(t),t € J} is the operator A : X — X,
defined by

Az = lim —C(t)z, =z € D(A),

where D(A) := {z € X : C(t)x is twice continuously differentiable in ¢}.
Define E := {x € X : C(t)z is twice continuously differentiable in ¢}. We assume

(H4)  Ais the infinitesimal generator of a strongly continuous cosine family {C(t),t € J} of bounded linear
operators in the Banach space X.

To establish our main theorem, we need the following lemmas.
Lemma 2.10. Let (H 4) hold. Then

(i) there exist constants M > 1 and w > 0 such that |C(t)| < Me*!* and

||S(b)—S(a)||§M\/ “olds|, forab e J:
b

(ii) S(t)X C Eand S(t)E C D(A), fort € J;

3
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Mild solutions of second-order impulsive differential equations
(i) LC(t)z = AS(t)z, forx € Eandt € J;

(iv) LC(t)x = AC(t)x, for = € D(A) and t € J.

Further we denote by||C(t)]| and ||S(t)]| the operators norm of C(¢), S(t) for t € [0,T] in the Banach space
E, respectively. From assumption (H 4) it follows that there is a constant M/ > 1 such that

IC@)| < M and [|S(¢)]| < M fort € [0,T].

Lemma 2.11. [25] Let (H 4) hold and v : R — X be such that v is continuous and let q(t fo s)ds.
Then q is twice continuously differentiable and, fort € Z: q(t) € D(A fo (t—s)v )ds and

q"(t) = /0 C(t — s)v'(s)ds + C(t)v(0) = Aq(t) + v(¢).

3. Main results

We first give the following hypotheses:

(Ha) A is the infinitesimal generator of a strongly continuous cosine family {C(¢),t € Z} of bounded linear
operators in the Banach space X.

(Hy) (@) (t,z,y) — f(t,x,y) satisfies the Carathéodory conditions, i.e. f(.,z,y) is measurable for z,y € E
and f(t,.,.) is continuous for a.e. t € [0, 7]

(ii) There exist m € L*([0,T],R.) such that || (¢, z,y)|| < m(t)(||z| + ||y]|) for a.e. t € [0, 7] and all
reE.

(iii) There exists a function [ €  L([0,7],R.) such that for any bounded subset
B,D C E,a(f(t,B,D)) = I(t) max{a(B), (D)} forae. t € [0,T].

(Hy) (i) gis continuous.

(i) There is nonnegative constant ¢ such that a(g(D)) < qope(D) for any bounded set
D c PC'([0,T], E).

(H) () I; and D; are continuous.

(ii) There exist nonnegative constants k; and k? such that o([;(B)) < k}a(B) and a(D;(B, D)) <
k? max(a(B), a(D)) for any nonempty and bounded subset B, D C Eandi = 1,...,p

(HR) There exists a number R > 0 such that
max(n1(R),m(R)) < R,

where,

t
m(R) = M{|zol| + [|z1] + C1] +2MR S[up] (/ m(s)ds) + Mp(Cy + C3)
tel0,T

and

n2(R) = M[|[A]|([lzoll + C1) + [|lza]l] +2MR S[%I;“]( m(s)ds) + Mp([|A[|C2 + C3),
telo, 0

e
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where
Ci= sup g(||z]),
wech1(R)
Co= sup | Li(x(t:))]
z€B, 1 (R)
and

Cs=sup ||Di(x(t;),2'(t:))]]-

z€B, 1 (R)
Next, let us start by defining what we mean by a solution of the problem (1.1)(see [6]).
Definition 3.1. A function x € PC*([0,T), E) is said to be a mild solution of the problem (1.1) if x satisfies the
equation
z(t) = C(t)[xo + g(x)] + S(t)z1 + /Ot S(t—s)f(s,z(s),'(s))ds
+ Y Clt—t)Li(a(t) + > S(t—t:)Di((ts), ' (t:)), t € [0,T). 3.1)

0<t; <t 0<t; <t

Remark 3.2. Assumptions (Hy) (i), (Hy)(ii) and (H)(i3) imply that mappings f, g, I; and I; are bounded on
bounded subsets of PC1([0,T), E) and E, respectively.

To simplify the writing and the calculation one poses

/l )ds, Sy = > klandSy= >k}

0<t; <t 0<t; <t

Theorem 3.3. Let E be a separable Banach space. Assume that the assumptions (Ha), (Hy), (Hy),(H) and
(Hpg) are satisfied. If

_ - 1
max{q+ L+ S1 + S; ||Allg + L + ||A||S; + Sa} < 7

then for each xo € E, the equation (1.1) has at least one mild solution x in PC'(J, E).

Proof. Consider the operator F'z : PC'([0,T], E) — PC*([0,T], E) define by

(Fz)(t) = C(t)[zo + g(x)] + S(t)x1 + / S(t =) f(s,x(s),2(s))ds

+ ) Clt—t) + > S(t—t)Di(x(t:), 2’ (t:)), t € [0, 7). (32)

o<t; <t o<t; <t

It easy to see that (Fz) € PC([0,T), E) for x € PC*([0, T}, E). Moreover,

(P (1) = 8<§:> (1) = AS(O) oo + 9(@)] + C(Bm1 + | €t = 9)f(5.2(5).'(3))ds
+ Y AS(t—t)Li(x(t:) + Z O(t — t;)Di(z(t;), ' (t:)), t € [0, T]. (3.3)

Then, we get that (Fz)' € PC([0,T],E) and therefore, Fx € PC'([0,T],F). So, F maps the Banach space
PC'([0,T), E) into itself. Next, Let R be a positive number satisfying the inequality from assumption (Hg). Taking an

e

122



Mild solutions of second-order impulsive differential equations

arbitrary function € B,,.1 (R), we get

([ Fz(t) HpcSM[I|$0H+9(Ilwll)]+M\|w1||+M/ m(s)(|z(s)]| + 2" (s)[)ds

+M Y i) +M Y D @)l

0<t; <t 0<t;<t
M |lzol| + sup )g(llwll)] + M|z ||

xEchl

+ 2M sup (/O m(s) max{[lz(s)], [« (s)||}ds)

te[0,T)

IN

+M Y sup )Hli( Ni+M > sup  |IDi(a(ts),«' ()]

0<t;<t €81 0<t; <t *€B, 1 (R)

IN

m(R). 34

Similarly,

[(Fz)' ()llpe < M|[A][llzoll + g(lI)] + M|lz1]] +M/0 m(s)(|z(s)[| + |2 (s)Il)ds

+ MIAL DD M)l +M Y [[Di(e(t), o (8)]]

Mllzoll +  sup  g(llz])] + Ml ||

ZEBPC

2M sup / m(s) max{||z(s)]|, ||z’ (s )||}ds)

te[0,T)

IN

—+

—+

MIAL YD sup (L)l Ml YD sup [IDie(t), 2 (t:)]

05t 4t TEB, 1 (R) 0ctict TEB 1 (

n2(R), (3.5)

IA

and thus,

I(F)(B)llper = max {I(F2)(0) e, | (F2)' (¢)]e }
max {ng(R),nz(R)} =n(R) <R. (3.6)

IN

The last inequality shows that (Fz) € B,.1(R) for x € B,.1(R), thatis F'(B,.(R)) C Bp.1(R). Now, we prove that
operator F' is continuous in B,,.1 (R). To do this, let us fix z € B,,.1(R) and take an arbitrary sequence (z,) € B,.1(R)
such that z, — x in B,.1 (R). It also implies that the family { 'z x € B,.1(R)} is equibounded. Next, we shall show that
the family { Fz = € B,.1(R)} is equicontinuous on each interval of continuity Ji, k = 0, 1, ..., p. For this, let = € B,,.1(R)
and 0 < t; < to < T. Then we have

(Fa)(t2) — (Fa)' (1) = A[S(t2) — S(t1)] [0 + g(x)] + [C(t2) — C(t2)]as
+ / [Cts — ) — Clts — )] (5, 2(5). 2/ (5))ds + / " C(ta — ) (5, 2(s), 2/ ())ds
S At — ) - S — L)+ S AS( — t)]Li(x(t:)

o<t; <ty t1<t; <tz
+ Y [Clta —ts) = Cltr — t)]Da((ts), &' (t:) + Y [Clta — ta)]Dila(ta), 2 (1)
0<t; <ty t1 <t;<tg

e
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So,
[(Fz)'(t2) — (F)' (t)]| < [|AJI1S(t2) = SE) ol + llg@)1] + [IC(t2) = Ct2) I}l
+ /Otl[l\c(tz —5) = Clt2 = s)[1ll f (s, z(s),2"(s)) [l ds + /t2 IC(t2 = sl f (s, 2(s), ' (s)) | ds
+ 0<;t IS (t2 = ) = St — ) ][ (= |+t ;@ IA[I1S (22 = )l Zi ()
+ O<:Z<t IC(t2 = t:) = Ctr — o) || Di(a(ts), =" ()| + t <t2<t 1C (2 — o) | Ds ((ts), 2" (£:) |-
Then, | |

[(Fz)'(t2) — (Fz) (t1) || < JANlIS(t2) — S(t)|[[[|woll + C1] + [|C(t2) — C(t2)||[|21]]
+ R/O IOz — 8) — Clts — )|]m(s)ds + MR/t * () ds

+AIC: Y [1S(t2 = ti) = St — ta) | + [|A M Cai(ta, t2)
0<t; <ty

+Cs Y IC(ta —ts) = Cltr — ta)|| + Mi(ta, 1) 3.7)

0<t; <ty

where, i(t1, ¢2) is the number of instants of impulse effect in the interval [¢1,¢2). First, notice that the right-hand side of

inequality is independant of the choose of = € B,,.1 (R). Further, from the uniform continuity of C(¢) and S(t) on .J in the
operator norm, all norm in the right-hand side converge to 0 as t1 — t2. Finally i(¢1, ¢2) is zero for ¢1, t2 both in one of the
intervals of continuity Ji, k = 0, 1, ..., p. This, prove that the family of functions {(F'z)’ : = € B,.1(R)} is equicontinuous
on each interval Ji, k = 0,1, ..., p. In what follows, we will show that F is a strict set contraction from PC*(J, E) into
itself. Let @ be a bounded set of PC(J, E). Then F(Q) C PC*(J, E) is bounded and by (3.7) the elements of (F(Q))’
are equicontinuous on each interval J, k = 0,1, ..., p. Hence by lemma 2.4, we get

ape (FQ) = max{fglja((FQ)(t)),ilelg a((FQ) (1)} (3.8)
Firstly,
a(FQ)(®) < Malg(@Q)) + M / $),Q'(5)))ds
+ M D aLQ)+M D a(Di(Qt), Q' ()
0<t; <t 0<t; <t
< Mgay (@) + Maya (@) / U(s)ds
0
+M D ki )+ Ma,a (Q) > K
0<t; <t 0<t; <t
< M(q+ L+ 81+ S2)a,.1(Q). (3.9)
Similarly,
a((FQ)(t)) < M(||Allg+ L + ||A||S1 + S2)ar,e1 (Q). (3.10)

Finally, inequalities (3.8), (3.9) and (3.10) imply that
et (FQ)) £ MK a1 (Q),

where K = max(||Allqg+ L + ||A||S1 + S2,q+ L + S1 + S2)
By lemma 2.5 the theorem (3.3) is proved.

e
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4. Application
Consider the following impulse scalar second order differential equation with nonlocal conditions

o (t) = a(t) + 2200 [2(t) + 2/ (1)], t € J = (0,1]\{B1, B2, ..., Bs }
3
> 2772(t;), 2'(0) = 21 @1

z(0) =z + &
»

1
1),i=0,..,5
(2'(3)) = 150 (2(3) +2(3)),

where 0 < 1 < B2 < ... < fB5 < landt; € (0,1],5 = 1,2,...,p. Here E = R, C(¢t) = cosh(t), S(¢t) = sinh(¢),

m{g;il cosh(t) = cosh(1) < 3. Since arcosh(3) = 1,7627, m[(a)ui sinh(¢) = sinh(1) < 3, thus we can choose M = 3. It is
telo, tel0,

easy to see that f(t,x,y) = 1+1z2 v/ 22 + y? satisfies to the inequality | f(¢, z,y)| < ﬁ(bﬂ + |y|) forall t € [0, 1] and
x,y € R. Similarly, it is not difficult to show that

1 1., .
=3 Z(E)J, ki = 4. ki = §andl(s) = (a7 If we take R = 3 it is easy to see that when [[zol| + [[z1]| < 2
=1
andg+ L+ S1+ 52 < % Then all conditions of theorem (3.3) are satisfied. Thus, our conclusion follows from the main
theorem.
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Abstract. A functional Hilbert space is the Hilbert space of complex-valued functions on some set © C C that the evaluation
functionals are continuous for each 7 € © on M. The Berezin transform S and the Berezin radius of an operator S on the
functional Hilbert space (or reproducing kernel Hilbert space) over some set © with the reproducing kernel k, are defined,
respectively, by
S(r) = <SET,ET>, 7 € O and ber(S) := sup §(T)‘ .
T€O

Using this limited function S, we investigate several novel inequalities that include improvements to some Berezin radius
inequalities for operators working on the functional Hilbert space.
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1. Introduction

Let I (H) be the Banach algebra of all bounded linear operators defined on a complex Hilbert space (H, (., .)).
Throughout the paper, we work on functional Hilbert space (FHS), which are complete inner product spaces
made up of complex-valued functions defined on a non-empty set © with bounded point evaluation. Recall that a
functional Hilbert space H = H (©) is a complex Hilbert space on a (nonempty) ©, which has the property that
point evaluatians are continuons for each 7 € © there is an unique element k, € # such that f (1) = (f, k),
for all f € H. The family {k, : 7 € ©} is called the reproducing kernel . If {e, },~ is an orthonormal basis

for FHS, the reproducing kernel is showed by k, = Y " e, (7)e, (2). For 7 € ©, kr = ||kk7|\ is called the
il
normalized reproducing kernel.

Definition 1.1. (i) For S € L (H), the function S defined on © by
S(r) = <5ET,ET>
H
is the Berezin symbol (or Berezin transform) of S.
*Corresponding author. Email address: verdagurdal @icloud.com (Verda GURDAL)
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(ii) The Berezin range of S (or Berezin set of S) is

Ber(.S) := Range(S) = {5(7') ITE @}.
(iii) The Berezin radius of S (or Berezin number of S) is
ber(S) := sup {‘g(T)‘ ITE @} .

The Berezin transform S is a bounded real-analytic function on for each bounded operator S on /. The
Berezin transform S frequently reflects the characteristics of the operator S. A key tool in operator theory is
the Berezin transform, which Berezin first described in [10]. This is because the Berezin transforms of many
significant operators include information on their fundamental characteristics. The Berezin range and Berezin
radius of the operator were defined by Karaev in [25].

Recall that the numerical range and numerical radius number of S € L (#) are denoted respectively, by

W (S) = {(Su,u) : v € Hand ||u]| =1} and,
w (S) = sup {|(Su,u)| : w € H and |lul| =1}.

The absolute value of positive operator is denoted by |S| = (5*5) % The numerical range has several intriguing
features. For example, it is usually assumed that an operator’s spectrum is confined in the closure of its numerical
range. For an illustration of how this and other numerical radius inequalities were addressed in those sources, we
urge the reader read [1, 14, 28, 29]. For S, T € LL(#) it is clear from the definition of the Berezin number and
the Berezin norm that the following properties hold:

(B1) ber(zS5) = |z| ber(S) forall z € C,

(B2) ber(S + T') < ber(S) + ber(T),

(B3) ber(S) < Sl

(B4) [|25]|per = 2] [|S]] e forall z € C,

(BS) |5+ Tler < 15 per + 1T e -

It is clear from the definition that Ber(.S) C W (.5) and so

ber (S) < w (S) < ||S| (1.1)

forany S € L(H (9)).
In [24], Huban et al. obtained the following result:

1 1/2
ber (S) S 5 <||SHbcr + HSQHber) : (12)
After that, in [22], and [9], respectively, the same authors proved for S € L (H (9))
1 2 2 2 1 2 2
ise 18| < per? (s) < 5 |17 + 1P| 1.3
4H||+| ‘ ber er()_Q ||+| ‘ ber ( )

where |S| = (S*S)l/2 is the acsolute value of .S, and

1
berQa (S) S § H|S|2a + |S*|2a

(1.4)
ber

where o > 1.
Huban et al. demonstrated the following Berezin radius estimate for the product of two functional Hilbert
space operators

]‘ « «
ber® (") < 3 H|S\2 + T

La>1, (1.5)
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in [22, Theorem 3.11].

On Bergman and Hardy spaces, the Berezin symbol (or transform) has been thoroughly investigated for
Hankel and Toeplitz operators. Several mathematical works have examined the Berezin symbol and Berezin
radius throughout the years; a few of them are [6, 7, 12, 19, 20, 25, 26, 32]. In order to functional Hilbert space
(reproducing kernel Hilbert space) operators, this study establishes numerous improvements of the
aforementioned Berezin radius inequalities. In specifically, it is demonstrated that

1 " 1 ”
ber? (5) < = [ISP+157F||+ Sber (S) 1151+ 15" yer (1.6)

for the arbitrary bounded linear operator S € L ( (©)) . Furthermore covered are a few additional connected
issues. The related results are obtained in [4].

2. Known Lemmas

The following series of corollaries are necessary for us to succeed in our mission.
According to the Cauchy-Schwarz inequality,

[{u, )] < Jull[|v]] 2.1)

holds true for every vectors u and v in an inner product space.
Contrarily, the traditional Schwarz inequality for positive operators states that for any u,v € H, if S € L (H)
is a positive operators, then
|(Su, v)|* < (Su,u) (Sv,v). (2.2)

A companion of Schwarz inequality (2.2) known as the Kato’s inequality or the so called mixed Cauchy
Schwarz inequality was first proposed by Kato [27] in 1952. It states:

(Su, v)[? < <|5|2Tu,u> <|s*|2<H> v,v> 0<r<1 2.3)
for any operators S € B () and any vectors u, v € H.
|(Su,w)| < /(S| u,u) (|S*]u,u). (2.4)
in particular is present.
2 1 * 2 *
[(Suu)l” < 5 (18] w,w) (15w, w) + S [(Su, ) V(ST w, w) (7] w,0) 2.5)

< (ST, u) (|5™[ u, w)

was proven to be the refinement of (2.4) in [30].
The following well-known lemmas will make it necessary to demonstrate our findings. The Power-Mean
(PM) inequality comes first.

Lemma 2.1. ([31]) According to the PM inequality,

Q=

Ty <rr 4+ (1—r)y < (rz® 4+ (1 —1r)y®) (2.6)
holds for every 0 <r <1, x,y > 0and o > 1.
The McCarty inequality for positive operators is the following lemma.
Lemma 2.2. ([15]) If S € L (H) is a positive operator and u € H is an unit vector, then we have
(Su,u)* < (>)(S%u,u),a>1 (0<a<). 2.7)

3
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Lemma 2.3. ([5])If S,T € L (H) and f is a non-negative convex function on [0, cc), then we have

18+ @)

‘f (535 = |52 8)
Lemma 2.4. Ifu,v € Hand 0 < & < 1, then we have
[ v)[* < (1= &) [ v)] [l [0l + & Jull® o] < Jull® o]* (2.9)
Lemma 2.5. Let u,v € H. Then
[{u, 0)] < (1= &) V[{w, )] [[u]l [|o]] + & lull o]l < el {|v]l. (2.10)

The next finding expands and clarifies Kato’s inequality (2.3), which in turn expands and clarifies (2.5).

Lemma 2.6. ([4])If S € L(H(0)), 0 < &,r < 1and a > 1, then we have

[ - <|5\2MA ) (1870 R )
E E ‘ \/ 1512 . E |S 2e1=r) EU,EU> @.11)
kr, by

<IS\ ACE RN

Proof. Let 7, v € © be an arbitrary. By using (2.7), we get
€ (ISP e B ) (18P0 R )
+ (=) [(She T )|\ (8P Br o) (18770 R )
<IS| > <IS 20 ,Ev>a 2.12)
+(1-9) ](SkT,kv>
el
= (s )"
forevery 0 < € < 1 and a > 1. As opposed to that, we get
§(ISIP Rrokr) (18720 R B
+ (=) [(Ske k)| (8P B B ) (18572 R )
<¢ <|S\2‘”E &, > <|s*|2a<1—7“> EUE>

o (P (5 R P
0

—ngﬂ”E E><WI%“‘”E”E> (=& (ISP %,

= (ISP e, Jer ) (18P B B )

1} (50 k k) @13)

k‘) ?’?‘)

e
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Combining (2.12) and (2.13), we deduce that

(sh )| <6 <|sx2w k) (15° P07 R )

~o(she )"y (s

kr
<|5‘2m ><|S*2a1 rk\ %>

) (15O Ry R )

|
3. Main Results
Now, our refined Berezin radius inequality could be presented like this:
Theorem 3.1. If X, Y € L(H (©)), 0 <& < 1and a > 1, then we have
(0% (a7 1 (03 (67
(L= Ober” (V20 |IXP+ Y P2+ i1+ i G.)

ber®® (Y*X)

IA

IN

1 4o 4o
—[IX Y
> |l + e

Proof. Assume that ET € H is a normalized reproducing kernel. If we take © = Xk, and v = Yk, in the

inequality in (2.9), then we have

* < ‘<Y*XET,ET> ’
< (- |(xF., vE) |
— = [y )| (KPR (PR

: <|X|2ET,ET> <|Y|2ET,ET> .

(bR

Employing the PM inequality (2.6), we get
2 ~ ~
< ((1 - ) |(Y* Xkr B )

re (IXP R (V1R %7>“)é,

‘<Y*XET,ET>

which implies that

COXP R (VPR )+ (X R ) (VPR

COXP R ) (YRR e (PR ) (PR

< (1 -9 |(Y" XEr Fr)
(by the inequality (2.7))

e
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< s -0 |(vrxm B[ (X% R ) + (VPR B )

e ((X1R R + (V1R B )
(by the inequality (2.6))
1

=3 (1-¢) ’<Y*XE7'77€\T>

and

3 (1= 9sup {[(v xR, i)
1

Therefore, we have

{e% (e 1 {03 63
ber (¥ X) < (1 - ) ber (v*X) |||+ [y |+ S |ixp* + vy’

CLX P )RR 4 e (XT84 1) R,

(PP ) B ) )

ber ’

)

The desired first inequality is therefore obtained in (3.1). Nonetheless, from the inequalities (1.5) and (2.8), we

get

1 4o %Y
£ X Y
ber+ 2£H| | +| |

1
ber® (Y*X) < 5 (1= ) ber (V") ||XP* + [v]*
1 1 2c 2a
< Z(1— Z
<30-9 (5 x4

) H|X|2a + |Y‘2a
ber ber

1 {0 {0
+ 5€ [Ixie v

ber

ber

ber

1 2c 2« 2 1 da ey
——a-9 x4y - HX Y
J A= ixPe ||+ el ||
1 KP4 PN L e s
<Z(1- - —E||| X+ Y[
<5 5)( : ) + e[l |
ber
2 2
< 1 1 (2|X|2a) +<2|Y|2a> 1 X4a Y4a
<;0-9 . +s¢[1xie 1y
ber
1
S *H|X‘4a+|Y|4a ,
2 ber
which demonstrates the second inequality in (3.1).
The next outcome is much better than the inequalities (3.1).
Theorem 3.2. [f XY € L(H (0)), « > 1 and £ € [0, 1], then we get
2r * 1 20 20 2 1 (e 2« 2a
ber® (Y*X) < 7€ [IXP* + VP 45 (1= &) ber (0) ||| X + v |
1 (0% {67 2 1 « (03 (07
< sefixie || 5 - e () [ 1xP P
2 ber 2 ber
1
2 ber
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Proof. Let 7 € © be an arbitrary. Then for all £ € [0, 1], we have

ber®® (Y*X) < &ber®® (Y*X) + (1 — £) ber®™ (Y*X)

= ¢ber®® (Y*X) + (1 — &) ber® (Y*X) ber® (Y*X)
2

1 [e3 (03 1 (o3 [e3
< e ixPe iy Pe| 4 5 a - g e (0 |IXP + PP

(by the inequalities (1.5)),

which proves the first inequality in (3.2). From the inequalities (2.8),

1

2c 1 2c 2« 2 (e} 2c 2«
ber™ (X) < Z¢ ||| X[ + Y] + 5 (1 =& ber® (X) [ X7 + Y]
4 ber 2 ber
| (2ixP) + (2 ) ) )
== 71—b°‘XHX°“ Y2
2 . + 5 (=& ber” (X)||1x P + |
ber
2 2
1| ) () L e o e oy
< ;€ 5 + 5 (L= ©ber” () |IXPP v P
ber
1 « {07 1 (e} (03 «
= el 5 - e () | 1XP -y
ber 2 ber
provides the second inequality in (3.2). The third disparity in comes as a result of (3.1).
By takinga = 1 and £ = % in (3.2), the outcome is as follows.
Corollary 3.3. If X,Y € L (H (©)), then we have
ber? (V*X) < iH|X\2+\Y|2 : +1bcr(X)H|X|2+|Y|2
— 12 ber 3 ber
1 4 4 2 1 2 2
<~ |ixpt+ v “ber (X HX Y H
_GH‘ |+| ‘ bcr+3er( ) | |+| | ber
1 4 4
<[t
-2 H‘ | +| ‘ ber
Theorem 3.4. [f XY € L(H (0)), 0 <& < 1and a > 1, then we have
ber® (Y*X) < —= (1— &) ber® (v*X) [l 4 |y* : oeflxpe v
- \/§ ber 2 ber

IN

]‘ 3 [e3
5 [lxPe v

ber '

ber

Proof. Assume that ET € H is a normalized reproducing kernel. We determine the desired inequality by entering

u=X E and v = Y@T in (2.10) and continuing as in the argument of Theorem 3.1.
Theorem 3.5. [f X € L (H(0)),0 <& <1ands > 1, then we have

ber® (X) < €[ | XT* + (1 = r) | X"

ber

1 . e
+ 5 (1= &) ber® () [[|XPre 4 P

ber ’
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Proof. Assume.that 7 € O is an arbitrary. If we take 7 = v in the inequality (2.11), then we get

‘<XET,ET>

2¢

< & (1XP T B ) (IX PO o B )
(-9 |(xF B C\/<|X|2§T Bk ) (X0 R

~ ~\T o o~ (1=7)
§§<|X\2<k7,kT> <|X*|2§k7,k7>
(by the inequality (2.7))

+(1-¢ ‘<XET,@T> ° (; <|X‘2gra7a> i <‘X*|2§(17r) %T’%T>>
(bythe inequality (2.7))

< [r(IXP T o)+ (1= 1) (| X P Rr, )|

(by the inequality (2.6))
+iag ‘<X@T,E> " (X P+ X0 By B )
< <(T|X|2€+(1—r)\X*|2<)ET,ET>

2
o = [(XRBD[ (X7 4 X 0) ERD),

and

S gsup ((rIXP (1) (X0 R R

+ g swp ‘<XET,ET> ) (X P+ X P ) o B )

2 TEO

So, we obtain

ber® (X) < & [[r X + (1= r) [ X7

ber
1 g T * —Tr
+ 5 (1= &) ber® (X) ||| + X720

ber

which the required result.

In [24, Th. 3.3], it is proved that

ber® (X) < o [Je1xP6 4 (1 - ) Ixe

. ,0<E<,¢>1.

The next finding is stronger than the disparity (3.4).

Theorem 3.6. If X € L(H (©)), 0 <r,£ <1and > 1, then we have

ber® (X) < & ||lr|X[* + (1 —r) | X**

ber

+ (1 =g ber (X) \/Hr X% 4 (1) [ X

ber
2g *12¢
< [[r1x P+ =y 17

ber '
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Proof. Assume.that 7 € O is an arbitrary. If we take 7 = v in the inequality (2.11), then we get
~ |26 ~ o~ ~ o~
(X )| < € (1P R ) (X PO R B )
~ o~ S ~ o~ N ~ o~
+(1-¢) ‘<XI<:T, kT> \/<|X|2<’" kr, kT> <\X*|2€<1"") kr, kT>
~ o\ T ~ o~ \ (1=7)
<& (IX1 Tl ) (IX P or )
(by the inequality (2.7))
~ o~ 1 ~ o~ e
F(1-¢) ‘<Xk7,k7> ) 5 ({17 % o) + (IX PO B B ))
<& ((rIXPS + (1 =) |1XP) By )

s \/<|X|2<r ET,ET> <\X*|2§(1_’") ET,ET>

+(1- )| (XFy Er )
(by the inequality (2.6))

and

< £sup <(r X%+ (1—r) \X*|2‘) %E>

CORET R (PO R R,

+(1-&)sup ‘<XE,ET>

So, we deduce

ber

ber® (X) < & [[r X% + (1= r) | X

+ (1= &) ber® (X)\/

ber'

[rX %+ (L= 7) X

Hence,

ber

ber® (X) <& [[r [XP* + (1 =) [ X7

ber

+ (1 =¢&)ber® (X) \/HTXQC (=) | X

ber

< [lr1xPe =y 1

(by the inequality (3.4))

allows us to deduce the second inequality from the first inequality, demonstrating the required result. |
Theorem 3.7. [f X € L (H(0)), 0 <& <1ands > 1, then we have
1 2%r 26(1—7) 1 s 2%r 26(1—7) ||M/?
b§X<fHX§ X[ —1—b2XHX‘ X% .36
o (X) < g€ [IXPT + X0 s g vert (O IxPT xR L ce
Proof. Suppose that 7,v € O is an arbitrary. One may see from the inequality (2.12) and (2.13) that
e 1 !
(KPR )| < € (IXPT R o) (IXP 0 R R 37

Nl=

F- 9 |(xB R \/<|X|2"%T,ET>é (X0 R, R

<‘X*|2§(17r) @U,@v>

ol
Nl

< (IXP<" R B )

e
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forevery ¢ > 1and 0 < r, & < 1. Setting 7 = v in the above inequality, it follows that
PN IS O~ 1 ) N~ o~ 1
(XFer B )| < & (IXP o) (IXP 0 R e )
~ o~ |S/2 ~ o~ \3 ~ o\ 1/2

+(1-6) ‘<XkT,kT> \/<|X|2“ kT,kT>2 <\X*|2<(1*’“) kT,kT>
1 2sr 7 T «12¢(1-7) 7 T

S 76 |X| k’rakr + |X ‘ kTuk‘r
V2

2
c/2 \/(<|X|2§r /]{\:T,/k?7-> + <|X*‘2<(1_T) /k?-,—,/k\_r>)
(by the inequality (2.6))

< 15<(|X|2§r n ‘X*|2§(1—r)) ET,ET>

c/2 \/<(|X|2<r n ‘X*|2§(1—r)> ET,E7—>

b (-0 (xR E)

+ =5 (16 |(XE B

which is equivalent to

‘ 1 _
ber® (X) < 55 H\X|2<T + |X*|2§(1 r)
1 s 2¢r 2¢(1—r)
(- beerHX<+X*<
5 (L= O bert (0 X+ 1)

The evidence is now complete. |

ber
1/2

ber ’

From [24, Th. 3.2], it is evident that

3 1 _
ber® (X) < o [|IXP6 o x+P09

(3.8)
ber

ifXeL(H(O)),0<¢<lands > 1.
The implication that follows demonstrates that our finding (3.6) is more powerful than the inequality (3.8).

Corollary 3.8. If X € L (H(0)), 0 <r,& <1ands > 1, then we have

1 _
bert (X) < 5 [IX* + e

ber
1/2

1 S T * -r
+ <= (L= berd () ||l + (X5

V2
1 —r
< 5 H‘X|2T§ + |X*|2(1 )s

ber '

Proof. Assume that 7,v € © is an arbitrary. From (3.6), we get

1 3 —r
1) 2 e
L1
V2
< 1 X 2rg X* 2(1—r)s
< sl

ber
1/2

(1= ) ber? (X) ||| + X205 |

1 T * T
L g e o

ber ber

(by the inequality (3.8))

1 ‘ e
_ 5 H‘X|2rs + |X*|2(1 )§

b
ber

as required.
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Theorem 3.9. [f X € L (H(0)),0 <& <1ands > 1, then we have

ber™ (X) < 7 (L= ) ber® (X) | X7 + |7
er

1
2

1 - o
el e

(3.9)

Proof. Assume that ET € H is a normalized reproducing kernel. If we take 7 = v in the inequality (2.11), then

we get

2 ~ o~ ~ o~
C < (IXP T B ) (IR B )

+ (1= )| (XFy, Fr )
< 3¢ (<|X|2““ Re k) o+ (xepeton Eﬁf)
(by the inequality (2.6))
+ % (1= |(XFr Er )
(by the inequality (2.6))
=L (1 Rk + (O R)
(by the inequality (2.7))
+ % (1-¢) ‘<XET,ET>
= € ((131 4 PO ) BR )

+ % (1-¢) ‘<XET,ET>
and

su XA xBO) EE,
Esup ( (| ;
TEO

Hence we get

1 _
b 3 5 e e

1 r * —r
+ 5 (1= € ber® (X) [[|X P 4 X0

ber

)
ber

and the proof is complete.
Corollary 3.10. If X € L (H (0)), 0 <r,{ < 1land¢ > 1, then we have
1 3 (1—r
ber® (X) < =¢ H|X‘4““ + |X*|4S(1 )
2 ber
1 T * —-Tr
+ 5 (1= ber® (X) ||| + X0
1 3 —r
< Lt x|
2 ber
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Proof. Assume that 7 € O is arbitrary. From (3.9), we get

1 _
. +§(1_£)ber< (X H‘X|2cr+|X*|2c(1 r)
er

ber® (X)

IN

1 dr 46(1—7)
- X S X* S
3¢ 117+ 1

IN

1 T T
g L= XX

1 4 4¢(1—7)
- X ST X* S ”
S|l + 1) N

ber
(by the inequality (3.8))

2

1 der sc(1—r) 1 2| X|*7 4 2| x0T
< Z€1|1X* X% —(1—
< el e+ ra-g ;

ber

1 4qr x14s(1—7r) 1 2qr 2 %12¢(1—r) 2
<SS+ X7 +z@=89|(21X] + (21X7

2 ber 8 ber

(by the inequality (2.8))

1 4qr 45(1—r) 1 4er 45(1—r)
< Z X < X* §( - 1 _ X S X* <
< e it v x|y Sa—g it xepeen)|
<1 4 46(1—
T 4 | xee e .
2 ‘| | * | ‘ ber

We determine the desired disparity (3.10). |

We utilize the inequalities (3.4) and (3.8) for every X € B(#H), 0 < r,{ < 1 and ¢ > 1. In fact, after
applying (2.8), we obtain

ber® (X) = ¢ber® (X) + (1 — &) ber® (X)
= tber® (X) 4 (1 — &) ber® (X) ber® (X)
_ ig H|X|2<T + ‘X*|2§(17r)

ber

+

)

(1 €) ber® (X) H|X|2“' x|
er

1
2
which of course refines (3.9). In instance, we obtain

1 *
ber® (X) < S IIIX]+ X |||ber+3bef( ) IXT + 1X per

for¢ =1,7 =1 and { = &. It follows from Theorem 3.1 in [24] that if X € L (H (©)) then we have

ber (X) < 2 1X]+ X e < 5 (IXTher + [X2]102) (.11
So, from (3.11), we can deduce the inequality
ber (X) < 1o 1]+ X 24, + gber () [1X] + Xl
= g I LW 5 (1T 1 ) 11+ 1
= S IXT+ X + 5 11X+ X

1 12
= T+ X7 r

e
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which indeed refines (3.11). Thus, we have
2 1 *1112 1 *
ber® (X) < 5 X1+ X7 [ + gber (X [1X] 4+ X e
1 <2|X +2X*|>2

1 .
- + gber (X) [1X] + X lyer

ber

2

1 * 1 *

< sz |@IxXD?+ @IX D]+ Sber () IIXT+ X7 e,
24 ber 3

(by the inequality (2.8))

1 w1112 1 *
= g X1+ 1 X per + gber (X) [IX]+ X llper
which the inequality in (1.6), as required.

We recommend [8, 16-19, 22-24] for more recent findings on Berezin radius inequalities for operators and
related findings.
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Abstract. An MV-algebra is an algebraic structure with a binary operation &, a unary operation " and the constant 0 satisfying
certain axioms. MV-algebras are the algebraic semantics of Lukasiewicz logic. This work includes a type of derivation
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1. Introduction

The concept of derivation has an important place in the research of the structure and properties of algebraic
systems. In prime rings, the notion of derivation was introduced by Posner [16]. In [17], Szasz applied the
derivation concept to lattices. Xin et al. developed derivation for a lattice and they offered some equivalent
conditions under which a derivation is isotone for lattices with a greatest element, modular lattices and distributive
lattices, in [18] and [19]. Later, different derivations and properties in lattices were examined, for example [5], [6].
In [15], Oztiirk achieved some results by introducing the idea of permuting tri-derivations in rings. After, Oztiirk
et al. studied the permuting tri-derivations in lattices [14]. Further, permuting skew 3-derivations, permuting
skew n-derivations in rings have studied and commutativity of a ring satisfying certain identities involving the
trace of permuting n-derivations (see [3], [9], [10]).

When dealing with information and uncertainty, non-classical logic is useful in terms of uncertain and fuzzy
information in computer science. MV-algebras as the algebraic counterpart of many-valued prepositional
calculus were proposed by Chang [7]. Classical two-valued logic makes it meaningful to study Boolean
algebras, and while every Boolean algebra is an MV-algebra, the reverse is not true. MV-algebras have many
applications as they are generalization of Boolean algebras. Also, MV-algebras are categorically equivalent to
some mathematical structures. For example, perfect MV-algebras categorically equivalent to abelian

*Corresponding author. Email address: damla.yilmaz @erzurum.edu.tr (Damla Yilmaz)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.
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lattice-groups with strong unit and to bounded commutative BCK-algebras (see [12], [13]). In [1], Alshehri
presented the concept of derivation in MV-algebras and examined some properties of the derivation in
MV-algebras with the help of isotone derivations. Recently, several authors studied different derivations in
MV-algebras, for example [2], [11], [20].

In this paper, we introduce the notion of permuting tri-derivations in MV-algebras. This article is organized
as follows: In the next section, some results and basic concepts about MV-algebras are reminded. In section
3, permuting tri-derivation structure in MV-algebras is characterized and some results are obtained. Also, fixed
point set structure of isotone permutig tri-derivations is established.

2. Preliminaries

Definition 2.1. [7] Let us define & binary operation, ' a unary operation on the set A and 0 be a constant in A.
If the following axioms are satisfied, then we say (A, @, ,0) is MV-algebra:

(i) (A, @®,0) is a commutative monoid,

(i) (6) =3,

(i) 0’ @5 =10,

(iv) (0 ®n) @n=(n @) @dforalld,neA.

In the remainder of the article, we denote an MV-algebra (A, &,”,0) by A.

Define the operations ® and & and the constant 1 as follows: 1 =0,00n= (8 &n),66n=860n".1f
we define 6 < 7 if and only if § @ n = 1, then ”<” is a partial order which called the natural order of A. This
order determines a bounded distributive lattice structure. For the elements § and 7, the join § V 7 and the meet
S Andefinedby: 5V = (000 )@dn=(6cn) ®nanddAn=006 0 ®n) =000cn) = vy) . Also,
A is called linearly ordered, if the order relation ”<” is total.

Example 2.2. [8] Let A = [0, 1] be the real unit interval. For all §,n € A, if we define 6 ®n = min {1, + n},
§On=max{0,6+n—1}and § = 1— 6, then (A,®,,0) is an MV-algebra. For each integer n. > 2, the

n-element set A\,, = {0 L., n=2 1} is a linearly ordered MV-algebra which called MV-chain.

S m—10""Y n—1°

Proposition 2.3. [4, 8] Suppose that A is an MV-algebra and 6, 7,0 € A. Thus the followings hold:

Méad =108 =0,0@1=1,

(2) Provided that 6 @7 = 0,then § = n = 0,

(3) Provided that 6 ®n = 1,then § = n =1,

DIfs<nmthend Do <ndoandd ©®oc <neo,

S)oon<diAn<on<dVvn<didn,

(6) 0 <niffn <4,

Méen=niff§On =4,

®do(nVve)=(60nV(Eoo),

DsD(mAa)=0dn) A Do),

(10)®n=niff 6 An =0,

(ADHIfdon=0cand§dn=0®o,thenn = o.

MV-algebras that do not satisfy idempotent conditions are generalizations of Boolean algebras. For any MV-
algebra A, if we define B(A) = {§ € A|d©d =0} = {0 € A|d D =6}, then (B(A),®,,0) is a largest
subalgebra of A, which is called Boolean center of A.

Theorem 2.4. [8] Let A be an MV-algebra. Then for each element § in A, the following conditions are
equivalent:
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(D)0 € B(A),
2)6ves =1,
B)sAS =0,
@ ddd=9,
5)608=0,

6)ddn=3dvnforallne A,
Mdeon=3dAnforallne A.

Theorem 2.5. [7] Assume that A is an MV-algebra. Therefore, the following expressions are equivalent:

(i <,
()ned =1,
(i) d ®n =0.

Definition 2.6. [7] Suppose A be an MV-algebra and ) # I C A. If the following situations are satisfied,

(Hoel,

(2) Provided that ,n € I, thend & n € I,

(3) Provided thatn € I, § € Aand 6 < 7, thend € [
then [ is called an ideal of A.

Proposition 2.7. [7] Assume that A is a linearly ordered MV-algebra. Then § ®n =6 ® o and § & o # 1 imply
thatn = o.

Definition 2.8. [1] Assume that A is an MV-algebra. A mapping D : A — A is called a derivation on A if it

provides
D(61 ®62) = (D(61) ©® d2) ® (61 © D(d2))

forall 61,69 € A.

3. Permuting tri-derivations on MV-algebras

We begin with the following definition.

Definition 3.1. Suppose that A is an MV-algebra. Amap T : Ax Ax A — A is called permuting if T'(§,n,0) =
r'6,0,n) =T(n,d,0) =T(n,0,0) =T(0,0,n) =T(0o,n,0) holds for all 6,n,0 € A.

A mapping v : A — A defined by v(8) = T'(6, 0, 9) is called the trace of T', where ' : A x A x A — Aisa
permuting mapping. In that follows, we often abbreviate v(¢) to 0.

Definition 3.2. Suppose that A is an MV-algebra andT' : A x A x A — A is a permuting mapping. If T satisfies
the following
L@ ©pn0)=T0,10)0p) &0 0Lp,n0))

forall 5,m,0,p € A, then T is called a permuting tri-derivation. Clearly, if T is a permuting tri-derivation on
A, then the relations hold: for all 0,m,0,p € A,

F(évn © p, U) = (F(5777’0) © P) D (77@ F(év pvg))

and

F(5’777U © p) = (F(67777U) © p) D (U © F((Sv W7P))~

Example 3.3. Let A = {0, 6,7, 1}. Consider the tables given below:
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e|0]|d|n|1
0 ]0|d|n|1 y
s [s|o1]1 - 0 . L
nn|lin|l
1 (1111111
Then (A,®,”,0) is an MV- algebra. Define a mapping ' : A x A x A — A by

6, T1,xo .%'36{1 (5}
1’\ — 9 ) ) ) .
(1,22, 73) {0, otherwise
It appears that I is a permuting tri-derivation on A.

Proposition 3.4. Suppose that A is an MV-algebra, T is a permuting tri-derivation on A and vy is the trace of T
Forall § € A, we have

(1)~0 =0,

Q)W e8 =560~ =0,

By =~® (8O TI(,06,1)),

(4 0 <0,

(5) If I is an ideal of A, then y(I) C I.

Proof. (1) We can write

~0 =T(0,0,0) =T(0®0,0,0)
= (I'(0,0,0) ®0) ® (0 I(0,0,0))
=000=0.
(2) Forall § € A,

I'(6,4,0) =T(4,6,0®0)
=(I'(4,0,0) ©0) & (0©T(4,6,0))
=0®0=0.
Then, we get
0=T_(,6,00=T(5,65005)
= ([(6,5.0)©8) ® (§©T(5,0,5)).
By the property (2) of Proposition 2.3, 76 ® § =0andd® (6,0, 5/) = 0. We can see that § ® v§ = 0 for all
0 € A, similarly.
(3)Forall § € A,
~v0 =T(8,6,6) =T(0,0,0 ® 1)
=(I'(6,0,0)01)® (6 ©T(4,6,1))
=70 (OTI(4,6,1)).
(4)Forall § € A,

1=0 =(10038) =[((10) &©))] = () @
Then, by Theorem 2.5, we have v§ < § for all § € A.
(3) Ifn € v(I), then ) = v(§) for some ¢ € I. From (4), we have v(d) < 4. Since [ is an ideal of A, we get
ne€ landsovy(I) C 1. [ |
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Remark 3.5. We have § © T'(8,6,0') = 0 forall § € A. Thus, T'(5,6,6') < & and § < (I'(6,6,0"))". For all
d0,m,0 €A,
0=T(00d,n0)=T0n0)o0s)d BTG ,n0))

and hence T(8,n,0) < § and (8 ,n,0) < 6.

Proposition 3.6. Let A be an MV-algebra, T be a permuting tri-derivation on A and ~y be the trace of T'. For
0,m € A, ifd <nthen

() y(@Fen) =0,
2y < 6,,
) vdoyn =0.

Proof. (1) We assume 0 < n for §,n € A. By the property (4) of Proposition 2.3, we have § ® 77/ <ne 17, =0.
Then, § ©7 = 0 and so v(6 ®n') = 0, since 70 = 0.

(2)Wehave § ® vy < n Oy < n®n = 0since § < 5. From here we obtain that § ® v = 0 and
wm <4

(3) We have vd < 7 since § < 7. Hencevé@*yn/ < 77@777/ < 77@77/ = Oandsov(i@vn/ =0. |

Proposition 3.7. Suppoese that A is an MV-algebra, T is a permuting tri-derivation on A and ~y is the trace of
I'. Then,

()6 ®~8 =0,
(2) v6 = (y9) iff v is the identity on A.

Proof. (1) From Proposition 3.6(3), 70 ® vy = 0. Taking 1 by d, we have v ® 6 =0.
(2) Since § ® 8 = 0, we get § © (fyé)/ = 0. Then, vd < d and § < 70 i.e., v0 = 4. Thus, v is identity on
A. Conversely, if 7y is identity on A, then 75/ = (75)/, Vo € A. [ |

Definition 3.8. Suppose that A is an MV-algebra and T is a permuting tri-derivation on A. If § < p implies
I'(6,n,0) <T(p,n,0)forall§,n,0,p € A, then T is called an isotone. If -y is the trace of I and T is an isotone,
then § < 1 implies v0 < vn forall 6,n € A.

Example 3.9. Ler A = {0, 1, 62,03, d4, 1}. Consider the following tables:

@ |0 |61 |02 |03 0da]1

0 0 51 (52 53 54 1

01|01 |63 |da 03| 1 |1 y 5.5 10 [0, 1
dg | 02 | 04 | 02 | 1 |04 |1 TT5, 5. 5. 3

03 |05 |05 |1 [o5 |1 |1 =Lz

04 | 64 | 1 04 | 1 1 1

1 1 1 1 1 1 1

Then (A,®,”,0) is an MV-algebra. Let us define a map ' : A x A x A — A by

02, T1, %2, 3 € {02,04,1}

[ (x1,x9,23) = { 0. otherwise . We can see that I" is an isotone permuting tri-derivation on A.
)

Example 3.10. Consider Ay = {O,

1
R T (w1, 22,73) € {
[ (21,22, 25) {0, otherwise

% 1} as in Example 2.2 and define T' : Ay x Ay x Ay — Ay by
2
1503

Then I is a permuting tri-derivation on Ay, but I' is not isotone, because I'(%, 2, 2) £ I'(1, 2, 2)
S
Vo
MJM
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Proposition 3.11. Suppose that A is an MV-algebra, T is a permuting tri-derivation on A and y is the trace of
T. Ifw&l =6 forall 5 € A, then the followings hold:

(H~1=0,
(2)v6 © 6 =0,
(3) Provided that T" is an isotone on A, then v = 0.

Proof. (1) Replacing ¢ by 0 in hypothesis, we have y1 = 0.
(2)Forall§ € A, 70 ©7v0 =6 © vé/ = 0, by Proposition 3.7.
(3) Suppose that I is an isotone on A. For § € A, since vd < y1 = 0, we have v6 = 0 and so v = 0. |

Proposition 3.12. Suppose that A is an MV-algebra, 1" is a permuting tri-derivation on /A and ~y is the trace of
I and § € B(A). Then the followings hold:

(HIf6 <I'(1,n,0) foralln,o € A, thenI'(4,n,0) =4,
(2) 6 AT(5,8,1) A (v8) =0,
(3)If § < I'(6,6,1), then v6 = 6.

Proof. (1) We have
I'(6,n,0)=T0©1,n,0)

= (T(6,7,0)01) @ T(1,n0)
=T(6,n,0) D5 =24.

(2) Since v8 = 76 @ (6 © T'(4,6,1)), it follows that (§ ® I'(6,8,1)) A (v6) = 0. Then, by Theorem 2.4, we
obtain & A T(6,6,1) A (v6) = 0.
(3) Let § < T°(6,0,1). Then, we get  © (v8) = 0 by (2). Thus, § < 46 < & and s0 7§ = 4. [

Theorem 3.13. Suppose that A is an MV-algebra. We define a map by T'(6,n,0) = @n®o forall §,n,0 € A.
Then T is a permuting tri-derivation on B(A).

Proof. We have
F@op,no)=00p)0noo

for all §,n, 0, p € B(A). Moreover,

T@,no)op)@@ol(pno)=((0n0c)0p)& (06 (pOn®o))
=(00p oGneo.

Thus, T" is a permuting tri-derivation on B(A). [ |

Definition 3.14. Suppose that A is an MV-algebra, T is a permuting mapping on A. If I'(6 @ p,n,0) =
L(6,n,0)®T(p,n,0) forall 6,m,0,p € A, then T is said to be tri-additive mapping.

Theorem 3.15. Suppose that A is an MV-algebra, T is a tri-additive mapping on /A and ~y is the trace of T'. Thus,
V(B(A)) € B(A).

Proof. Let 6 € v(B(A)). Then, 6 = v(n) for some n € B(A). Hence, § &6 = yn®yn =T(n & n,n,n) =
~n = . Therefore, 6 € B(A) ie., y(B(A)) C B(A). [ |

Theorem 3.16. Suppose that A is a linearly ordered MV-algebra, T is a tri-additive permuting tri-derivation on
A and 7y is the trace of T'. Then vy =0oryl = 1.
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Proof. Foralld € A,wehave §® 5 = 1land§ @ 1 = 1. Thus,
71=T(1,1,1)=T0®4§,1,1)=T(6,1,1) T ,1,1)

and
71 =T(1,1,1) =T ®1,1,1)=T(4,1,1) & ~1.

If 41 # 1, then we have v1 = 1"(6/, 1,1) by Proposition 2.7. Replacing 6 by 1, we have y1 = 0. For all § € A,

0=71=T(51,1)®y1 =T(5,1,1)

and
re,1,1)=T,1,® 1) =T(5,1,0) =T(6,8 & 1,0)
=~0 ®T(0,1,0) = ~4.
Therefore, vd = 0 for all § € A. In this case, we have v = 0. [ |

Proposition 3.17. Suppose that A is an MV-algebra, T is a tri-additive permuting tri-derivation on A. Then,

(1) I' is an isotone,
(2) If y is trace of T', then 7§ = § ©® I'(4, 6, 1) for all 6 € B(A).

Proof. (1) Let 6 < p. Then,
T(p.n,0) =T(pV8n,0)=T((p©d)&dn,0)
= F(p O 5/7 s 0) 53] F((Sa m, 0) > F(5, , U)

forall §,n,0,p € A.
(2) Since T' is an isotone, we have v§ < I'(4, 6, 1). Thus

OV <IOT(6,0,1) <y (6 ©T(4,6,1)) = ~4.
Also, § € B(A) implies that 6 ® v6 = § A yd = 4. Hence v = § © I'(4, 0, 1). [ |

Remark 3.18. Suppose that A is an MV-algebra, T is a tri-additive permuting tri-derivation on A and +y is the
trace of T. If v6 = 0 for all 6 € A, thenT'(6,0,n) = 0 for all n € A. Indeed, we have

0=~0=T(4,0,0) =70 ®T(1,6,6) =T(1,4,9)
and so
0=TI(1,6,6)=T(n®1,6,6) =T(n,0,9).

Theorem 3.19. Suppose that A is an MV-algebra, T is a tri-additive permuting tri-derivation on A and -y is the
trace of I. Then,
kery =~"1(0) = {0 € A|y6 = 0}

is an ideal of A.
Proof. We have 70 = 0, by Proposition 3.4(1). This yields that 0 € v~1(0). Assume that 6,7 € y~1(0). Then,
Vd®n) =T &ndendon)
=70 @ T(6,6,n) ©L'(6,n,6) ®L(d,1,1)
®T(n,8,0) ®T(n,6,m) &T(n,n,8) & .

Using Remark 3.8, v(§ ®n) = 0 which ensures that § &7 € v~ 1(0). Suppose § € v~1(0) and < 6. Since
[ is an isotone, we get yn < 4 = 0. Thus yn = 0 and so € v~1(0). |
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Now, we discuss the structures and some properties of fixed points set of isotone permuting tri-derivations.
Let I" be an isotone permuting tri-derivation on A. We denote by F'ix.,(A) the set of all fixed points of A for .
That is,

Fiz (A) ={d € Alvd =d}.

Theorem 3.20. Suppose that A is an MV-algebra and T is a tri-additive permuting tri-derivation on A and 7y is
the trace of I'. Then,

(D)6 =1 ®d forany § € Fix,(A),
(2) ¥*(6) = (8) for any § € Fiz.,(A); where v*(8) = v(7(4)),
(3) Fizy(A) = y(Fizy(A)).

Proof. (1) We have v§ = 4. Thus, v1 ® v = y1 A vd = 6 implies that v6 = y1 ® ¢ for all § € Fiz(A).

(2) If 6 is a fixed point of ~, then y(5) = 6, so y(v(d)) = v(d) = 0.

(3)If 6 € Fizy(A), then § € y(Fizy(A)). If § € y(Fizy(A)), then for some n € Fiz,(A),d =yn =1.
Thus, we have § € Fiz~(A). Therefore, Fiz,(A) = y(Fizy(A)). [ |

Example 3.21. In Example 2.2, considering A3 = {O, %, 1} and defining T' : Az x Az x Az — Az by
1

1

59y L1 =Ty = T3 = 5 . . . . .

T (z1,29,23) = {5’ otlherw2ise 372 One can check that T is a permuting tri-derivation on Az and
)

Fiz,(As) = {0,3}. Since + & £ =1 ¢ Fiz,(As). Then, we have Fix.(A3) is not an ideal of As.

As can be seen from the example above, we encounter the following open problem:
For any ideal I of a MV-algebra A, whether there is a permuting tri-derivation I" such that Fiiz,(Ag) = I.

4. Conclusion

The concept of derivation was presented by Posner in 1957. In the following years, many mathematicians
used derivations to examine the properties of algebraic structures. In their studies, on different derivations,
the conditions for the ring to be commutative are examined. Some characterizations of algebraic structures are
determined by the trace of permuting tri-additive mappings. With the help of the trace of permuting tri-derivation,
the commutativity conditions of rings and how the elements are ordered in some structures such as lattices are
investigated. The derivation type used in this article was put forward by Oztiirk in rings. In this study, we
obtained some results by presenting permuting tri-derivations on MV-algebras. The first aim of this study is
to give the notion of permuting tri-derivation on this algebraic structure. Then some features provided by this
derivation are listed. Fixed set structure has been investigated for such derivations by defining isotone permuting
tri-derivations. After this study, permuting tri-f-derivations and permuting tri-( f, g)-derivations can be studied
on MV-algebras. Also, since MV-algebras are BL-algebras that provide double negation property, permuting
tri-derivation structure can be examined in BL-algebras.

applicable.
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1. Introduction

The idea of usual convergence of a real sequence was extended to statistical convergence independently by
Fast [11] and Steinhaus [21] in the year 1951. Lot of developments were made on this notion of convergence after
the pioneering works of Salat [22] and Fridy [12]. After long fifty years, the concept of statistical convergence
was extended to the idea of Z-convergence depending on the structure of ideals Z of N, the set of natural numbers,
by Kostyrko et al. [17]. Throughout the paper N and R denote the set of all positive integers and the set
of all real numbers respectively. Z C 2 is said to be an ideal of N if A, B € Z implies AU B € T and
B € T whenever B C A € T. T is called an admissible ideal of N if {z} € Z for each x € N. T c 2V
is called non-trivial ideal if Z # {¢} and N ¢ Z. If 7 is a non-trivial proper ideal of N then the family of sets
F(IT)={M CcN:3AecT:M=N\A}isafilteron N, called the filter associated with the ideal Z. Indeed, the
concept of Z- convergence of real sequences is a generalization of statistical convergence which is based on the
structure of the ideal Z of subsets of N. Z-convergence of real sequences coincides with the ordinary convergence
if Z is the ideal of all finite subsets of N and with the statistical convergence if Z is the ideal of N of natural density
zero. In [17] the concept of Z*-convergence was also introduced. Last few years several works on Z-convergence
and its related areas were carried out in different directions in different spaces viz. metric spaces, normed linear
spaces, probabilistic metric spaces, S-metric spaces, linear 2-normed spaces, cone metric spaces, topological
spaces etc. (see [3, 4, 6, 18] and many more references therein). Ordinary convergence always implies statistical
convergence and when Z is admissible ideal, Z*-convergence implies Z-convergence. But the reverse implication

*Corresponding author. Email address: akbanerjee @math.buruniv.ac.in; akbanerjee1971@gmail.com (Amar Kumar Banerjee)
nesarhossain24 @gmail.com (Nesar Hossain)
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does not hold in general. But when Z satisfies the condition (AP), Z-convergence implies Z*-convergence. A
remarkable observation is that a statistically convergent sequence and Z and Z*-convergent sequence need not
even be bounded.

Recently some significant investigations have been done on sequences of real valued functions by using
the idea of statistical and Z-convergence [8, 10, 15, 19]. The interesting notion of equal convergence was
introduced by Csaszar and Laczkovich [7] for sequences of real valued functions (also known as quasinormal
convergence [2]). It is known that equal convergence is weaker than uniform convergence and stronger than
pointwise converegence for the sequences of real valued functions. A detailed investigation was carried out by
Csaszar and Laczkovich in [7] on such type of convergence. In [9, 10, 13] the concept of equal convergence of
sequences of real functions was generalized to the ideas of Z and Z*-equal convergence using ideals of N and the
relationship between them were investigated. Z-equal convergence is weaker than Z-uniform convergence and
stronger than Z-pointwise convergence [10].

The notion of linear 2-normed spaces was initially introduced by Géhler [14] and since then the concept has
been studied by many authors. In [24] some significant investigations on Z-uniform and Z-pointwise convergence
have been studied in this space.

2. Preliminaries

Throughout the paper Z C 2N will stand for an admissible ideal. Now we recall some basic definitions and
notations.

A sequence {z,, } nen of real numbers is said to be Z-convergent to x € R if for each ¢ > 0 the set A(e) =
{n € N: |z, —x| > e} € Z. The sequence {x, }nen Of real numbers is said to be Z*-convergent to z € R
if there exists aset M = {m; < mg < --- < my < ---} € F(Z) such that z is the limit of the subsequence
{@my Fren [17].

Let f, f,, be real valued functions defined on a non empty set X . The sequence { f,, } nen is said to be equally
convergent ([7]) to f if there exists a sequence {&, },en Of positive reals with lim,, ,~ €, = 0 such that for every
x € X there is m = m(x) € N with |f,,(z) — f(z)| < €, for n > m. In this case we write f,, = f.

Now we see the key ideas of Z-uniform convergent [5] and Z and Z*-equal convergent [10] sequences of real
valued functions which will be needed for generalizations into linear 2-normed spaces.

A sequence { f,, }nen is said to be Z-uniformly convergent to f if for each ¢ > 0 there exists a set B € Z such

that for all n € B and for all z € X, |f,(x) — f(x)| < e. In this case we write f,, —2 f. f is called Z-equal
limit of the sequence { f,, }nen if there exists a sequence {e,, },,cn of positive reals with Z-lim,,_, o, £, = 0 such

that for any = € X, the set {n € N: |f,,(z) — f(x)| > e,,} € Z. In this case we write f, i f. The sequence
{fn}nen is said to be Z*-equal convergent to f if there exists a set M = {m1 < may < < myg--- € F@)

such that f is the equal limit of the subsequence { fo,, }ren. In this case we write f,, EaN f.

Now we recall the following two important notions which are basically equivalent to each other (due to
Lemma 3.9. and Definition 3.10. in [20]). Let Z C 2~ be an admissible ideal. 7 is called P-ideal if for every
sequence of mutually disjoint sets { A, Ao, - - } belonging to Z there exists a sequence {Bj, Ba,--- } of sets
belonging to Z such that A; A B; is finite for j € Nand B = Uj en Bj € Z. This notion is also called condition
(AP) while in [20] it is denoted as AP(Z, Fiin). Anideal Z is a P-ideal if for any sets Ay, Az, - - - belonging to
T there exists a set A € Z such that A,, \ A is finite for n € N.

Now we state some results from [16] for the sequences of real numbers.

Theorem 2.1. Suppose that {x,}ncn is a sequence of real numbers and T is an admissible ideal in N. If
T*-limy, 00 T, = &€ then Z-limy, o0 T, = &.

Theorem 2.2. Z-lim,_, oo x,, = & implies T*-lim,,_, o x,, = £ if and only if T satisfies the condition (AP).

We will now recall the definition of linear 2-normed spaces which will play very important role throughout
the paper.
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Definition 2.3. ([14]) Let X be a real vector space of dimension d, where 2 < d < oo. A 2-norm on X is a
Sunction ||, .|| : X x X — R which satisfies the following conditions:

(Cl) ||z, y|| = 0 if and only if x and y are linearly dependent in X;

(C2) ||z, y|l = lly, x| for all z,y in X;

(C3) |laz, y|| = |a| |z, y|| for all « in R and for all z,y in X;

(C4) ||z +y, 2| <z, 2| + |y, z|| for all z,y, z in X.

The pair (X, ||, .||) is called a linear 2-normed space. A simple example ([24]) of a linear 2-normed space is
(R?,]|.,.]|) where the equipped 2-norm is given by ||z, y|| = |z1y2 — 2ay1|, © = (z1,22),y = (v1,y2) € R

Let X be a 2-normed space of dimension d, 2 < d < co. A sequence {z, }ren in X is said to be convergent
(1D to € € X if limy, o0 |2 — &, 2|| = 0, for every z € X. In such a case ¢ is called limit of {z;, }nen.
The sequence {, }nen in X is said to be Z-convergent ([23]) to £ € X if foreach e > 0 and z € X, the set
A(e) ={n eN: |z, — &, z|| > e} € Z. The number ¢ is called Z- limit of {z,, },en.

3. Main Results

In this paper we study the concepts of Z and Z*-equal convergence of sequences of functions and investigate
relationship between them in linear 2-normed spaces. Throughout the paper we propose X as a non empty set
and Y as a linear 2-normed space having dimension d with 2 < d < oc.

Definition 3.1. Let f,f, : X — Y,n € N. The sequence {f,}nen is said to be equally convergent to f if
there exists a sequence {c, }nen of positive reals with lim,,_, o €, = 0 such that for every x € X there is
m =m(x) € Nwith || f.(x) — f(x),z|| < e, for n > m and for every z € Y. In this case we write f, — f.

Definition 3.2. Let f, f,, : X — Y,n € N. The sequence {f,,} nen is said to be T-uniformly convergent to f if
forany € > 0 there exists a set A € T such that foralln € A andforallz € X,z €Y, || fn(z) — f(2), 2| <e.

. . -
In this case we write f, — f.

Definition 3.3. Let f, f,, : X — Y,n € N. Then the the sequence { [, }nen is said to be T-equal convergent to
[ if there exists a sequence {e,, }nen of positive reals with Z-1im,,_, o €, = 0 such that for any x € X and for
any z €Y, the set {n € N: || fp(x) — f(x), 2| > en} € L. In this case [ is called I-equal limit of the sequence

{fn}neN and we write fn E} f

Example 3.4. Let T be a non trivial proper admissible ideal. Let X = R? and Y = {(a,0) : a € R}. Define
fulz1,22) = (n%_l, 0) and f(x1,22) = (0,0) for all (z1,z2) € R2. Suppose e, = ~. Then I-1imy, o0 €5, = 0.
Here we use the 2-norm on R? by ||z, y|| = |v1y2 — 2211, © = (1,72),y = (y1,y2) € R% Now we consider
the set A = {n € N : ||fp(x1,22) — f(z1,22),2|| > en}forall z = (y1,y2) € Y. Then A = {n € N :

‘(%H,O)—(O,O),(yl,yg) > =fneN: 2 > = {peN:0>1} =9 €T sincey, = 0.

n+l — n
Therefore f, N f

Now we investigate some arithmetical properties of Z-equal convergent sequences of functions.

Theorem 3.5. Let f, f,, : X > Y, ne N If f, EaniN f then f is unique.

Proof. If possible let f and g be two distinct Z-equal limit of { f,, }nen. Then there are two sequences {&,, } nen
and {7y, }nen of positive reals with Z-lim,,_, o £, = 0 and Z-lim, o, ¥, = 0 and for any x € X and for
any z € Y, the sets K1 = {n € N : |[fno(x) — f(2),2|| > en}, Ko = {n € N : | fu(z) —g(x), 2] >
Y} € Z. Therefore K¢ = {n € N : ||fu(x) — f(z),2] < en}, K§ = {n € N : ||fn(z) —g(x),z]| <
Y} € F(I). Let z € Y be linearly independent with f(z) — g(x). Pute = 1 ||f(z) — g(z),2] > 0. As
Z-lim, o0 €n, = 0 and Z-lim,, 400 7 = 0, the sets K = {n € N: g, < e}, K{ ={n € N: ~, <

e
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e} € F(Z). As ¢ ¢ F(I), K{ N K5 N K§NKS # ¢. Then there exists m € N such that m € K{ N
K$ N K§N K§. Then || f(z) — f(2), 2] < em, [[fm(x) —9(2),2]] < Ym, em < € and v, < . Now
1F(@) — 9@}, 2ll = I1F(@) — Fn(@) + fonl) = 9@, 2] < | fonl) — F(@), 2] + | fn(@) — 9(2), 2]l < 2 +
Ym <e+e=3|f(x) —g(@), 2|+ 5 | f(&) — g(x), 2] = || f(x) — g(x), z||, which is absurd. Hence Z-equal
limit f of the sequence { f,, } ey must be unique if it exists. [ |

Theorem 3.6. Let f, [, : X =Y andg,g, : X =Y, neN.If f, ifandgn ig, fnton E>f—&—g.

Proof. Since f, EaN f and g, RSN g, there exist sequences {&,, }nen and {py, }nen of positive reals with
Z-lim, 00 &, = 0 and Z-lim, oo pn, = 0 such that for = € X and z € Y, we have
A= fn € N i [ful@) = f@)zll = &b As = {n € N : |lga(a) —g(@),2ll = pu} € T. So
At ={n e N:|[fu(z) = f(2),2]| <&} A3 ={n € N:|ga(z) —g(z), 2| < pu} € F(I). As ¢ ¢ F(I),
A§ N AS # ¢.

Now let n € A§ N A§ and consider the set A = {n € N : || fu(2) + gn(z) — {f(x) + g()}, 2| <
En + pnte As | fo(@) + gn(z) — {f(x) + (@)}, 2| < [1fa(2) = f(@), 2] + llgn(2) — 9(2), 2[| < & + pn
therefore n € A§ie. AN A5 C AS. So A3 C A1 U Ay, Since Ay U Ay € 7, A3 € T. ie. {n € N:
”fn(m) + gn(l') - {f(l’) +g(l’)}7z|| >&n +pn} €. AsZ-limy, o0 &n + pn =0, frn+gn £_‘e_> f+g. This
proves the theorem. u

Theorem 3.7. Let f, f, : X - Y,n € N. Leta(#0) e R. If fp, I—e £ af, T—ec of.

Proof. Since f, Ie, f, there is a sequence {3, } nen of positive reals with Z- lim,, _, . 8, = 0 such that for x €
X,z €Y, theset By = {n € N: ||fu(w) = f(x),2]| > 22} € Z. Put By = {n € N: [lafu(x) — af(2), 2] >

Bn}. As, |lafn(x) —af(x),z|| = Brn = | fulz) — f(2), 2] > %"I Therefore Bo C B;. So By € Z. This proves
the result. |

In [10] it has been proved for real valued functions that Z-uniform convergence implies Z-equal convergence.
Now we investigate it in linear 2-normed spaces which will be needed in the sequel. First we give an important
lemma which has been stated as remark in [24].

Lemma 3.8. (c¢f.[24]) Let f,f, : X — Y, n € N. If {fu}nen is Z-uniformly convergent to f then
{sup,ex | fn(z) — f(2), z|| }nen is Z-convergent to zero for all z € Y.

Proof. First we assume that { f,, } ,en is Z-uniformly convergent to f. Then for any € > 0 there exists M € T
such that foralln € M¢andforx € X,z €Y, || fu(z) — f(x), z|| < §. This implies

sup [[fu(@) — F(@). 2] < 5 <.
reX

So the set {n € N : |sup,cx || fu(z) — f(2),2]| =0 > ¢} € M € Z,forall z € Y. Therefore
{sup,ex | fn(x) — f(2), 2||}nen is Z-convergent to zero for all z € Y. |

Theorem 3.9. Let f, f, : X — Y,n € N. f, =% f implies f, — f.

Proof. Since the sequence {f, }nen is Z-uniformly convergent to f in Y, due to the Lemma 3.8 the sequence

{tn }nen is Z-convergent to zero where u, = sup,cx ||fn(z) — f(x), 2|, forall z € Y. Let ¢ > 0 be given.
1 .

Then the set B = {n € N : u,, > ¢} € Z. Define &, = ¢ "™’ L ?fne B. We show {&,, }nen is Z-
U+, ifn¢g B

convergent to zero. For,lete; > 0,wehave {n:§, > e1}={ne€B: & >e1}U{neB: & >t ={n:

L>e}U{n:u,+ £ > e} = My U M,. Clearly M; is finite. If n € M, then n € B®. So u,, < £. Now

Un+ 1 >e1if L >y —u,ie if L > ey — e which is for finite number values of n. Therefore M is finite. As
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7 is admissible, M7 U My € Z. Hence Z-lim,,—, o &, = 0. Now, for all z € Y, we have || f,,(z) — f(x), z|| <
supex || fn(2) = f(2), 2| < supyex [|fu(@) = f(2), 2] + & = un+ 5 = & ifn € B® where B € L.
Therefore {n € N : || fn(z) — f(2),2|| > &} € Z. AsZ-limy, o0&y = 0, fo 1=¢, ¢, Hence the theorem
follows. |

Now we intend to proceed with the notion of /*-equal convergence in linear 2-normed spaces.

Definition 3.10. Let f, f, : X — Y,n € N. The sequence {f }nen is said to be T*-equal convergent to f if
there exists a set M = {m; < mg < --- < my---} € F(Z) and a sequence {c } e of positive reals with
limy o0 € = O such that for every x € X, there is a number p € N and for every z € Y, || fm, () — f(2), 2|| <

ek for all k > p. In this case we write f, Lize, f.

We proceed to investigate the relationship between Z-equal and Z*-equal convergence in linear 2-normed
spaces.

Theorem 3.11. Let f, f,: X — Y,n € N. If f, Z—5% f then f, =% f.

Proof. We assume f,, ESEN f. Then there existaset M = {m; < ma < -+ < mg---} € F(ZT) and a
sequence {eg }xeas Of positive reals with limy o, €, = 0 such that for every x € X, there is a number p € N
and for every z € Y, ||fm, () — f(x), 2]] < e for k > p. Then clearly || f.(x) — f(), 2| > &, holds for
n € (N\M)U{mq,ma,--- ,my}. Thisimplies {n : || fn(x) — f(x), 2] > e} C (N\M)U{mq, mao, -+ ,mp}.
Since Z is admissible, {n : || fn(z) — f(x),z|| > €,} € Z. Hence f, =t |

Remark 3.12. The converse of the above theorem may not hold in general as shown by the following example.

Example 3.13. Consider a decomposition N = | J;°, D; such that each D is infinite and D; N D; = ¢ for
i # j. Let T be the class of all subsets of N which intersects only a finite number of D;s. Then T is a non-trivial
admissible ideal. Let f, f, : X — Y,n € N such that {f, }nen is uniformly convergent to f and f, # [ for
any n € N. Then for each € > 0 there exists p € N such that forall x € X,z € Y, ||fo(x) — f(2), 2| < €
for all n > p. Define a sequence {gn}tnen by gn = f; if n € D;. Then forall x € X,z € Y the set
{n € N: |jgn(z) — f(x),2|| > e} C D1 UDyU---UD,. Therefore {n € N : ||g,(x) — f(z),z]| > e} € L.

Hence gy, EAiN f. By the Theorem 3.9, g, RN I

Now we shall show that {gn }nen is not T*-equal convergent in'Y. If possible let g, Lie, f. Now, by
definition, if H € I, then there is a p € N such that H C Dy UDy U ---U D,,. Then Dpy1 C N\ H and
so we have gy,, = fp+1 for infinitely many of k's. Let z € Y be linearly independent with fy11 — f(x). Now
we have lim,_s oo ||gm, () — f(2), z|| = || fp41(z) — f(2), || # 0. Which shows that {gy, }nen is not T*-equal
convergent in'Y.

Now we see, if X and Y are countable and Z satisfies the condition (AP) then the converse of the Theorem

. . - - .
3.11 also holds. In the next theorem we investigate whether the two concepts f,, —— f and f,, — f coincide
in linear 2-normed spaces when 7 is a P-ideal.

Theorem 3.14. Let f,f, : X — Y,n € Nand let X and Y be countable sets. Then f, EaN f implies

fn ﬁ f whenever T is a P-ideal.

Proof. From the given condition there exists a sequence {0, } nen Of positive reals with Z- lim,,, o 0, = 0 and
for every z € Y and for each x € X, there is aset B = B(z,z) € F(I), ||fu(z) — f(z), 2] < oy, for all
n € B. Now by Theorem 2.2, Z*-1lim,,_,o, 0, = 0. So we will get a set H € F(Z) for which {0}, }ncq is
convergent to zero. Since X and Y are countable sets, so X x Y is countable. So let us enumerate X x Y by
{(xi,2;) :x; € X,z € Y,i=1,2,...}. So for each element (z;, z;) € X x Y, there is a set B; = B(z;,2;) €
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F(I), we have || frn(x;) — f(x;), 2| < oy, forall n € B;. Z-being a P-ideal, there is a set A € F(Z) such that
A\ B; is finite for all 7. So for every z € Y and for all n € AN H except for finite number of values, we have

lfn(z) — f(x), z]| < 0. Therefore f, Loe, f. Hence the theorem follows. [ |

Theorem 3.15. Let f, f, : X — Y,n € N. Suppose that f, SN f implies f, Lze, f. Then T satisfies the
condition (AP).

Proof. Let f, f, : X — Y,n € N such that {f, } nen is uniformly convergent to f and f,, # f for any n € N.
Then for each € > 0 there exists p € Nsuch thatforallz € X,z € Y, || fu(x) — f(2), 2] < e forall n > p.
Suppose { M7, Ma, - - - } be a class of mutually disjoint non empty sets from Z. Define a sequence {h,, } nen by

) fj, ifne M;
S ifneN\U,; M
set M = My UMsU...UM, €Zandforallz € X,z €Y, we have ||h,(z) — f(x),z] < eforalln € M°.
ie. {n e N: ||h,(z) — f(z),2]| > e} C M1 UMy U---UM, € Z. Therefore h,, Iy f. By the Theorem 3.9
we have h,, I, f. So by the given condition h,, E2EN f. Therefore there is a set B € Z such that

h, . First of all we shall show that h,, 1_—% f. Lete > 0 be given. Observe that the

H=N\B={a;<ay<---<ay<---}€F(T)and h,, = f. (3.1)

Put B = M; N B (j = 1,2,--). So {Bi,By,---} is a class of sets belonging to Z. Now ;2 B; =
Uj=1(M; N B) = (BN{Uj2, M;} C B. Since B € Tt follows | J;~, B; € Z. Now from the equation 3.1 we
see that the set M; has a finite number of elements common with the set N\ B. So M;AB; C M; N (N\ B).
Therefore M; A B; is finite. Therefore 7 satisfies the condition AP. |
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Abstract. This work studies an explicit and a constructive solution for the difference equation

Tng1 = Tn * (al'n7k + axn7k+1) n=0.1
bTpn_pt1 + CTnok T

where @ > 0,a > 0,b > 0,c > 0 and k > 1 is an integer, with initial conditions *_x, T_g+1,...,T—1,Zo. We also will
determine the global behavior of this solution. For the case when @ = 0, the method presented here gives us the particular
solution obtained by Giimiis and Abo-Zeid that establishes an inductive type of proof.
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1. Introduction

The study of rational difference equations currently represents a fruitful area of study that attracts many
mathematical researchers. Many difference equations have been successfully used for modeling real
phenomena [3, 5, 7].

In 2019 Abo-Zeid [1] published a study on the global behavior of the difference equation

ATnTn—1

Tyl = n=0,1,...,

+bxy_1 + CTp_s’
where a, b, ¢ are positive real numbers, and obtained its general solution. Similarly, Abo-Zeid [2] also studied the
solutions to

LnTn—2

Tyl = n=0,1...,

aTp—2 + bl‘n—?;7
*Corresponding author. Email address: rzuritao @fcpn.edu.bo (Rimer ZURITA)
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On the rational difference equation ,, 1 = = ===

for a, b positive constants. Motivated by these results, in 2020 Giimiis and Abo-Zeid [4] found an explicit solution
and studied the global behavior of the equation

AT Ty —k+1
b
bxn—k’-&-l + CTn—k

Tn+1 = ’I’L:O71...7
where a, b, c are positive constants and £ > 1 is an integer.
In this work we will generalize the result found by Giimiis and Abo-Zeid by explicitly solving
T - (@Tn—k + aTp—k+1)

Tyl = , n=0,1,..., 1.1
i (br—g41 + CTn—r) (1)

where @ > 0,a > 0,0 > 0,c > 0 and k£ > 1 is an integer, with the initial conditions x _, T _x+1,...,Z_1,Zo-

2. Preliminaries
The Riccati difference equation is defined by
R.R,—1+ A(n)R, + B(n)R,—1 = C(n). 2.1
Following the ideas found in the book by Mickens [6, Chapter 6 ], we make the change of variable

Qn - B(”)Qn-H
Qn+1 ’

which transforms (2.1) into a linear second order equation of the form

R, =

(A(n)B(n) + C(n))@ns1 + (B(n —1) = A(n))Qn — Qn-1 = 0.
In order to solve (1.1), the first step is to transform it into a Riccati equation. Indeed, (1.1) is equivalent to
Ty 11 Tn—k41 + CTpt1Tn—k = GLpTn—k + ATpTy—k+1,
or
b$n+1 . Tn—k+1 Tn+1 M.

+c =a+ta
T Tn—k Tp Tn—k

Upon applying the change of variable

Y = L 2.2)
Tn
we have B
c a a
YnYn—k + Byn - gyn—k = g (23)

We can see here that the solution for y,, depends exclusively on what happens to y,,_j (that is, &k steps before).
Therefore, we can solve the Riccati equation

c a a
mAm— TAm T 7Am—1 = 7 2.4
ZmZm—1+ = pim1= g 24)
with initial condition z_; := y_j4;, where y_j4; = % for some ¢ = 0,1,...,k — 1 fixed (z_; depends
on 7). It is evident that the solutions to (2.3) and (2.4) are related by

3
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By making the change of variable
W+ (a/b) Wi

m )

w7rL+ 1

equation (2.4) transforms into the homogeneous linear second order equation with constant coefficients
(@b — ac)wpm i1 — (a4 c)bwy, — b*wy, 1 = 0.
The roots of the characteristic polynomial associated to this last equation are given by

(a+ )b+ by/(a—c)? + 4ab
2,1 = .

’ 2(ab — ac)

Hence, the general solution of (2.4) is given by

(Cyr* + Cor) + (a/b)(Cyr{"™ + Cory )
017”11%4_1 + CQT;n+1 '

Zm
Making the change of variable C,;:=0Cy /C, this becomes

Zm =

(1+ %T1)(ﬂ)m +Ci(1+ %TQ)

With the initial condition z_1, we obtain

— ro (b+ar; —briz_q)
Ci=—-——="- )
r1 (b+ary —braz_q)

(2.6)

2.7

(2.8)

Therefore, by means of recursive backward application of the changes of variable previously done, we obtain the

explicit solution to (1.1), as shown in Theorem 3.1 below.

Remark 2.1. In the particular case when @ = 0, we get 11 = —% and ry = —g, and thus we have

Zm = b

with C = < (Lbz’l) By recursive backward application of the changes of variables previously done, we get

(a—c)z_1
a—c

a—c—bz_ c\m ’
= (O LA

Z—1

ymk+i — (

which implies that

a—cC
Tmk+i+l = Tmk+i * ( a—c—by_p4; (E)m+1 + b) )
Y—k+i a

from which we can deduce the Giimiis and Abo-Zeid result in [4].

3. Solution to equation (1.1)

Since the case @ = 0 was already solved by Giimiis and Abo-Zeid [4], we can focus on the case @ # 0 and

normalize this coefficient to obtain

Ty (Tp—k + 0Ty —f+1
Tpy1 = — (@ - +), n=20,1,...
bTp—_p41 + CTp_k
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On the rational difference equation 41 =

We also can assume that b # ac. Indeed, if b = ac, then (3.1) reduces to
T,

Tp4+1 = 7,

which represents a simple case.
Observe that under these conditions, the roots r1, 7 in (2.6) are equal to

(a+c)b+by/(a—c)?+4b (32)

21 = 2(b—ac)
Moreover, since |(a + ¢) — \/(a — €)% + 4b| < |(a + ¢) + /(a — ¢)? + 4b|, these roots satisfy
olan
T2

We also note that r; % 0,75 # 0.
In order for the solution of (3.1) to be well defined, it is necessary to assume that the initial conditions

T ks T—k+1,---,T_1,To satisfy the following conditions:

1) z_g,...,x_1 are non-zero.
2) b+are # brg(x”“““), forevery: =0,1,...,k — 1, where ro

T kti
(H) : ¢ is defined as in (3.2), and b # ac.
j+1 _
3) (%) # —(,; for every integer j > O and forevery ¢ =0,1,...,k — 1,

where C; is defined as in (2.8), and z_; = ””;’_“72:1

Theorem 3.1. Consider the difference equation

Ln - (l'n—k + ax?L—k+1)
bTp_k41 + CTp_k

Tpt+1 =

with a,b, c > 0 such that b # ac, and initial conditions x_j,x _g+1, .. .,%T—_1, T satisfying (H). Let r1 and r2 be
defined as in (3.2). Let us define the functions

1 J+ O
Bi(d) = i, ; (3.3)

with C; as in (2.8). Then the solution to this equation is given by

m—1k—1

zmk =0 || ] 8:05)

j=0 i=0
Tmk41 = Bo(m) - T
Tmkt2 = Bo(m)Bi(m) - Tk

Tkt (k—1) = Bo(m) -+ Br—2(m) - Ty
form=0,1,2,3,...
Proof. From (2.5) and (2.7), we obtain

o T
Ymk+i — Tl(L)m

e
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Since we defined y,, = “2+ in (2.2), then

(L4 gr) ()™ + Ci(1+ §r2)
k+i+1 k+ Tl(%)m + Ci?”z

By applying this equality recursively for all non-negative integers m and k, and for¢ = 0,1,2,3,...,k — 1, we
immediately obtain the Theorem’s result. |

4. Asymptotic behavior of the solution to equation (3.1)

For the analysis of the global behavior of (3.1), let us consider the following additional conditions:

b+ ary # bry (M) forevery: =0,1,...,k — 1, where r;
(Hi) : Tk
is defined as in (3.2), and b # ac.

(I+¢r2) To

(Ho) : {Ci 2 Otin) (“)] for all 4 and for all j > 0.

We can see that o, as given in (3.2) with b # ac, satisfies

1 a 2(b— ac)

B b (et e oFrab) b

_ V(@—c)2+4b—(a+c) L9 (a—c)2+4b+(a—c)

2b b 2b
We also see that % +% > (. Moreover,
1
7+%<1@ (a—e)?+4b<2b—(a—c)=2b—(a—c)>0 and
T2

(20— (a—¢c)*>(a—c)* +4b=20—(a—c) >0 and b—(a—c)>1
<b—(a—c)>0.
From this, and in the same manner for the remaining cases, we have
a) %+%<1 <~ b—(a—c)>1.
b) +¢>1 = b—(a—c)<1
) éJr%:l — b—(a—c)=1.

Theorem 4.1. Let {x,,}>° . be the solution to (3.1) such that the initial conditions x_y, . . ., xq satisfy (H) and
(H1). Then,

1 Ifb—(a—c)>1, then{z, }32 . convergesto 0.
2. Ifb— (a — ¢) < 1 and the initial conditions satisfy (Hz) as well, then {x,}°° _, is unbounded.
3. Ifb—(a—c) =1, then {x,}>2 _, converges to a finite limit.

Proof. From conditions, we have C; # 0 for all 7. On the other hand, since |r1 /72| < 1, it follows for all 7 that
Bi(j) = 7 + §if j = oo, where 3;(j) is as defined in (3.3).
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On the rational difference equation 41 =

1. Ifb— (a—c) > 1, then i + % < 1. Hence, there exist 0 < ¢ < 1 and jo € N such that |3;(j)| < e for all
J > jo and for all 4. Then, for large enough values of m, we have

jo—1k—1 m—1k—1
@il = ool | TT TT8:)| | TT T 8:0)
j=0 i=0 Jj=jo =0
jo—1k—1
<lzol | [T TI B:(3)| - "m0
=0 i=0
We conclude that as m tends to infinity, then x,,, converges to 0. Moreover, for i € {1,2,...,k — 1}, we
have
i—1
Tmkti = Tmk - Hﬁl(m)‘
1=0

Therefore, {z,,}5° _, tends to 0.

2.Ifb— (a — ¢) < 1, then i + % > 1. Hence, there exist 1 < 1 < % + 7 and j; € N such that
Bi(4) > e1 > 1forall j > j; and for all i. Moreover, by condition (Hs), we have 3;(j) # 0 for all ¢ and
for all j. Then, for large enough values of m, we have

m—1k—1

II I 50

i=i1i=0

J1—1k—1

I I3

j=0 i=0
ji—1k—1

> feol| TT TT 8:3)] -1,

=0 i=0

|Tmi| = [

We conclude that |xg,,| — oo when m — oo. Moreover, for i € {1,2,...,k — 1}, we have
i—1
Tmkti = Tk - | [ Bi(m).

=0

Therefore, the solution set {x,, }5° _, is unbounded.

3. Ifb— (a—¢) =1, then % + % = 1. Hence, there exists j> € N such that 3;(j) > 0 for j > j, and for all
1. Then, we have

jo—1k—1 m—1k—1
Thm = To ( 11 Hﬁi(j)) < 1111 5i(j)>

7=0 i=0 j=jz =0
a—1k—1 m—1k—1

= g ( IT 11 5i(j)> exp( > Zln(ﬁz‘(j)))
=0 i=0 i=j2 i=0
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Let us define

k—1 k—1 141 (1 + 91"1) T1
. Ciro b r9
aj =Y (Bi(j)) = > In ( )
g (3)
> (! (14 g 5oy ) —m (14 2 (2
= n = —r1)(— —In = —
‘ Cirg b ! T2 Cirg 12

Il
TS
|
/N
N
Q
3 —_
()
/N
—
+
SRS
3
—_
N———
7N
*E‘ﬁ
[
~_
<
+
Q
—
—
3
—_
\
3
V)
<
[\v]
o
S—
~_—

Then, we have
. @541 1
lim L‘ = ’— < 1.
j—=oo | aj T9

By D’Alembert’s ratio test, the series 3 7~ . Zf;ol In(B;(j)) converges. Hence, there exists v € R such

that
lim zg, =v.
m—r 00
In the same way, for i € {1,...,k — 1}, we have

i—1
Tmk+i = Tmk * Hﬁl(m) — v when m — oco.
1=0

Therefore, the solution set {xn},‘,’f:_ «, converges to a finite limit.

5. Numerical Results

Numerical simulations performed with MATLAB for the three cases stated in Theorem 4.1 are shown in the
following examples.

Example 1. Consider the equation

Ty (Tp—a + 7.32,_3)
3.52, 3+ 581, 4

Tp+1 =

In this case we have a = 7.3, b = 3.5, ¢ = 5.8 and k = 4. Also, we can see thatb — a + ¢ > 1. Table 1
shows convergence to zero.
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On the rational difference equation 41 =

Table 1: Numerical results for Example 1.

n T n Ty
—4 211 10 —0.083543908285124
-3 1] 20 0.012701017754877
-2 85 | 50 0.003594428250519
-1 —3.3 100  2.862071648505816 x 10~8

0 —1.7 | 200 1.691446180919758 x 10~ 18

—1.019132653061225 | 500  3.491237927069944 x 10~*°

2 —1.807491245443325 | 999  3.185169006739856 x 10100

Example 2 Consider the equation

Ty (Tn—3 + 0.82,_2)
0.22,_9 +0.12,_3

Tp+1 =

In this case, we have a = 0.8,b = 0.2,¢c = 0.1, kK = 3. Also, we can see that b — a + ¢ < 1. Table 2 shows
the solution set is unbounded.

Table 2: Numerical results for Example 2.

n Tn n Tn
-3 2.8 5  3.976943951329059 x 103
-2 75| 10  7.870828852071307 x 10°
-1 1.3 | 20  3.259245595490367 x 10'3

0 0.7 | 50 2.322461318837964 x 1033

1 3.460674157303371 | 100  2.844463544208173 x 1056

2 20.261541884525528 | 150  3.483792297723871 x 109

3 2.015795107600647 x 10% | 200 4.266818183833936 x 10132

Example 3 Consider the equation

$n($n,5 + 1-5557174)
17204 + 087, 5

Tn+1 =

In this case we have a = 1.5, b = 1.7, ¢ = 0.8, K = 5. Also, we can see that b — a + ¢ = 1. Table 3 shows
convergence to a finite limit approximately equal to 2.804367096028192.

Table 3: Numerical results for Example 3.

n Tn n Tn
) 3.1 2 2.824563238832514
—4 2.1 20 2.804362901181129
-3 1.8 50  2.804367096027094
-2 6.5 | 100 2.804367096028192
-1 3.3 | 200 2.804367096028192

2.7 | 500 2.804367096028192

1 2.789256198347107 | 999 2.804367096028192
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6. Conclusion

In Theorem 3.1 we found an explicit solution for equation (1.1) whena > 0,a > 0,b > 0, ¢ > 0, and
k > 1is an integer. The idea behind the construction of such a solution was to transform the given equation
into a Riccati difference equation, which can be easily transformed into a linear difference equation with constant
coefficients.

Similarly, in Theorem 4.1 we obtained results concerning the asymptotic behaviour of the solutions to (1.1).
We determined that solutions can be convergent or divergent, depending on whether the value of b — a + ¢ is
greater than, less than or equal to 1, when @ = 1. We also performed some numerical experiments in order to
verify such behaviours for different values of a, b, c and k.

The author considers that similar techniques can be used to obtain explicit solutions, or at least results about
the global behavious of such solutions, for the case when @, a, b and/or c are negatives, or when these coefficients
are linear on n. The author conjectures that the first case could give rise to periodical solutions, while the second
case can be dealt with by converting the resulting Riccati equation into a Cauchy-Euler equation.
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Abstract. The purpose of this paper is to construct a common fixed point theorem for pair of quasi triangular a--orbital
admissible with an interpolative (¢, ¥)- Banach-Kannan-Chatterjea type Z-contraction mappings with reference to simulation
function in complete metric space. We adopt an example to validate our main result. Our result extends the result of M. S.
Khan et al. [15]. As an application, we provide the existence of a solution for a nonlinear Fredholm integral equations.
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1. Introduction

The Banach contraction principle is pivotal tools in fixed point theory. Many inventors expanded and
generalized the Banach contraction principle to many orientations [3, 5, 24, 27, 28]. Samet et al. [25] found the
conception of o — 1) contraction type mapping and take advantage of their new concept to established and found
several fixed point theorems. Several inventors used the concept of a-admissible mapping to established new
results in many spaces [10, 21, 22, 26, 30]. In 2014, Popescu [20] found the two new concept «-orbital
admissible and triangular a-orbital admissible and gave the result each a-admissible mapping is an «-orbital
admissible mapping and each triangular a-admissible mapping is an triangular a-orbital admissible mapping.
Many inventors gave the fixed point and common fixed point result for «-orbital admissible mapping
[1,7,9, 18, 19]. In 2015, Khojasteh et al.[17] found the notion of simulation function. In the same year, Argoubi
et al. [6] clarified the conception of simulation function. Many inventors found the fixed point and common
fixed point result for simulation function in discrete spaces [2, 4, 11, 12, 14, 23, 29].

*Corresponding author. Email address: shashithakur89520@gmail.com (Shashi Thakur)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.
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2. Preliminaries

We recall some useful definitions that will be needed in the sequel.

Definition 2.1. [25] Let Q : Y — Y be a mapping and o : Y x'Y — [0,00) be a function. Then Q is
a-admissible if a(u,v) > 1 implies a(Qu, Qu) > 1.

Definition 2.2. [13] Let Q : Y — Y be a functionand a1 Y XY — [0, 00) be a function. Then Q is said to be
triangular a-admissible if Q) fulfills the following conditions:

1. Q is a-admissible,
2. ifa(u,w) > 1and a(w,v) > 1 implies a(u,v) > 1.
Qawagneh et al. [22] introduced the notion of triangular c-admissible for set of self mappings on Y.

Definition 2.3. [22] Let H,Q : Y — Y be two mappings and « : Y X Y — [0, 00) be a function such that the
following conditions hold:

1. if a(u,v) > 1 then a(Hu,Qv) > 1 and a(QHu, HQu) > 1;
2. ifa(u,w) > 1and a(w,v) > 1 implies a(u,v) > 1.
Then we say that the pair (H, Q) is triangular a-admissible.

Definition 2.4. [20] Let Q : Y — Y be a mapping and o : Y XY — [0, 00) be a function. Then Q is said to be
a-orbital admissible if a(u, Qu) > 1 implies a(Qu, Qu) > 1.

Definition 2.5. [20] Let Q : Y — Y be a mapping and o : Y XY — [0, 00) be a function. Then Q) is said to be
triangular a-orbital admissible if Q) satisfies the following conditions:

1. if Q is a-orbital admissible,
2. ifa(u,v) > 1 and a(v,Qu) > 1 implies a(u, Qv) > 1.

Definition 2.6. [19] Let H,Q : Y — Y be two mappings and a5 : Y x Y — [0, 00) be a function such that the
following condition hold:

1. if as(u, Qu) > s? and as(u, Hu) > s then as(Qu, HQu) > 52 and as(Hu, QHu) > s2.
Then the set (H, Q) is as-orbital admissible.

Definition 2.7. [19] Let H,Q : Y — Y be two mappings and a5 : Y X Y — [0, 00) be a function such that the
following conditions hold:

1. the self mappings H, Q are as-orbital admissible,

2. if as(u,v) > 82, ag(v, Hv) > s% and as(v, Qu) > s implies as(u, Hv) > s% and as(u, Qu) > s2.
Then the set (H, Q) is triangular as-orbital admissible.

M. S. Khan et al. [15] introduced the concept of quasi triangular a-orbital admissible mappings as follows:

Definition 2.8. [15] Let Q : Y — Y be a mapping and o : Y XY — [0, 00) be a function. Then Q is said to be
quasi triangular a-orbital admissible if Q) satisfies the following conditions:

1. if Q is a-orbital admissible,

2. if a(u,v) > 1 implies a(u, Qu) > 1.
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Definition 2.9. [17] A mapping ¢ : [0,00) x [0,00) — R is called a simulation function, if it fulfils the following
conditions:

1. ¢(0,0) =0;
2. ¢(v,u) < u—wvforallu,v >0;

3. if {vn}, {un} are sequences in (0,00) such that lim, ,iovy, = lim,,icou, > 0, then
limy, 400 sUp (Vp, p) < 0.

The set of all simulation functions is denoted by Z.

Definition 2.10. [17] Let (Y, d) be a metric space and Q : Y — Y be mapping. if there exists ( € Z such that

¢(d(Qu, Qu), d(u,v)) = 0.
forallu,v € Y. Then Q is called Z-contraction with respect to .

Definition 2.11. [16] A continuous function ¢ : [0,00) — [0,00) is called an altering distance if it is non-
decreasing and p(1) = 0 if and only if 1 = 0.

Definition 2.12. [8] A function ¢ : [0,00) — [0,00) is called comparison function if it is monotonically
increasing and Y™ (1) — 0 asn — oo forall I > 0.

M. S. Khan et al.[15] gave (p,)-type Z-contraction with respect to simulation function ¢ using an
interpolative (¢, 1) approach in the setting of metric spaces as follows:

Definition 2.13. [15] A mapping Q : Y — Y is called an interpolative (i, 1)-Banach-Kannan-Chatterjea type
Z-contraction with respect to ( if there exists « : Y XY - R, (€ Z,p € ®,¢p € U, 0,05 € (0,1) such that
o(t) > (t), fort > 0,1 > 0and 6, + 02 < 1 fulfilling the inequality

((a(u, v)@(d(Qu, Qu)),(B(u,v))) 20 forallu, veY,

where
Blu,v) = [d(w,0)]° [ (d(u, Qu) + dlv, Q). [3 (dlur, Qo) + d(o, Qu))]'~"

In this paper, we construct a common fixed point theorem for set of quasi triangular «-orbital admissible
mappings which form an interpolative (¢, )-Banach-Kannan-Chatterjea type Z-contraction with reference to
simulation function in complete metric space.

3. Main Result

In this section, we introduced the conception of quasi triangular c-orbital admissible mapping for set of self
mappings H and Q on Y and discuss (i, 1)-type Z-contraction with reference to simulation function.

Definition 3.1. Ler H,Q : Y — Y be two mappings and o : Y x'Y — [0,00) be a function such that the
following conditions hold.

1. ifa(u,Qu) > 1 and a(u, Hu) > 1 then a(Qu, HQu) > 1 and a(Hu, QHu) > 1;
2. ifa(u,v) > 1implies a(u, Qu) > 1 and a(u, Hv) > 1.

Then the pair (H, Q) is called quasi triangular a-orbital admissible.
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In the following example shows that the mapping (H, Q) is quasi triangular «-orbital admissible but it is not
a triangular -admissible.

Example 3.2. Ler Y = {0,1, 2} with usual metric d(u,v) = |[u —v|. Let H : Y - Y, Q :Y — Y and
a:Y xY — R be mappings defined by

(012 /(012 (1, if(uv) € A,
HY_(lOO)’QY_<1OQ)’a(u’U>_{O,otherwise

where, A = {(0,0),(0,1),(1,0),(1,1),(1,2)}. Since (0,1),(1,0) € A, then we have

a(0,Q0) = a(Q0, HQO) = a(1,0) = 1, (0, HO) = a(HO0, QHO0) = (1,0) = 1 and

a(l,Q1) = a(Q1l,HQL) = «(0,1) = 1, a(1, H1) = a(H1,QH1) = (0,1) = 1. Then (H, Q) is c-orbital
admissible mappings. Further, we have

a(0,1) = a(0,Q1) = a(0,0) = 1 and «(0,1) = (0, H1) = (0,0) = 1,
a(1,0) = a(1,Q0) = a(1,1) = 1 and (1,0) = (1, HO) = (1,1) =1
a(l,2) =a(1,Q2) = a(1,2) = 1and o(1,2) = (1, H2) = a(1,0) =1
Hence, (H,Q) is quasi triangular «-orbital admissible mappings.  Since a(u,v) = «(1,2) = 1,
av,Quv) = «a(2,Q2) = «2,2) = 0 and a(v,Hv) = «2,H2) = «2,00) = 0 but

a(l,2) = a(1,Q2) = a(1,2) = 1 and a(1,2) = a(1,H2) = «(1,0) = 1. This shows that the condition
a(v,Qu) and o(v, Hv) for triangular a-orbital admissible are not necessity for quasi triangular «-orbital
admissible. On the other hand, we have «(1,2) = 1,a(H1,Q2) = «a(0,2) = 0 and
a(QH1,HQ2) = «(1,0) = 1 as (0,2)3Y, so (H,Q) is not a-admissible mapping. Further, we have
a(0,1) = a(1,2) = 1, but a(0,2) = 0, so (H, Q) is not triangular a-admissible mapping.

Lemma 3.3. Let H,Q) : Y — Y be two mappings and o : Y X Y — [0,00) such that the set (H, Q) is quasi
triangular a-orbital admissible. Assume that there exists ug € Y in this manner a(ug, Hug) > 1. Define a
sequence {uy} in'Y by Hus,, = ugpi1 and Quapi1 = Uopto. Then au,,um) > 1 for all m,n € NU {0}
with n < m.

Proof. Since a(ug, Hup) = a(ug,u1) > 1 and H, ) are «-orbital admissible self mappings,

a(ug, Hug) > 1 implies
a(Hug, QHug) = a(ur, Quy) = a(ug,uz) >1
and o(uy,Qui) > 1 implies
a(Quy, HQuy) = a(ug, Hus) = a(ug,uz) > 1
also a(ug, Hus) > 1 implies
a(Hus, QHug) = «

(VAR

(uz, Quz) = a(uz,us) > 1

Applying the above argument repeatedly, we obtain a(tuy,, u,+1) > 1 for all n € NU {0}. Since (H, Q) is quasi
triangular -orbital admissible mapping and a(uy,, un41) > 1 foralln € NU {0}, then we get a(up, Qupt1) =
o(Up, Upyo) > 1and a(tun, Hupt1) = a(tn, unt2) > 1. By continuing the process, we get that ety , tm,) > 1
forall m,n € NU {0} with n < m.

Definition 3.4. The mappings H,Q : Y — Y are called an interpolative (¢, 1))-Banach-Kannan-Chatterjea
type Z-contraction with respect to  if there exists o : Y XY - R, € Z,p € ®,0p € U, 61,02,05 € (0,1) in
this manner o(t) > ¥(t), for t > 0,1 > 0 and 61 + 02 + 03 < 1 fulfilling the inequality

((a(u, v)p(d(Hu, Qu)), P (B(u,v))) 2 0 forallu,v €Y,

i
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where

B(u,) = [d(u, ) [ (d(u, Hu) + d(o, Qo))" [5(dlw, Qo) + d(v, Qu))]*

[%(d(u, Hv) + d(v, Hu))]'~0 0205

Now, we state and prove our main results as follows:

Theorem 3.5. Let H and Q be self mappings on a metric space (Y, d) which is complete. Suppose that (H, Q)
is a quasi triangular a-orbital admissible and forms an interpolative (p,)-Banach-Kannan-Chatterjea type
Z-contraction with respect to (. If there exists ug € Y such that a(ug, Hug) > 1 and H and Q are continuous,
then the mappings H and Q) have a unique common fixed point.

Proof. Let ug € Y be such that o(ug, Hug) > 1. Define a sequence {uy,} in Y such that us,; = Husg, and
Ugnt2 = Quant1 for alln € N. If u,, = uy,41 for some ng € N, then it is very easy to show that H and @
have a common fixed point. Hereof, uniquitously the proof we shall assume that u,, # u,+1 and hence we have
d(tp,un4+1) > 0 for all n € N. Now, since the pair (H, Q) is c-orbital admissible, then

> 1 implies

(u1,Qu1) = a(ui,uz) > 1

a(ug, Hug) > 1

)=«

and a(uy,Quy) > 1 implies

a(Quy, HQuq) = a(ug, Hus) = a(ug,ug) > 1
)>1
)=«

also a(ug, Hus) > 1 implies

a(Hug, QHus

(us, Quz) = a(uz, ug) > 1

Applying the above argument repeatedly, we get o(uy,, un11) > 1 foralln € NU{0}. By the definition of quasi
triangular -admissibility, we can find that for any n, m € N with m > n, we have a(uy,, uy,) > 1.

Suppose ug,, # U1 for all m € N, by Lemma 3.3, we have a(uay,, tan4+1) > 1, for all n € N. From (3.1),
we obtain

0< C(a(u2n7u2n+1)(p(d(Hu2n7 Qu2n+1))7’(/}(B(u2n7u2n+l)))

= C(a(uzm U2n+1)90(d(uzn+1, U2n+2)), 7/)(B(U2m U2n+1))) (3.2)

< P(B(uzn, U2n+1)) — &(U2n, Uan+1)P(d(U2nt1, Unt2))

where
0, 11 9, 11
B(uzn, uzn+1) = [d(uzn, uzn+1)] ~[§(d(u2mHU2n) + d(uzn 11, Quany1))] -[i(d(uzn,Quan)
1
+ d(uznt1, Quan))]” -[§(d(u2n, Hugpi1) + d(uzni1, Hugy )~ %%
1
= [d(uzn, u2n+1)]61~[§(d(u2n7 Ugn+1) + d(Uznt1, U2n+2))]62
1
'[§(d(u2nau2n+2)]1701702 (3.3)
S
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Consequently, we arrive
o(d(ugnt1, uznt2)) < a(Uzn, u2n41)P(d(Uzni1, U2nt2))
B(uzp, uzn41))

W(
= ¢ ([d(ugn, ugnt1))™ -[%(d(uzn, Uant1) + d(tgni1, uznt2))]) .

[%(d(u%u Uugn o))t %)

A

< 0z w2 )1 5 (@0 vnsr) + iz w2 GA)
Suppose d(uap,, Uant+1) < d(Ugnt1, U2n42), for n > 1, then from (3.4), we obtain
P(d(uznt1, uzn+2)) < Y(d(uznt, uzntz)) < @(d(uznt1, uzni2)).
This is a contradiction. Accordingly, we obtain
d(uant1, Uant2) < d(ugn, uant1), foralln > 1.

Identically, we can show that d(usp,, Usnt1) < d(Uan—1, U2, ). So, we conclude that d(w,, tn11) < d(Up—1, Uy)-
Hence d(u,, u,+1) is a monotonic decreasing sequence of positive real numbers. So, there exists [ > 0 such that
limy, s+ o0 d(Up, Uns1) = 1. Now, we show that [ = 0. We claim that [ > 0. Now, we have

0 < ¢(tn-1,un)@(A(tn, tn41)), O(Bltn-1,un)) )
< ’ll)(B(un,h un)) - a(unfla un)@(d(unv Un+1))~ (35)
Consequently, we obtain
(Un—15Un)P(d(Un, Unt1)) < Y(B(Uup—1,un))

<«
S @(B<un71a un))
< o(d(un—1,un)) (3.6)

@(d(tn, Unt1)

Letting limit as n — +o0 in (3.6), we get
limn—>+ooa(un—17 U7L)<P(d(un7 un+1)) = limn—>+oo¢(B(un—l7 un)) = (P(l) (37)

Setting s, = a(Un—1,Un)P(d(Un,Uns1)), tn = Y(B(up—1,uy)) in (3.5), then by definition of simulation
function

0 < 1imn—s oo supC(Q(Un—1, Un ) P(d(Un, Unt1)), Y(B(Un-1,un))) < 0.

Which is a contradiction and thus we have lim,,—, oo d(tp,, unt+1) = 0. Now, we show that {u, } is a Cauchy
sequence. Suppose not, there exists ¢ > 0 for which we can find two sequences my and ng, for all £k > 1 with
U, > Un, > k such that d(u,, , U, ) > €. Further, we assume that my, is the smallest number greater than ny,
then d(un,,, Um,_,) < €.

By triangular inequality, we get

€< d(unk7umk) < d(unk’umk—l) + d(umk—l’u"lk) <e+t d(umk—l’umk)'

Taking limit as k — +o00, we obtain

kli)rfoo A(Un,, U, ) = €. (3.8)
S
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Again by triangular inequality, we obtain
d(unk ’ umk) S d(unk ) unk+1 ) + d(unk+1 9 umk+1 ) + d(umk+1 9 umk )

Also we obtain
d(unk+17umk+1) < d(unk+17unk) + d(tUn,, s U, ) + d(“mmumk+1)‘

By using the above two inequalities and taking limit as k — +o0o with (3.8), we get

kgr—i{loo A(Unyy s Umyy,) = € (3.9)

Furthermore, we obtain
d(unk s umk) < d(unk , u7lk+1) =+ d(u"k+1 ’ umk) < d(unk ) umk) + Qd(Umk ’ Ukarl)'
Taking limit as k — +o00, we obtain

lm  d(tn,,,,Unm,) = € (3.10)

k—+o00

Similarly, we get
d(unk ) umk) S d(unk ) umk+1) + d(umk+1 ’ umk) S d(unk ) Umk) + Qd(umk ) umk+1)'
Taking limit as k — 400, we get

lim  d(un,, Um, ) = € (3.11)

k——+oo

Since (H, Q) is quasi triangular o-orbital admissible, by lemma 3.3, we get B(uy, , tm, ) > 1, for all numbers
my, ng such that my > ny, where k£ > 1. From (3.1), we get

0 < ¢ttty (A Htn, Qusn, ), (Bt 0, )

= (@t (A ) (Bt )
< w(B(unk ’ umk)) - a(unk ’ umk)@(d(unk+1 » U g )

Consequently,

(unk y Umy, )@(d(unkH ’ umk+1)

@(d(u’fbk+1’u7nk+1) S «
S w(B(unk ’ umk)) < C)O(B(unk ) umk))a

where

Bt ) = [t )2 5 (Ut Ftn, )+ At Qun DI 15, Q)

1 0 —0s—
+ d(umk ’ Qunk))}ag[i(d(unk ’ Humk) + d(u’mk ’ Hunk))]l fr=02-0s
Taking limit as & — 400 together with (3.8), (3.9), (3.10) and (3.11), we get
0<p(e) <p(0)=0= p(e) =0if and only if ¢ = 0.

Which is a contradiction and hence {u,} is a Cauchy sequence in Y. Since Y is complete, there exists
w € Y such that lim,_..u, = w. Since H and ( are continuous, we find that
Hw = lim, 00 Huy = limy, 00 Upy1 = w and Quw = lim,, 00 Qu,, = limy, o0 41 = w. Therefore w is

e
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the common fixed point of H and Q.

To demonstrate the uniqueness of the common fixed point, we suppose that w* is another common fixed point
of H and @ and a(w, w*) > 1. Assume that w # w*. From (3.1), we get

AVARAVARIVANLY,
o o o o

Which is contradiction and therefore the mappings H and ) have a unique common fixed point.
Remark 3.6. For H = Q) in Theorem 3.5, we get the following result of M. S. Khan et al.[15]

Corollary 3.7. Let Q be a self mapping on a metric space (Y,d) which is complete. Suppose that Q is
quasi triangular «-orbital admissible and forms an interpolative (p,1))-Banach-Kannan-Chatterjea type Z-
contraction with respect to (. If there exists ug € Y such that a(ug, Qug) > 1 and Q is continuous, then @ has
a unique fixed point.

Remark 3.8. Setting ((u,v) = ¢ (v) — ufor all u,v > 0 in Theorem 3.5, we get the following result.

Corollary 3.9. Let H,Q) : Y — Y be self mappings on a metric space (Y, d) which is complete. If there exists
a:YXY 5 R pe® eV 6,0, 05 € (0,1) such that o(t) > (t), fort > 0,4 > 0and 61+ 03+ 03 < 1
satisfying the inequality

au, v)p(d(Hu, Qu)) < (B(u,v)) forallu,veY.

If there exists ug € Y such that a(ug, Hug) > 1 and H and Q are continuous. Then the mappings H and Q
have a unique common fixed point.

Remark 3.10. By letting a(u,v) = 1 for all u,v € Y and ¢ = Iy in Corollary 3.9, we find the following result.

Corollary 3.11. Let H,Q : Y — Y be self mappings on a metric space (Y, d) which is complete. If there exists
Y €W, 01,05,05 € (0,1) such that 01 + 5 + 03 < 1 satisfying the inequality

d(Hu, Qv) < ¢¥(B(u,v)) forallu,veY.
Then the mappings H and Q) have a unique common fixed point.

Now, we illustrate an example to validate our main Theorem 3.5.

Example 3.12. Let Y = (—1,1]and d : Y x Y — R defined by d(u,v) = |u — v|. Define the mappings
H,Q:Y —=Yby

_ [ 5. ifue(-1,0) [ ifue(~1,0)
HY_{E,U”ue[OJ] ’QY_{é,ifue[O,l].

Also, we define the function a1 Y XY — [0, 00) by

1, ifu,v € [0,1]
0, otherwise.

a(u,v) = {
Taking ¢(u,v) = ¥ (v) — u, for all u,v > 0 in Theorem 3.5, we get

a(u, v)p(d(Hu, Qu)) < ¢(B(u,v)),

3
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forallu,v € Y. Let p(t) = t, ¥(t) = kt, where k = 1.0, = 1.0, = 1,05 = L then p(t) > 1(t). Since
V3 2 1 6
0 < wu,v <1, then we get
0<|u—v|<1=0<|u—v|? <1,
1 1 7
0< 3llu—Hul + v~ Qu]l = [(3) (4u+3v)]* < (5)%,

1 2
~(13u—v|+[3v —u|)]F < ()5 and
6 3
1
8

0.< 5llu—Qul+Jv—Qu] =]

1
and 0 < Zfju—Ho| + |v ~ Hu] = | (19u — v| + |90 — u|)] 7z < (g)rlz.

—_

By simple calculation for all u,v € Y, we obtain

(o, 0)p(d(Hu, Qu) = alu, )| Hu — Qul = 5l —30] = LJu— 30

= v () (o + 30)] L5 (130 — o] + 130 — w])]F.

B
o:\'—*

Therefore the set (H, Q) is an interpolative (p, 1))-Banach-Kannan-Chatterjea type Z-contraction with reference
to C. If {un} is a sequence in' Y such that o(un,uny1) > 1 foralln € N, then {u,} C [0,1] foralln € N.
Since ([0, 1], d) is a complete metric space, then the sequence {u,, } converges to win [0,1] CY. If a(u,v) > 1,
then u,v € [0,1]. So, Hu,Qu,QHu, HQu € [0,1]. Therefore, a(u,Qu) = 1 and a(u, Hu) = 1 then
a(Qu, HQu) = 1 and a(Hu, QHu) = 1. Also if a(u,v) = 1 implies a(u, Qv) = 1 and «(u, Hv) = 1. This
implies that the pair (H, Q) is a quasi triangular a-orbital admissible in'Y'.

Let {u,} C [0,1] for all n € N. This implies that

1
nh_}rrgo Hu, = nh_}rr;o §u” = §u = Hu,
and 1
lim Qu, = lim -u, = fu = Qu,
n—oo n—oo 3

This implies that the mappings H and Q) are continuous. Thus, all supposition of Theorem 3.5 are fulfilled.
Hence H and Q have a unique common fixed point v = 0.

In the following theorem, we put back the continuity of H and () with the notion of a-regularity.

Theorem 3.13. Let H and Q be self mappings on a metric space (Y, d) which is complete. Suppose that (H, Q)
is a quasi triangular a-orbital admissible and forms an interpolative (o, )-Banach-Kannan-Chatterjea type
Z-contraction with respect to (. If there exists ug € Y such that o(ug, Hug) > 1 and {uy,} inY is a-regular,
then the mappings H and Q) have a unique common fixed point.

Proof. Let ug € Y be such that o(ug, Hug) > 1. Define a sequence {uy,} in Y such that us,; = Husg, and
Ugnt+2 = Quan4q for all n € N. Since the pair (H, Q) is a-orbital admissible, we find that o (uw,, wpy1) > 1,
for all n € N. We suppose that w,, # u,11 and hence we have d(u,,, u,+1) > 0 for all n € N. By repeating the
process as in the proof of Theorem 3.5, we derived that {u,, } converges to w. Since {u, } in Y is a-regular, then
there exists a subsequence u,, of {u, } such that a(u,,,w) > 1, for each k € NU {0}. From (3.1), we get

C( (u2nk7 ) (d(Hu27lk ) QU})), '(/}(B(Uanaw)) >0
C(OZ(Uznk ) )‘p(d(u27lk+1 ) Q’LU)), d)(B(’Uan ) w)) >0
w(B(U‘mk ’ w)) - Ol(Uan ’ w)¢(d<u2nk+l ) QU}) >0

e
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Consequently, we arrive

@(d(u?mwﬂ ’ QU}) < O‘(u?nk ’ w)‘ﬂ(d(u?mwﬂ s Q’LU)) < w(B(uan 5 w)) < @(B(UQHIC s w))

where

—_
—_

B(u2nk~ ) ’LU) = [d(UQTLk ) w)]91 '[7 (d(UQTLk ) Hu2"k) + d(w7 Qw))}(92 [

2

+ d(w, Quan, )] [

= [tz )} 5 (g ) + 0, Qu)) P[5 (i, Qu)

1
+ d(wa u2nk+1))]03’[§(d(u2nk ’ HU)) + d(wv u2nk+1))]1701792793

(d(u2”k’ Qw)

N |

(d(Uan 3 H’LU) + d(w, Hu2nk))]1791*92*93

Taking k — +o00, we get ¢(d(w, Qw)) = 0 which implies d(w, Qw) = 0. This shows that w is a fixed point of
Q. Similarly, we can show that (Hw, w) = 0. Hence the mappings H and ) have a common fixed point.

To demonstrate the uniqueness of the common fixed point, we suppose that w* is another common fixed point
of H and @ and o(w, w*) > 1. Assume that w # w*. From (3.1), we get

C(a(w, w*)p(d(Hw, Qu*)), (B(w,w"))) >0
C(a(w, w)p(d(w, w")), p(B(w,w"))) = 0
Y(B(w,w")) — a(w,w")p(d(w,w")) =0
—a(w, w*)p(d(w,w*)) > 0.

which is contradiction and hence the mappings H and ) have a unique common fixed point.
Remark 3.14. For H = Q in Theorem 3.13, we get Theorem 2.2 of M. S. Khan et al. [15]

Corollary 3.15. Let Q be a self mapping on a metric space (Y,d) which is complete. Suppose that Q is
quasi triangular «-orbital admissible and forms an interpolative (p,1))-Banach-Kannan-Chatterjea type Z-
contraction with respect to C. If there exists ug € Y such that a(ug, Quo) > 1 and {u,} in'Y is a-regular, then
Q has a unique fixed point in Y .

Remark 3.16. Setting ((u,v) = ¢(v) — u for all u,v > 0 in Theorem 3.13, we get the following result.

Corollary 3.17. Let H,Q : Y — Y be self mappings on a metric space (Y, d) which is complete. If there exists
a: Y XY >R, ® €W, 0,05,03 € (0,1) suchthat o(t) > (t), fort > 0,9 > 0and 61+ 63+ 65 < 1
satisfying the inequality

a(u,v)p(d(Hu, Qv)) < (B(u,v)) forallu,v €Y.

If there exists ug € Y such that a(ug, Hug) > 1 and {u,} inY is a-regular. Then the mappings H and Q) have
a unique common fixed point.

Remark 3.18. By letting a(u,v) = 1 forall u,v € Y and ¢ = Iy in Corollary 3.17, we get the following result.

Corollary 3.19. Let H,QQ : Y — Y be two self mappings on a complete metric space. If there exists 1) €
U, 01,05,05 € (0,1) such that 01 + 02 + 05 < 1, fort > 0,4 > 0 satisfying the inequality

d(Hu, Qu) < (B(u,v)) forallu,veY.

Then the mappings H and Q) have a unique common fixed point.

3
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4. Application

We apply our outcome to find an existence theorem for Fredholm integral equations. Let Y = CJa, b] be
a set of all real continuous functions on [a, b] equipped with metric d(e, j) = max;c(qple(t) — j(t)| for all
e,j € Cla,b]. Then (Y, d) is a complete metric space.
Now, we consider Fredholm integral equations

b
u(t) = h(t) +/ K(t,s,u(s))ds 4.1

b
v(t) = h(t) +/ K(t,s,v(s))ds 4.2)
where ¢, s € [a,b]. Assume that K : [a,b] x [a,b] x Y — Rand h : [a,b] — R continuous.

Theorem 4.1. Let (Y, d) be a metric space equipped with metric d(e, j) = mazc(qp)|e(t)—j(t)|foralle,j € Y
and H,Q : Y — Y are operator on'Y defined by

b
Hu(t) = h(t) +/ K(t,s,u(s))ds 4.3)
b

Qu(t) =h(t)+ | K(t, s,v(s))ds 4.4)

a

where t, s € [a,b]. Assume that K : [a,b] X [a,b] XY — Rand h : [a,b] — R is continuous. Further, assume
that the following conditions hold:

(i) If there exists a continuous function q : [a,b] X [a,b] = [0,00), 01, 02,03 € (0,1) with 61 4+ 05 + 05 < 1 that
forall u,v € Y, s,t € [a,b] fulfilling the following inequality

|K(t,s,u(s)) — K(t,s,v(s))] < q(t,s)M(u(s),v(s)) 4.5)

where M (u(s),v(s)) = [Ju(s) — v(S)I]“i%(IU(S) — Hu(s)| + [v(s) — Qu(s)])]*.
1

[5 (u(s) = Quis)| + [v(s) — Qu(s))]* [%(\U(S) — Hu(s)]

+Io(s) = Hu(s) ==+

(ii) If there exists k € [0,1) and a : Y x Y — (0, 00) such that for each v € Y, we have

b
maxte[ayb]/ q(t,s)ds < ORDE
a I

(iii) If there exists ug € Y such that a(ug, Hug) > 1.

Then the integral equations have a unique common solution in'Y .
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Proof. From (4.3), (4.4) and (4.5), we obtain
u() - Qo) = | | K (b5, u(s))ds - / K (t,5,0(5))ds|
-/ VK (15, us)) — K (15, 0(s)lds
< / " g0, 5)M (), v(s))ds

< b 61 1 H 02
_/a q(t, s)([lu(s) — o)™ [5 (Juls) = Hu(s)] + |v(s) — Quls)])]™.

15 (Ju(s) — Qu(s)] + [o(s) — Qu(s) ][5 (ju(s) — Ho(s)

2
+[u(s) = Hu(s)])]' =777 %)ds.
Taking maximum on both sides for all ¢ € [a, b], we get

d(Hu, Qu) = mazci, o Hu(t) — Qo)
< maricasy | ot s)(Juts) o)1 [~ Hulo) + 10(s) - Quo)I*
(5 (u(s) — Quis)| + lo(s) — Quis))]**
[ (lus) — Ho(s)] +Ju(s) — Hu(s)) 0%

< (mazeqan ([lu(s) — v(s)))” -[%(IU(S) — Hu(s)| + [v(s) — Qu(s)])]™.
1

(5 (fuls) — Quls)| + fo(s) — Quis) 1[5 (ju(s) — Ho(s)
b
+lols) = Hu())] ) [ g(t, s

< [d(u, )} 5 (d(u, Hu) + d(v, Qu)))* 13 (d(u, Q) + d(v, Qu))]*>.
b

[=(d(u, Hv) —|—d(v,Hu))]1_91_92_93mamt€[a,b]/ q(t,s)ds

k

(u.0)

or a(u,v)d(Hu,Qu) < kB(u,v).

N —

IN

B(u,v)

o

Since Y = Cla, b] is complete metric space. Hence, all the suppositions of Theorem 3.5 are satisfied by
setting C(v,u) = ¥ (u) — v with ¢(l) = kl and p(I) = [ for all | > 0, where k € [0, 1) and hence the integral
equations have a unique common solution.

5. Conclusion

From our investigations, we conclude that the existence and uniqueness of common fixed point theorem for
pair of quasi triangular c-orbital admissible with an interpolative (¢, )- Banach-Kannan-Chatterjea type Z-
contraction mappings with reference to simulation function in complete metric space. As an application, we find
the existence and uniqueness of common solution for nonlinear Fredholm integral equations. An example is given
in support of our main result. Our result provides new path for the researchers in the concerned field.

e

[V =)
MM

178



Common fixed point theorem. - - with application

References

[1] H. AFSHARI, H. AYADI AND E. KARAPINAR, On generalized o — ¢)-Geraghty contractions on b-metric spaces,
Georgian Mathematical Journal, (2018), https://doi.org/10.1515/gmj-2017-0063.

[2] M. A. ALGHAMDI, S. GULYAZ-OZYURT AND E. KARAPINAR, A Note on extended Z-contraction, Mathematics,
8(2)(2020), 1-14, https://doi.org/10.3390/math8020195.

[3] H. ALSAMIR, M. S. NOORANI, W. SHATANAWI AND F. SHADDAD, Generalized Berinde-type contractive
mappings in B-metric spaces with an application, J. Math. Anal., 6(2016), 1-12.

[4] O. ALQAHTANI AND E. KARAPINAR, A Bilateral contraction via simulation function, Filomat, 33(15)(2019),
4837- 4843, https://doi.org/10.2298/FIL1915837A.

[5] A. H. ANSARI, W. SHATANAWI, A. KURDI AND G. MANIU, Best proximity points in complete metric spaces
with (P)-property via C-class functions, J. Math. Anal., 7(2016), 54-67.

[6] H. ArRGouBI, B. SAMET AND C. VETRO, Nonlinear contractions involving simulation functions
in a metric space with a partial order, J. Nonlinear Sci. Appl., 8 (2015), 1082-1094,
https://doi.org/10.22436/jnsa.008.06.18.

[7] M. ArsHAD, E. AMEER AND E. KARAPINAR, Generalized contractions with triangular «-orbital
admissible mapping on Branciari metric spaces, J. of Inequality and Applications, (2016), 63:2016,
https://doi.org/10.1186/s13660-016-1010-7.

[8] V.BERINDE, Sequence of operators and fixed points in quasi metric space, Studia Univ. Babes-Bolyai Math.,
41(4)(1996), 23-27.

[9] A. FARAJZADEH, C. NOYTAPTIM AND A. KAEWCHAROEN, Some fixed point theorems for generalized o —
1 — 1-Geraghty contractive type mappings in partial b-metric spaces, J. of informatics and Mathematical
Sciences, 10(3)(2018), 455-478, https://doi.org/10.26713/jims.v10i3.583.

[10] N. HussaAIN, E. KARAPINAR AND F. AKBAR, a-admissible mappings and related fixed point theorems, J. of
Inequalities and Applications, (2013), 2013:114, https://doi.org/10.1186/1029-242X-2013-114.

[11] E. KARAPINAR, Fixed points results via simulation functions, Filomat, 30(8)(2016), 2343-2350,
https://doi.org/10.2298/FIL.1608343K.

[12] E. KARAPINAR, Revisiting simulation functions via interpolative contrations, Appl. Anal. Discrete Math.,
13(2019), 859-870, https://doi.org/10.2298/ AADM190325038K.

[13] E. KARAPINAR, P. KUMAM AND P. SALIMI, On o — 1)-Meir-Keeler contractive mappings, Fixed Point Theory
Appl., 2013(2013), 12 pages, https://doi.org/10.1186/1687-1812-2013-94.

[14] E. KARAPINAR AND F. KHOJASTEH, An approach to best proximity points results via simulation functions, J.
Fixed Point Theory Appl., 19(3)(2017), 1983-1995, https://doi.org/10.1007/s11784-016-0380-2.

[15] M. S. KHAN, Y. M. SINGH AND E. KARAPINAR, On the interpolative (¢, 1)-type Z-contraction, U. P. B. Sci.
Bull., Series A, 83(2)(2021), 25-38.

[16] M. S. KHAN, M. SWALEH AND S. SESSA, Fixed point theorems by altering distances between the points, Bull.
Aust. Math. Soc., 30(1984), 1-9, https://doi.org/https://doi.org/10.1017/S0004972700001659.

[17] F. KHOJASTEH, S. SHUKLA AND S. RADENOVIC, A new approach to the study of fixed point theorems via
simulation functions, Filomat, 29(6)(2015), 1189-1194, https://doi.org/10.2298/FIL1506189K.

3

s
2

179



Rakesh Tiwari and Shashi Thakur

[18] C. LANG aND H. GuanN , Common fixed point and coincidence point results for generalized o —
¢p-Geraghty contraction mappings in b-metric spaces, AIMS Mathematics, 7(8)(2022), 14513-14531,
https://doi.org/10.3934/math.2022800.

[19] J. L1 anp H. GuaN, Common fixed point of generalized «,-1)-Geraghty contractive mappings
on b-metric spaces, American Journal of Applied Mathematics and Statistics, 9(2)(2021), 66-74,
https://doi.org/10.12691/ajams-9-2-5.

[20] O. Popescu, Some new fixed point theorems for a-Geraghty contractive type maps in metric spaces, Fixed
Point Theory Appl., (2014), 1-12, https://doi.org/10.1186/1687-1812-2014-190.

[21] Y. M. SINGH, M. S. KHAN AND S. M. KANG, F-convex contraction via admissible mapping and related fixed
point theorems with an application, Mathematics, 6(2018), 1-15, https://doi.org/10.3390/math6060105.

[22] H. QAWAGNEH, M. S. MD NOORANI, W. SHATANAWI AND H. ALSAMIR, Common fixed points
for pairs of triangular «-admissible mappings, J. Nonlinear Sci. Appl., 10(2017), 6192-6204,
https://doi.org/10.22436/jnsa.010.12.06.

[23] A. F. ROLDAN-LEOPEZ-DE-HIERRO, E. KARAPINAR, C. ROLDAN-LOPEZ-DE-HIERRO AND J. MARTINEZ-
MORENOA, Coincidence point theorems on metric spaces via simulation functions, J. Computational and
Appl. Math., 275(2015), 345-355, https://doi.org/10.1016/j.cam.2014.07.011.

[24] J. R. ROSHAN, V. PARVANEH, S. SEDGHI, N. SHOBKOLAEI AND W. SHATANAWI, Common fixed points of
almost generalized (1), ¢),- contractive mappings in ordered b-metric spaces, Fixed Point Theory Appl.,
2013(2013), 23 pages, https://doi.org/10.1186/1687-1812-2013-159.

[25] B. SAMET, C. VETRO AND P. VETRO, Fixed points theorems for o — ¢ contractive type mappings, Nonlinear
Anal., 75(2012), 2154-2165, https://doi.org/10.1016/j.na.2011.10.014.

[26] W. SHATANAWI, Common fixed points for mappings under contractive conditions of («, 3, ¥)-admissibility
type, Mathematics, 6(2018), 1-11, https://doi.org/10.3390/math6110.

[27] W. SHATANAWI, M. S. NOORANI, H. ALSAMIR AND A. BATAIHAH, Fixed and common fixed point
theorems in partially ordered quasi metric spaces, J. Math. Computer. Sci., 16(2016), 516-528,
http://dx.doi.org/10.22436/jmcs.016.04.05.

[28] W. SHATANAWI AND M. POSTOLACHE, Common fixed point results for mappings under nonlinear
contraction of cyclic form inordered metric spaces, Fixed Point Theory Appl., 2013(2013), 13 pages,
https://doi.org/10.1186/1687-1812-2013-60.

[29] Y. Sun, X. L. Liu, J. DENG AND M. ZHoU, Some fixed point results for a-admissible extended Z-
contraction mappings in extended rectangular b-metric spaces, AIMS Mathematics, 7(3)(2021), 3701-3718,
https://doi.org/10.3934/math.2022205.

[30] S. OMRAN AND L. MAsSMALI, a-admissible mapping in C* algebra-valued b-metric spaces and fixed point
theorems, AIMS Mathematics, 6(9)(2021), 10192-10206, https://doi.org/10.3934/math.2021590.

This is an open access article distributed under the Creative Commons Attribution

@ @ License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

3

s
2

180



MALAYA JOURNAL OF MATEMATIK
Malaya J. Mat. 11(02)(2023), 181-199.
http://doi.org/10.26637/mjm1102/007

Statistical extension some types of symmetrically continuity

PELDA EVIRGEN! AND MEHMET KUCUKASLAN*?

L Institute of Science, Department of Mathematics, Mersin University, Mersin, Turkey.
2 Faculty of Science, Department of Mathematics, Mersin University, Mersin, Turkey.

Received 23 March 2022; Accepted 22 March 2023
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1. Introduction

The conception of continuity is one of the essential notions of mathematical analysis. Let X be a nonempty
subset of R and ¢ : X — R be a function. Continuity of the function ¢ at a point {y € X can be checked in two
ways:

(I) Forall € > 0, there is a § > 0 such that
| #(&) — ¢(&o) <€

holds for all £ which is satisfying | £ — & |< 4.
(M) If ¢(&,) tends to ¢(&p) when n — oo holds for all sequence (&) tends to &y when (n — c0).

The statement given in (I) is known as the Cauchy definition of continuity and (II) as the Heine definition of
continuity. It is well known that definitions (I) and (IT) are equivalent on the space, which has a countable basis.
It is more important to classify the discontinuity at that point rather than investigate the continuity of the
function. There are three discontinuity types at a point: removable discontinuity, jump discontinuity, and
infinite discontinuity. In 1958, Pervin and Levine [20] showed that a function with a removable discontinuity is

*Corresponding author. Email addresses: peldaevirgennn@gmail.com (Pelda Evirgen), mkucukaslan@mersin.edu.tr (Mehmet
Kiiciikaslan)
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continuous under certain conditions. In addition, in 1960, Halfer [12] proved, with minor modification, given by
Pervin and Levine [20] that the continuity and the removable discontinuity are equivalent under certain conditions.

In recent years, a characterization of symmetrical continuous functions at points of removable discontinuity
has been intensively studied. The symmetric continuity of functions emerged as an application of trigonometric
series theory. Mazurkiewicz [15] first gave symmetric continuity of functions [15] in 1919. Afterward, many
studies have been done in this direction [2, 4, 11, 13, 19, 21, 24, 25, 30]. Afterwards, many studies have been
done on this direction [2, 4, 11, 13, 19, 21, 24, 25, 30].

Let X be a nonempty subset of R. A function ¢ : X — R is called at a point {§; € X

(I) symmetrically continuous if for all € > 0 there exists § > 0 such that

|p(€o +A) — d(€o — A)| < €
holds, for every |A| < d. This can be also checked as limy_,o ¢(&o + ) — ¢(§o — A) = 0.

(II) weakly continuous if there are sequence &,, ' &, and sequence 7, “\, & so that

lim ¢(§n) = lim ¢ (n.) = 6(%o)

n—oo
(IIT) weakly symmetrically continuous if there is a sequence (\,) C RT with (\,,) — 0, n — oo such that

Tim (6(€0 + An) — ¢(€0 — An)) = 0.

In addition to symmetric continuity of functions, there are many studies on weak continuity [18, 22] and weak
symmetric continuity of functions [23, 29]. To ensure coordination between published studies, we will stick to
the notations used in the study [23]; SC for the set of symmetrically continuous functions, W C for the set of
weakly continuous functions and W SC for the set of weakly symmetrically continuous functions.

With the help of the definition of natural density given below, these spaces will be expanded and larger spaces
will be obtained. The smallness of a subset of natural numbers depends on its natural density. Natural density of
a subset A of natural numbers is determined by (if limit exists)

1
= i — N <
5(A) nlgr;onHkGA k <n}
where [{k € A : k < n}| denotes the number of elements of A.

Considering the definition of natural density, it can be say that a number sequence (&) is statistical convergent
¢ e Rifforevery e > 0,

lim l|{k’§n|€k7§|26}| =0.
n—oo N
It is denoted by the symbol st — lim &, = &.

Statistical convergence was first defined by Fast [8] and Steinhaus [28] in 1951. Later, in 1959, Schoenberg
[27] statistical convergence was reintroduced. In [9], Fridy gave specific results on statistical convergence. Last
ten decades, in literature there are several studies in different directions on statistical convergence [1, 3, 5, 7, 10,
14, 16, 17, 26].

The aim of this paper by using natural density to give the statistical version of continuous function, weakly
continuous function, weakly symmetrically continuous function, and strong weakly symmetrically continuous
function. Then, investigate the relationship between these new type continuities regarding inclusion with some
counterexamples.

Throughout this paper, we will consider X as a nonempty subset of R.
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Definition 1.1. [6] The function ¢ : X — R is called to be statistical continuous at a point & if for all sequence
(&n) in R such that lim,,—, oo &, = &o implies that Ve > 0,

6({n:1¢(&n) — (&) > €}) =0
holds.

Let
Le, (X) :={(&) C X : (&,) strictly increasing and 1i_>m &n="E0}

Ueo(X) :={(n,) C X : (ny,) strictly decreasing and lim n,, = }.
n—oo

Definition 1.2. The function ¢ : X — R is called to be statistical weakly continuous at a point & if the
undermentioned statements hold:

1. if Le, (X) # 0, then there exists (€,) € Le, (X) such that Ve > 0,
5({n:[o(&n) — ¢(S0)| = €}) =0,

holds,
2. ifUey(X) # 0, then there exists (1) € Ug,(X) such that Ye > 0,

5({n:[¢(nn) — ¢(&0)| = €}) = 0.

holds.

Let
SgO(X) ={(\n) C Rt : 1i_>m An=0and & + A\, &0 — A\ € X}
n o0

Definition 1.3. The function ¢ : X — R is said to be statistical weakly symmetrically continuous at &y if
Seo (X)) # 0, then there exists a sequence () € Se,(X) such that Ve > 0,

S({n: |p(éo + M) — (6o — An)| > €}) = 0.
holds.

Definition 1.4. The function ¢ : X — R is said to be statistical strong weakly symmetrically continuous at the
point & if for all real valued sequence (\,) with §o + A, &0 — A € X and lim,, o Ay, = 0 such that Ve > 0,

S({n: (€0 + An) — d(€o — An)| > €}) =0
holds.

Symbolically €%, #€°', W 7€ and .Y .7€*" will be used for the set of statistical continuous
functions, statistical weakly continuous functions, statistical weakly symmetrically continuous functions and
statistical strong weakly symmetrically continuous functions, respectively.

Lemma 1.5. Let ¢ : X — R be a function and £y € X. The undermentioned statements are true:

(i) ¢ € W L€ if and only if there exists such a set

T={t1 <te<..<ty,<..}

that 5(T) = 1 and lim, oo (¢(&o + At,,) — ¢(&o — Ae,,)) = 0.

e
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(ii) ¢ € SW . SE if and only if there exists such a set

T={t1 <te<..<ty,<..}

that 6(T) = 1 and limy,—, oo (@(E0 + At,,) — @(&0 — At,,)) = 0.
(iii) ¢ € WE*" if and only if there exists such a set

T={t1 <ta<..<t,<..}

that 5(T) =1and hmn—>oo ¢(§tn) = hmn—>oo ¢(77tn) = (b(fo)

Proof. We are going to bestow upon only the proof of (7). Statements (i) and (¢¢¢) can be proved by following
the same steps given in (i).
Assume that S¢, (X)) # 0 and 3(\¢) € Sg, (X) such that Ve > 0,

d({t € Nz [p(&o + At) — (o — Ae)| > €}) =0

holds. Putasetforj =1,2,...,
1
T :={n € N:|p(& + An) — (&0 — An)| < ;}

It is clear that
Ti DTy D...D Tj D Tj+1 Doy (1.1)

satisfies and for all j € N
o(Ty) = 1. (1.2)
Let an arbitrary element s; € T4. Considering (1.2) there exists so € T5 satisfying so > s and for all n > so
we have % > % Further, according to (1.2) there exists s3 € T3 with s3 > sg, such that for all n > s3, we
have

Thus, we obtain a sequence of positive integers
§1 <852 < ... <55 <8541 <.

thats; € T; (j = 1,2,...) and for all n > s;

Tin) _ j—1
n J

(1.3)

holds.

Let us consider the set T" as follows: Each natural number of the interval (1, s1) belongs to T further, any
natural number of the interval (s;, s;+1) belongs to T if and only if it belongs to T; (j = 1,2, ...). According to
the equations (1.1) and (1.3) foreachn, s; < n < s;41 we get

From this calculation it is apparent that §(7') = 1. Let € > 0. There exists a natural number j such that % <e
Letn > s;, n € T. Then, there exists such a number [ > j that s; < n < s;41. From the definition of 7', we
have n € Tj.
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Hence, . .
[6(60 +An) = 660 — An)| < 7 < i

Therefore,

|¢(§0 + )\n) - ¢(§0 - )\n)| <e€

for eachn € T withn > s;, i.e.,
tliglo(ﬁb(fo +At) = #(o — M) = 0.

For to prove converse implication, assume that there exists a set T = {t; < t2 < ... < t,, < ...} C N with
0(T) = 1 such that

Jim (¢(So + At ) — @60 = Ar,,)) = 0
is satisfied. So, for any € > 0, it can choose a number ny € N that for each n > ny we have
[6(S0 + Ae,) — &(So — Ae, )| <€ (1.4)
Put A, = {n € N:|¢(& + An) — #(& — An)| > €}. Then, from (1.4) we get
Ac CN —{tno41,tngt2, - -
Therefore 6(A.) = 0 and this completed the proof. [ |
Theorem 1.6. Let ¢ : X — R be a function. If ¢ € €t then ¢ € W .S €.

Proof. Let ¢ be statistical continuous at ;. Then, for every sequence (£,,) in R for which &, — & (n — o)
implies that Ve > 0,
6({n € N:|¢(&n) — &(S0)| = €}) = 0. (1.5)

Since (1.5) is provided for every sequence (£,,) in R which is convergent to &, then, we can choose (§,) =
(&0 + An) such that (\,,) € Rt and \,, — 0. Therefore,

5({n € N:[6(& + M) — 6(&)| > 51) = 0. (1.6)
Similarly, we can choose (&,) = (€9 — A,) such that (\,) € RT where A, — 0 and equation (1.5) implies that

5({n € N:[6(60 — An) — #(&0)| > 53) = 0. (17)
S0, S¢, (X)) # 0 and from (1.6) and (1.7) we have

{n € N:[¢(So + An) — d(60 — An)| = €} C

€ {n € Nefg(o + M) = 0(60)| = 5} U{n € N:[o(0 — M) = 0(&0)| = 5}

NN e

and related inequality

8({n € N:[g(60 + Aa) = (60 — M| 2 €}) <
< 6({n € N:[6(60 + M) = 9(60)| = 51 +6({n € Ne6(60 = M) = 9(&0)| = 3))

holds. This implies that
d({n € N:|p(§o + An) — d(§o — An)| > €}) = 0.

Hence, ¢ is statistical weakly symmetrically continuous at .

e
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Theorem 1.7. Let ¢ : X — R be a function. If ¢ € €', then ¢ € W E*™".

Proof. If ¢ € € then, for every real valued sequence (&,,) in X for which &, — & (n — oo) implies that
Ve > 0,
6({n € N:|¢(&n) — &(&0)| = €}) = 0.

If L¢, (X) and Ug, (X) are not empty, then there are (£,) € L¢,(X) and (1,,) € Ug,(X) such that §,, — & and
nn — &o holds. Since ¢ statistical continuous, then

5({n:|p(&n) — d(&0)| = €}) =0

and
5({n:|o(mn) — ¢(So)| = €}) =0
are satisfied. This prove our assertion. |

Theorem 1.8. Let ¢ : X — R be a function. If ¢ € €, then ¢ € LW L€

Proof. Let ¢ be a statistical continuous function at . Then, for every sequence (£,) in R for which &, — &
(n — oo) implies that Ve > 0,

5({n:1¢(€n) — ¢(&0)| > €}) = 0. (1.8)
If we choose (&,) = (&0 + A\n) for A, — 0 when n — oo, then, (1.8) implies that Ve > 0,
5({n € N:[¢(60 + An) — #(&0)| > 53) =0. (19)

Similarly, if we choose (&,,) = ({0 — A) for A,, = 0 when n — o0, Ve > 0, from (1.8) we have
5({n € N: (60 — An) — 9(&0)| = 5)) = 0. (1.10)
Therefore, Ve > 0 we have
{n e N:|p(o + An) — (S0 — An)| = €} C
€ {n € N:[9(& +An) — 9(60)| = 5} U {n € N: [8(60 — M) — 0(E0)]| 2
and from (1.9), (1.10) following inequality
6({n € N:|p(§o + An) — 0(§o — An)| = €}) <
< 8({n € N:[@(8 + Mn) = @(&0)| > 51) +0({n € N: o0 — M) — 9(60)] = 5})

}

DN ™

holds. Hence,
d({n € N:[@(&o + An) — #(€o — An)| > €}) = 0.

Hence, ¢ is statistical strong weakly symmetrically continuous at &g. |
Theorem 1.9. Let ¢ : X — R be a function. If p € S W SE°", then p € W S €.

Proof. Suggesting that ¢ is statistical strong weakly symmetrically continuous at &y. Then, for sequence V() €
R with £y + Ay, &0 — A\ € X satisfying lim,, ., A,, = 0 such that Ve > 0,

5({n € N:[¢(80 + An) — @(€0 — An)| = €}) = 0.

We can choose a subsequence (A, ) of (\,) such that (\,,) € RT with &, + A\, ,& — A, € X satisfying
An, — 0 (ng, — 00).
Therefore, Ve > 0

o({n € N: (o + Any) — d(€0 = Any)[ = €}) = 0.

Thus, ¢ is statistical weakly symmetrically continuous at .

i

186



Statistical extension some types of symmetrically continuity

Following examples are related to Theorem 1.6, Theorem 1.7, Theorem 1.8 and Theorem 1.9.
Example 1.10. Let K = {% :n € Z — {0}} U {0} a set and definea ¢ : R — {—1,0,1} by
0, §EK,

P€) =9 2, E>0NEEK,
-2, (<0NEE K.

If we consider (M) as

)\ni:{ %’ Tl?ékd,

n%ﬂ, n=k3,
then, it is clear that (A\,,) € Up(R), (=) € Lo(R) and

0, n # k3,

wuw¢wn—{2n:k3

holds. This implies that for all € > 0,
{n € N:|p(An) — ¢(0)| > €} C {k*: k € N}.
Therefore, 6({n € N: [¢p(\,) — ¢(0)| > €}) = 0. Similarly, we have

0, n # k3,

wvam—¢mn={2n_k3

and 6({n € N:|¢(=X,) — #(0)] > €}) = 0. Therefore, ¢ is statistical weakly continuous at 0. Now, let us
consider following sequence
At Z{tl?ﬂt?ékz’

&, t =k
It is clear that (M) € So(R) and

0, t# k2,

[9(0 4+ At) — @(0 — Ay)| = {4 Py

So, for any € > 0 we have
{t € N: o0+ A) — d(0 — \p)| > €} C {k?: k € N}
and this inclusion implies that

5({t € N:[p(Ae) — d(=Ae)| = €}) = 0.
Therefore, ¢ is statistical weakly symmetrically continuous at 0.

Now, let define

N 4, m# 3k —1,
" A, m =3k —1.

me>

such that A, = 0 (m — 00). Then,

0, m # 3k —1,

|¢(0+Am)¢(0Am)|{4 m=3k— 1.

e
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Let S C N be a finite set and for any € > 0, we have
{m eN: o0+ M) — (0 — X)) > €} D{3k—1:k e N}S

and

6(fm € N: [p(Am) — ¢(=Am)| = €}) =

W=

Hence, ¢ is not statistical strong weakly symmetrically continuous at 0.
Also, ¢ is not statistical continuous at 0. Because A, — 0 (m — o) for Vm € N, we have

0, m=#3k—1,

|p(Am) — ¢(0)] = {2 m =3k — 1.

There exists S C N finite set and for Ve > 0 such that
{m e N:|gp(Am) — ¢(0)] = €} 2 {3k —1: k € N}\S

satisfies. So,

S({m € N: 60| = ) > 5 #0.

Example 1.11. Ler K = {1 :n e N}, L = {n[jﬁ neN}, M={-1:neN},P= {—n[jﬁ :n e N}

and X = KU LU M U P U{0}. Define a function ¢ : X — R by

1, eeKuPU{0},
¢(¢) '{5, £e LUM.

For all sequence (\,) € So(X), we have

1+ L1, ()€K,

n[jﬁ - 1‘7 (An) € L.

[6(0 +An) = 6(0 = An)| = {

So, for any € > 0, there exists finite set S C N such that

{n € N: 60+ An) — 60— A)| = ¢} = {

is true. Hence, we have
5({n € N:[3(0 + M) — 60 — Ay)| = €}) > 0.

Thus, ¢ is not statistical weakly symmetrically continuous at 0. Also, it is known from Theorem 1.9 that the
function ¢ is not statistical strong weakly symmetrically continuous at 0. Let n, € Uy(X) and &, € Lo(X) as

follows
1 2 2 2
77t:={ \}5, AR and §m::{ m+W’m7ék’

,L’ m = kZ’
m

respectively. Then, we have

1601) — 9(0) { O tRE

n) — =

t tl/\i/i_l"t:ka’
A
MM
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and
{t € N:|g(m) — $(0)| > €} C {k*: k €N}
is satisfied for all ¢ > 0. Hence,
5({t € N: [¢(n:) — #(0)| = €}) = 0.

Similarly,
— Oa m ?é k27
[0(&m) — ¢(0)| = { |% + 1| ,m= k2,

and
{m € N: [¢(&m) — 6(0)] = €} € {k* : k € N}
implies that
6({m € N:[¢(&m) — ¢(0)] = €}) = 0.
Therefore, ¢ is statistical weakly continuous at 0.

Example 1.12. Lt K = {1 :n e Z-{0}}, L = {2 :ne N}, M = {- 2

n4+/n n—++/n
X = KU LU M U{0}. Define the function ¢ : X — R by
1, (€K,
P(£) ==
e X —K.
Let (A\,) € So(X) as
\ { 5 n#AR
n = V2 12
e = k
So, we have
0, n # k2,
|¢(O + >\n) - ¢(O - )\n)| = 22 — k2
n_}'_\/ﬁ ’n_ )

and for every € > 0,
{n € N: 60+ An) — 6(0 = A)| = €} € {k? : k € N}
imply that
5({n € N: [9(An) — &(=An)| = €}) = 0.
Therefore, ¢ is statistical weakly symmetrically continuous at 0. For all (n,,) € Up(X),

1, mmekK,

B(1m) — 6(0)] = { Aol

Hence, for Ve > 0, there exists S C N finite set such that

N, nm €K,

{m € N:[¢(nm) — ¢(0)] = €} = {N\S Nm € L.

Therefore,
6({m € N:[¢(n) — #(0) = €}) > 0.

Thus, ¢ is not statistical weakly continuous at 0.
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As a summary of the Theorems and Examples given above, we can provide the following inclusions:

G) SWIC" CWIC" ad W SC" ¢ SWSEC
(i) SWSECEWE and W EC" & IWSEC
(i) € ¢ W SC" and W SEC" L WET

(v) SHSEC" 6 W SEC" ¢ 6 and WE™ ¢ 65
V) € CIWSEC", 6 CHWSE" and € C HE*

2. Some algebraic properties of new continuities

This section examines the algebraic properties of the set of #.¢*". The results concluded that the set %7€

does not form a linear space over real numbers.
Theorem 2.1. Let ¢ : X — R be a function. If p € W .€*" and c € R then, |p|, cp € W .SE€*".
Proof. Suppose that S¢, (X) # (). Then, there exists a sequence (\,,) € S¢,(X) such that

5({n:1¢(&o + An) — d(6o = An)| > €}) = 0

holds for all € > 0. So, the following inclusion
{n € N:{|¢] (0 + An) — 8] (0 — An)| Z €} €
C {n e N:[§(&o + An) — &(80 — An)| = €}

implies that

d({n € N: 8] (&0 + An) — [@] (€0 — An)| > €}) <
<6({n e N:[¢(&o + M) — d(&o — An)| > €})

is true. Then,
5({n € N:{|g] (§o + An) — [¢] (€0 — An)| > €}) = 0.

Therefore, |¢| is statistical weakly symmetrically continuous at ;.
Additionally, ¢ € R and Ve > 0 the following inclusion

{n € Ni[(co)(éo + An) = (cd)(§0 = An)| = €} C
C {n € N:|6(& + M) — B0 — M)l =

and related inequality
5({n € N:[(co)(§o + An) — (c@) (S0 — An)| = €}) <
< 6({n € N:[9(& + An) = 660 — M)l 2 =)
hold.

So, we have

§({n € N:|(co) (&0 + An) — (cd) (&0 — An)| = €}) = 0.

Hence, c¢ is statistical weakly symmetrically continuous at &q.

Theorem 2.2. Let ¢ : X — Rand 1) : X — R be functions. If ¢ € W .S€*" and | € S W SE*" then, ¢ + 1),

& — 1, max{¢, v} and min{¢, v} € W .SE€*".
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Proof. Suppose that ¢ is statistical weakly symmetrically continuous function at the point £y and 1 is statistical
strong weakly symmetrically continuous function at the point &y. Then, S¢,(X) # () implies that there exists a

sequence () € Sg, (X) such that Ve > 0,
5({n € N:[¢(80 + An) — ¢(€0 — An)| = €}) = 0.
From Theorem 1.9, 1) is statistical weakly symmetrically continuous function at the point &y. Then,

d({n € N: (&0 + An) — (€0 — An)| = €}) = 0.

holds. Therefore, following equality

{n € N:|(@+¥)(60 + M) = (64 ) (60— M) 2 ¢} =
= {n € N:[9(& + M) — 6(€0 — M| > 5}V
U{n € N: (€ + An) = (60 — M)l 2 5}

implies that

6({n € N:[(¢+ 1) (o + An) = (@ + ) (€0 — An)[ = €}) = 0.
Similarly, we have
6({n € N: (¢ = 1) (o + An) = (¢ = ¥) (€0 — An)[ = €}) = 0.

Consequently, ¢ + 1 and ¢ — 1) are statistical weakly symmetrically continuous at the point &.

Now, the following inequality
Imax{¢, ¥} (§o + An) — max{g, ¥} (§o — An)| <

< [9& + ) ; $(60 = An)l | [¥(€0 + An) ; Y€ — Al
Ll = vlteo + ) 1o vl =l

< [6(60 + An) ; O(&0 — Al [¥(€0 + An) ; Y€ —An)l

(6 = 060+ M) = (@ = )& = M)l _

< (60 + An) = 0(&0 — An)2+ [¥(&0 +An) = ¥ (€0 = An)

_|_

implies that

{n € N: max{9, 4} (€0 + M) — max{9,%}(6 — M| 2 ¢} ©
C {n € Nef6(6o + M) = 060 — M)l 2 5}

}

N

U{n € N:[¢(o + An) = 9(60 — An)| =

holds. So, we have

5({n € N:lmax{a, ¥ }(&o + \n) — max{p, ¥} (&0 — \n)| > €}) = 0.

Similarly, the following inequality

‘min{(ba 1/}}(50 + )‘n) - min{¢7 w}(fo - )\n)| <

e
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< p(&0 + An) = D& — An)| + [ (€0 + An) — ¥(&0 — An)l

implies that

{n € N:|min{¢, }(€o0 + An) — min{¢, 9} (€0 — An)| = €} C
C{n e N:[9(&o + An) = &(§0 — An)| 2
U{n € N: [1h(§o + An) — ¥(&0 — An)| 2
holds. Hence,
6({n € N: [min{¢, ¢} (S0 + An) — min{g, ¥ }(§o — An)| = €}) = 0.
Thus, the functions max{¢, ¢} and min{¢, ¢} are statistical weakly symmetrically continuous at &. [ |

Example 2.3. (Exp.3.3. in [23]) Let A = {L :n € Z—{0}} and B = {% :n € Z — {0}}. Consider the
functions ¢, : R — R as follows:

¢, &eAu{o}, §, €§eBU{0},
¢(§): _]-7 £>O/\£¢Av and w(&): _27 £>0/\£¢Ba
1, &<0AE¢A, 2, £<0ANEEB.

The functions ¢ and 1) are weakly symmetrically continuous at 0 (see in [23]). By Lemma 1.5 the functions ¢
and v are also statistical weakly symmetrically continuous at 0.

-3, E>0NEE AUB,
3, E<ONEE AUB,
E—2, £E>0NEE€A,
(@+Y)E) =qE+2, E<ONEEA,
E—1, £€>0NE€ B,
E+1, £E<0ANE€EB,

0, §=0,
1, E>0NEE AUB,
-1, E<O0NEE AUB,

£+2, £>0ANE€A,
(@-v)(€) =9€-2, €<O0NEEA,
—£—1, £€>0ANE€B,
—£+1, £E<0ANEEB,
0, §=0,

—1, £€>0AE¢ AUB,
E<O0ANEE AUB,
&, €E>0ANE€AUB,
2, E<OANEEA,
E<ONEEB,
0, ¢&£=0,

max{¢, Y }(§) =

e
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-2, £€>0AE¢ AUB,
1, E<ONEE AUB,
. o _2a §>0/\§€7

min{e, Y} (§) = 6 E<ONECAUB,
-1, £€>0AN€€ B,
0, £E=0.

For¥(\,) € So(R) and Ve > 0,
6, An ¢ AU B,

|(¢+¢)(O+)‘n)*(¢+w)(07)\n)|: |2)‘7L—4|7 )\HEA,
2A, — 2|, A, €B.

There exists a finite subset of natural numbers S such that

N, A ¢AUB,

{neN:(¢+¢)(>\n)—(¢+w(_)‘")|Ze}:{N\S i€ AUB

Hence,

5({n € N:[(¢ +¥)(An) = (@ + ) (=An)[ = €}) > 0.

Therefore (¢ + 1) is not statistical weakly symmetrically continuous at 0. Similarly, for ¥n € N,

2, An ¢ AU B,
(@ =)0+ An) = (@ —=V)0=A)[ = [2An +4], A € A,
|—2\, — 2|, A\, € B,

3, An ¢ AU B,
|max{¢aw}(0 + )\n) - max{¢71/)}(0 - An)‘ = |)\n - 2| ) )‘n S A7
[An — 1], X, € B,

3, An ¢ AU B,
[min{¢, ¥} (0 + An) —min{g, 9} (0 = Ap)[ = ¢ [-An = 2], A, € 4,
|-An — 1|, M\, € B,
ForVe > 0,

5({n € N:[(¢ = ¥)(An) = (@ =) (=An)[ Z €}) > 0,
6({n € N: |max{¢, 1} (An) — max{@, Y} (=An)| = €}) > 0,

5({n € N: min{6, ¥} (hn) — mingg, BH(—An)| > e}) > 0.
Hence, the functions ¢ — 1, max{¢, ¢} and min{¢, 1)} are not statistical weakly symmetrically continuous at 0.

Theorem 2.4. Let ¢ : X — R be a statistical weakly symmetrically continuous function at the point &y and let
¥ : X — R be a statistical strong weakly symmetrically continuous function at the point &. If ¢ and 1 are
locally bounded at &y, then ¢ is statistical weakly symmetrically continuous at .

[V =)
MIM
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Proof. Suppose that ¢ is statistical weakly symmetrically continuous and 1 is statistical strong weakly
symmetrically continuous at the point . Then, S¢ (X) # ( implies that there exists a sequence
(An) € Sg,(X) such that Ve > 0,

€
0({n € N:[d(&o + An) = @(&0 = An)| = 51) =0
holds. Also from Theorem 1.9, v is statistical weakly symmetrically continuous function at the point &y. Then,
€
3(fn € N:[th(€o + An) = ¥(€o = An)| = 5}) = 0.

holds for Ve > 0.
Because of ¢ and ¢ are locally bounded at &, there exists K, M > 0 and § > 0 such that |¢(£)| < M and

(&) < K forall € (§ —d,&0 +96) N X.
Since (A,,) € S¢,(X), we can pick N € N such that §o + A, {0 — An € (§o — 6,60 +0) N X forVn > N
such that

[(0¥) (€0 + An) — (¢¥) (&0 — An)| =
= [¢(&o + An)¥ (€0 + An) — B(§0 — An)¥(§0 — An)| <
< 1860 + An)| [¥(&0 + An) — ¥(€0 — An)| +
+ (&0 — An)l [0(€o + An) — ¢(§0 — An)| <
< M 9o + An) — ©(&0 — An)| + K |9(&0 + An) — (S0 — An)
holds. So, following inclusion

{n € N:[(¢1) (€0 + An) = (¢9)(§o — An)| = €} C

C {n € N:M. |60 + M) = (€0 — Aa)| > }U

€

Un € NiK[6(8o + An) = 6(6o = M)l > 5}

implies that

5({n € N:|(¢9) (€0 + An) = (99) (S0 — An)| = €}) = 0.

Therefore, ¢ is statistical weakly symmetrically continuous at &. |

The following example shows that if ¢ € #.7€*" and ¢ € S W .F€*" but at least one of ¢ or ¢ is not
locally bounded, then ¢tp ¢ # /€.

Example 2.5. Consider the functions ¢, : R — R defined by

NIRRT
_ d — ) In(J¢]+1) e’e
o) =¢ and 4(5) {O, otherwise,
For every (A\,) € Rwith A, — 0, we have for every ¢ > 0
d({n € N:[p(An) — d(=An)| > €}) =0

and

d({n € N [h(An) —¥(=An)| > €}) = 0.

e
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Then, ¢ and 1) are statistical strong weakly symmetrically continuous at 0. The function ¢ is locally bounded
at 0 however 1 is not. By Theorem 1.9, the function ¢ is statistical weakly symmetrically continuous at 0.
Additionally,

#u 5 ¢ [_l’ l]
_ I mmED ere
(#v)($) {0, otherwise.
Hence, VA, € 5o(R) and Ve > 0 we have
2)\n
[(p)(0 4 An) = (89)(0 — An)| = (v + 1)

{n e N:[(09)(0+ An) = (¢9)(0 = An)| = €} =N

6({n € N: [(¢9)(An) — (¢90)(=An)| = €}) > 0.
Hence, ¢ is not statistical weakly symmetrically continuous at 0.

Theorem 2.6. Let ¢ : X — R be a statistical weakly symmetrically continuous function at £y. Suppose that
@(&) # 0 for V¢ € X and % is locally bounded at &y. Then, é is statistical weakly symmetrically continuous at

€o-

Proof. Suppose that ¢ be a statistical weakly symmetrically continuous at a point &y and let ¢(§) # 0 for V¢ € X
and % is locally bounded at &;. Let S, (X) # 0 then, there exists a sequence (\,,) € Sg,(X) such that Ve > 0,

5({n € N:[$(Eo + An) — B0 — An)| = €}) =0

and 34, M > 0 such that ‘%‘ < M, for V¢ € (§o — 0,&0 + 0) N X. Since (\,) € S¢,(X), then we can pick
N € Nsuch that £ + Ap, §o — A € (&0 — 0,80 + ) N X for Vn > N.
So, following inequality

1 1

1
‘¢(€0 + ) d(&o— An)

=060 + M) = 660~ M) | e e =
< M 1(E0 + M) — 66 — )

and related inclusion
1

1
‘sb(ﬁo T ale | 29 E
C{neN:M?*|p(& + M) — d(&0 — Mn)| > €}

{neN:

holds. Then,
1

1
‘¢(§0 ) 66— )

Therefore, 1 is statistical weakly symmetrically continuous at &. |

6({n e N: >e}) =0.

Theorem 2.7. Let ¢ : X — R be a statistical weakly symmetrically continuous function at a point £y and locally
bounded at &y. Let 1 : X — R be a statistical strong weakly symmetrically continuous function at a point &y. If
W(&) #0forall £ € X and i is locally bounded at & then, % is statistical weakly symmetrically continuous at

€o-

Proof. It is omitted because of similarity with Theorem 2.6. |

Theorem 2.8. Let ¢ : X — Y and ) : Y — R. Suppose that ¢ € W /€ and 1 be a uniformly continuous on
Y. Then, 1o ¢ € W.SE€*".

e

195



Pelda Evirgen and Mehmet Kiiciikaslan

Proof. Suppose that ¢ is statistical weakly symmetrically continuous at £y and v is uniformly continuous on Y.
Then, Se, (X) # () implies that there exists a sequence (\,,) € Se, (X)) such that Ve > 0,

6({n € N:|p(§o + An) — &(&0 — An)| 2 €}) =0
and Ve > 0,36 = 6(¢) > 03 |¢o — (1| < & implies that for ¥(o, (; € Y
[P (Co) —¥(CG)] < e (2.1
There is N' € N such that for all n. > N
[6(60 + An) — @60 — An)| < 6. (2.2)
By equation (2.1) and (2.2),
(¢ 0 ) (S0 + An) = (10 @) (S0 — An)l = [(¢(80 + An)) — 1h(d(E0 + An))| < €

So, we have below inclusion

{n e N:[(¢o9)(€o+ An) = (Vo) (S0 — An)| = €} ©{1,2,..N}

and

6({n € N:|(¢ 0 @) (€0 + An) = (¥ 0 9)(§0 — An)| = €}) = 0.

Consequently, i o ¢ is statistical weakly symmetrically continuous at &. |

The following example shows that when ¢ € #.7%€*" but 1) is not uniformly continuous on the domain, it
willbe 1o ¢ ¢ W .7E€"

Example 2.9. Define ¢, : R — R by

1, £#0,
= § =
v(©) {07 Ty o) = geone

The function ¢ is statistical weakly symmetrically continuous at O and 1) is not uniformly continuous on R.

ﬁ» EFONEF (b + 5),
0, otherwise,

(od)(&) = {

forallk € Z. For¥(A,) € So(R) and € > 0,

(¥ o) 0+ An) = (¥ og)(0—N,)| = )\n%s()\n)

{neN:[(¥od)(An) = (Yo@)(=An)[ Z €} =N
6({n € N:[(¥ 0 9)(An) = (Y0 @)(=An)| = €}) =1 > 0.

Hence, 1 o ¢ is not statistical weakly symmetrically continuous at 0.

e

196



Statistical extension some types of symmetrically continuity

3. Conclusion and some Remarks

P. Pongsriim-T. Thongsiri in [23] classified functions with removable discontinuity, and SC, WC and W.SC'
classes were created. In this study, functions with removable discontinuities were subjected to a new classification
with the help of natural density, and the following inclusions diagram was obtained. (Note that £ — D means
that £ C D)

C \
wC ¢t SC wSsC
WEst W SEC — WS

As a continuation of this study, the first question that comes to mind is to make a similar extension by taking
a different kinds of densities instead of natural density, for example, logarithmic density, uniform density, and
density produced by a regular matrix, generalized density, etc.

Maybe the other problem is determining whether there is any class of functions between X and Y where
X € {SC,WC,WSC}andY € {SW SC" , WE* , W.SEC"}.
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Abstract. The object of the present paper is to introduce a type of recurrent Riemannian manifold called nearly recurrent
Riemannian manifold . The existence of nearly recurrent Riemannian manifold have been proved by non trivial example.
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1. Introduction

Recurrent spaces have been of great importance and were studied by a large number of authors such as Ruse
[1], Patterson [2] , Walker [3], Singh and Khan([4] and [5]) etc. In 1991, De and Guha [6] introduced and studied
generalized recurrent manifold whose curvature tensor R(X,Y")Z of type (1,3) satisfies the condition:

(DuR)(X,Y)Z = A(U)R(X,Y)Z + BU)[g(Y, Z)X — g(X, 2)Y), (L1

where A and B are two non-zero 1-forms and D denotes the operator of covariant differentiation with respect
to metric tensor g. Such a space has been denoted by GK,,. In recent papers Bandyopadhyay [7], Prakasha
and Yildiz [8], Khan [9] etc explored various geometrical properties by using generalized recurrent manifold on
Sasakian manifold and Lorentzian c-Sasakian manifold.

Further one of the author Prasad [10] considered a non-flat Riemannian manifold (M™, g)(n > 3) whose
curvature tensor R satisfies the following condition

*Corresponding author. Email address: bhagwatprasad2010 @rediffmail.com (B. Prasad)
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where A and B are two non-zero 1-forms and D has the meaning already mentioned. Such a manifold called by
the author as semi-generalized recurrent manifold and denoted by (SGK),,. Singh, Singh and Kumar[11],[12]
and Chaudhary, Kumar and Singh [13] extended this notation to Lorentzian a-Sasakian manifold, P-Sasakian
manifold and trans-Sasakian manifold.

The object of the present paper is to study a type of non-flat recurrent Riemannian manifold (M™, g)(n > 2)
whose curvature tensor R(X,Y)Z of the type (1,3) satisfies the condition

(DuR)(X,Y)Z = [A(U) + B(U)|R(X,Y)Z + B(U)[g(Y, 2)X — g(X, Z)Y], (1.3)
where A and B are two non-zero 1-forms and p; and py are two vector fields such that
9(U,p1) = A(U) and g(U, p2) = B(U). (1.4)

Such a manifold shall be called as a nearly recurrent Riemannian manifold and 1-forms A and B shall be
called its associated 1-forms and n-dimensional recurrent manifold of this kind shall be denoted by (N R),,.
If in particular B = 0, then the space reduced to a recurrent space according to Ruse [14] and Walker [3] which
is denoted by K.
Moreover, in particular if A = B = 0 then (1.3) becomes (Dy R)(X,Y)Z = 0. That is , a Riemannian manifold
is symmetric accordingly Kobayashi and Nomizu [15] and Desai and Amer [16]. The name nearly recurrent
Riemannian manifold was chosen because if B = 0 in (1.3) then the manifold reduces to a recurrent manifold
which is very close to recurrent space. This justifies the name Nearly recurrent Riemannian mani fold for
the manifold defined by (1.3) and the use of the symbol (N R),, for it.

In this paper, after preliminaries, a necessary and sufficient condition for constant scaler curvature of (N R),,
is obtained. Nearly recurrent manifold with cyclic Ricci tensor and Codazzi type Ricci tensor are studied. Finally,
we give examples of (NR),, .

2. Preliminaries

Let S and r denote the Ricci tensor of type (0,2) and scalar curvature respectively and () denote the symmetric
endomorphism of the tangent space at each point corresponding to the Ricci tensor, i.e.

S(X,Y) =g(QX,Y), 2.1)
for any vector field X and Y.
From(1.3), we get
DuS)(Y, Z) = [AU) + B(U)|S(Y, Z) + (n — 1) B(U)g(Y, Z). 2.2
Contracting (2.2), we have
dr(U) = Ur = [A(U) + B(U)]r +n(n —1)B(U). (2.3)

3. Nature of the 1-forms A and B on a nearly recurrent space
From (2.3) suppose r = (,then

B{U)=0
which is not possible. Hence we have the following theorem:

Theorem 3.1. The scalar curvature tensor of (N R),, can not be zero.
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Now we consider (N R),, is of constant scalar curvature then from (2.3), we have
[A({U) + B(U)]r +n(n—1)B(U) = 0. 3.1)
Again if (3.1) holds, then from (2.3), we get

dr(U) =0,

r = constant
Hence, we can state the following theorem:
Theorem 3.2. A (N R),, is of constant curvature if and only if (3.1) holds.

Now, taking covariant derivative of (3.1) with respect to V', we get
[(DyA)(U) + (DyB)(U)]r +n(n —1)(DyB)U = 0. (3.2)
Interchanging U and V' in (3.2) and then subtracting, we get
[(dA(U,V) +dB(U,V)|r + n(n —1)dB(U,V) = 0. (3.3)

Thus we have the following theorem:

Theorem 3.3. In a nearly recurrent space of non-zero constant scalar curvature r, if the 1-forms B is closed
then A is closed , if A is closed then B is also closed.

From (1.3), we have
(DvR)(X,Y)Z =[A(V) + B(V)|R(X,Y)Z + B(V)[g(Y, 2)X — g(X, Z)Y].
This gives

(DuDvR)(X,Y)Z =[(DyA)(V) + A(DuV) + (DuB)(V) + B(DuV)|R(X,Y)Z
+[A(U) + BO)AV) + BIV)R(X,Y)Z+ (3.4)
[A(V) + B(V)IB(U)[g(Y, 2)X — g(X
Therefore from(3.4), we have
(DyDyR)(X,Y)Z =[(DyA)(U)+ A(DyU) + (DyB)(U) + B(DyU)|R(X,Y)Z
+[A(U) + BO)A(V) + B(V)|R(X,Y) Z+ 3.5)
[A(U) + BU)B(V)[g(Y, 2)X —g(X
and

(D R)(X,Y)Z =[A([U,V]) + B([U,V]))| R(X,Y) Z+ a6
B([U,V])[g(Y,2)X — g(X, Z)Y]. '

Now, subtracting (3.5) and (3.6) from (3.4), we get

(R(U,V).R)(X,Y)Z =[(dA(U,V) + dB(U, V)|R(X,Y) Z+
dB(U,V)[g(Y, 2)X — g(X, Z)Y]+ 3.7
[A(V)B(U) — A[U)B(V)].

Thus, we can state the following theorem:
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Theorem 3.4. In a (N R),, with constant scalar curvature , R(X,Y).R=0 if and only if

[(dAU, V) + dB(U, V)|R(X,Y)Z + dB(U,V)[g(Y, Z2)X — g(X, Z)Y]+
[A(V)B(U) — A(U)B(V)] = 0.

Next, we consider the case when the scalar curvature r is not constant.
From (2.3) it follows that

VUr = (DyA)(U)r + AU)(Vr) +n(n — 1)(DyB)(U). (3.8)
Interchanging U and V' in (3.8) and then subtracting, we get

[(Dy A)(U) = (DuyA)(V) + (Dv B)(U) — (DyB)(V)]r+
n(n —=1){(DvB)(U) = (DuB)(V)} + [r +n(n = DI[A(U)B(V) = A(V)B(U)] = 0.

which gives

[dA(V,U) + dB(V,U)lr + n(n — 1)dB(V,U)+ (3.9)

[r+n(n = DIAU)B(V) - A(V)BU)] =
Thus we have the following theorem:

Theorem 3.5. In a nearly recurrent space of non-zero constant scalar curvature v, the 1-forms A and B are
closed if and only if the 1-forms A and B are co-directional.

4. (N R),, with cyclic Ricci tensor

In this section we consider a (N R),, in which the Ricci tensor is a cyclic tensor, i.e.

(DxS)(Y, Z) + (DyS)(Z, X) + (DzS)(X,Y) =0, (4.1)
which implies
dr(X) =0. 4.2)
From (1.3), we have
dr(X) = [A(X) + B(X)]r + n(n — 1)B(X). 4.3)

Therefore from (4.2) and (4.3), we get
[A(X) 4+ B(X)]r +n(n—1)B(X) =0. 4.4
From (4.1), we have

[A(X) + B(X)]S(Y, Z) + [A(Y) + B(Y)]S(Z, X) + [A(Z) + B(2)]S(X,Y)
+ (= D[BX)g(Y,Z2) + B(Y)g(X, Z) + B(Z)g(X,Y)] =0,

which yields on contraction

r

A(QX) + B(QX)

or S(X,p1)+ S(X,p2) = %[g(X7p1) + 9(X, p2)]

[A(X) + B(X)]

3

.
or S(X,p1+p2) = ﬁ[g(Xam + p2)
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Above can be written as
r
S(X,p) = ~g(X, p), (4.5)

where y = p1 + po.
Hence we have the following theorem:

Theorem 4.1. If (N R),, has cyclic Ricci tensor, then - is an eigen value of Ricci tensor S and p is an eigen
vector corresponding to the eigen value.

5. (F'R),, with Codazzi type of Ricci tensor

In this section, we consider an (N R),, in which the Ricci tensor is a Codazzi type of Ricci tensor Ferus [17]
(DxS)(Y. Z) = (Dz5)(Y. X). 5.1)

By view of Bianchi identity and (5.1), we have

(divR)(X,Y)Z = 0. (5.2)
In view of (1.3), we get on contraction
(divR)(X,Y)Z = A(R(X,Y)Z)+ B(R(X,Y)Z)+ B(X)g(Y, Z) — B(Y)g(X, Z). (5.3)
Now using (5.2) in (5.3), we get
AR(X,Y)Z)+ B(R(X,Y)Z)+ B(X)g(Y,Z) — B(Y)g(X,Z) = 0. 54
In view of (5.4), we get
AQX)+ B(QX) =—(n—-1)B(X). (5.5)

From (2.2) and (5.1), we have
[A(X) + B(X)]S(Y, 2)
+ (n = 1)[B(X)g(Y, 2)

__[gg) + B(Z)]S(Yj X) (5.6)

g

I

=
I

On contracting of (5.6), we have
[A(X) + B(X)]r = [A(QX) + B(QX)] - (n — 1)*B(X). (5.7)
Using (5.5) and (5.7) in (2.3), we have

dr(X) = 0. (5.8)
Again it is known [18] that in a Riemannian manifold (M", g)(n > 3)
(divC)(X, Y)Z == [(DxS)(Y: ) ~ (D£8)(¥, X)]+
n—2 5.9
1 .
m[g(){a Y)dr(Z) — g(Y, Z)dr(X)],

where C denotes the conformal curvature.
As a consequences of (5.1) and (5.8), (5.9) reduces to

(divC)(X,Y)Z = 0,

which shows that the tensor is conservative [19].
Hence we can state the following theorem:

Theorem 5.1. If in a (NR),, the Ricci tensor is a Codazzi type tensor then its conformal curvature tensor is
conservative.
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6. Nearly recurrent with concurrent vector field

In this section first we suppose that the (N R),, admits a concurrent unit vector fields YN/,

DxV = pX, (6.1
where p is a non-zero constant .
By Ricci-identity B
R(X,Y)V =0. (6.2)
Taking covariant derivative of (6.2), we get
(DwR)(X,Y)V = —pR(X, Y)W 6.3)
Also by definition of (N R),,,we find
(DwR)(X,Y)V = [AW) + BWV)IR(X,Y)V + BIV)[g(Y, V)X — g(X,V)Y]. (64)

In view of (6.2),(6.3)and (6.4),we get
—pR(X, Y)W = B(W)[g(Y, V)X — g(X,V)Y].

On contraction, we find B
—pS(Y, W) = (n — 1) B(W)g(Y. V). (6.5)
Again on contraction of (6.5), we get

—pr=(n—1)B(V) = (n— 1)g(ps, V), (6.6)

Since p # 0 and r # 0,then from (6.6),we get

9(p2, V) #0. 6.7)

Hence we have the following theorem:

Theorem 6.1. Ifa (N R),, the associated vector field ps cannot concurrent vector field .

7. Example
Example (7.1) Let us consider M* = {(2', 22, 2%,2*) € R*} be an open subset of R* endowed with the metric
ds? = g;jda'dx? = (m4)%[(dac1)2 + (dz?)? + (dx®)?] + (dx*)? (7.1

where 7,7 = 1,2,3,4.
Then the only non-vanishes components of the Christoffel symbols and curvature tensor are

3 3 1
Fﬂ = F%4 = F§4 = 74@4)7 F%l = F§2 = F%?, = _1(334)2
R =R =R = 3 (7.2)
1441 2442 3443 16(:r4)% ‘
The non-vanishing components of the Ricci tensor are
3 3
Ri1 = Raz = R33 = _16(934)%’ Rys = _16(7)2
S
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and scalar curvature is

y 3
R=¢"Ry = ————
g 16(2%)2
Taking covariant derivative of (7.2), we get
3 3 3
Rigar,4 = W7 Rogun4 = W7 Raga34 = W (7.3)
Consequently, the manifold under consideration is not recurrent .
Let us choose the associated 1-form as
3 64(z?)—1 .
Ai — ) 327 (x*)3—4(x*)2> i =4 (74)
0, otherwise
3 1 C_
)3 EhraEn T 4 (7.5)
0, otherwise
From (1.3), we have
Rpiin,i = (A; + Bi)Ruiin + Bilgiighn — 9nigin) (7.6)

By virtue of (7.2), (7.3),(7.4) and (7.5), it can be easily seen that the Riemannian manifold satisfies relation (7.6).
Hence the manifold under consideration is a nearly recurrent Riemannian manifold (M*, g), which is neither
recurrent nor symmetric.

This leads to the following theorem:

Theorem 7.1. There exist a nearly recurrent Riemannian manifold (M*, g), which is neither recurrent nor
symmetric.

Example (7.2) Let us consider the 3-dimensional manifold M = {(z,y,z) € R, z # 0}, where (z,y, z)
are standard co-ordinate of R>.
We choose the vector fields

10 0 0 0

-2 = = _ .= = — 7.7
€1 2 aya €2 O Zaya €3 Oz ( )
which is linearly independently at each point of M.
Let g be the Riemannian metric denoted by
1, i=3j
€i,e;) = (7.8)
g( i) {0’ i
Let D be the Levi-Civita connection with respect to metric g. Then from equation (7.7), we have
[e1, e2] = 0, [e1, e3] = 2e1, [ea, €3] = 0. (7.9)
The Riemannian connection D of the metric g is given by
29(DxY,2) =Xg(Y,Z2)+Yg(X,Z) - Zg(X,Y) —g(X,[Y, Z]) (7.10)
which is known as Koszul’s formula. Using (7.8) and (7.9) in (7.10), we get
De,es = —€2, Dejez =e3, Dejeg =0,
De,e3 =e1,  Deyea =0,  De,e1 = —es, (7.11)
Dejes =0, Degea = —er,  Deger = ea.
S
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The curvature tensor is given by
R(X,Y)Z =DxDyZ — DyDxZ — Dix y|Z
Using (7.9) and (7.11) in (7.12) , we get

R(e1,e2)e1 = ez, R(ey,ea)ex =e1, R(ey,ez)e3 =0

R(es,e3)e; =0, R(ea,e3)es =3es, R(ez,e3)es =es
)
R(e1,e1)e1 = R(er,e1)ea = R(er,e1)e3 =0
R(eq,e2)e1 = R(ea,ea)ea = R(ea,ea)e3 =0
)

R(es,e3)e; = R(es,e3)ea = R(es,e3)es = 0.

The Ricci tensor is given by
3

S(eier) = > g(Rles, X)Y,e;)
i=1
From (7.13) and (7.14), we get

5(61761) = O, 5(62,62) = 2, 5(63763) =0

and the scalar curvature is 2.

ep = —e3, Rep,e3)ea =0 R(e1,e3)e3 = —e;

(7.12)

(7.13)

(7.14)

(7.15)

Since {ey, e2, e3} forms a basis of Riemannian manifold any vector field X,Y, Z € x(M) can be written as

X =aie; +biex +cie3, Y = ager + baea + coe3, Z = agzer + bzes + czes,

where a;, b;, ¢; € R ( the set of all positive real numbers), i = 1,2, 3.
Hence
R(X,Y)Z = 1161 +mies + nies

gV, 2)X — g(X, 2)Y = lze1 + moes + noes
By view of (7.16), we get
(D¢, R)(X,Y)Z = ujer + viea +wies fori=1,2,3.

where

Iy = a1babs + azcic3 — cicacs,

mq = arbsasg + agbiby — byasas + bicacs,

ny1 = 3bi1bgcy — 3bsc1by — ajasces,

lo = a1babs + a1cac3 — agbibs — ascics,

mg = agazby + bicacs — aragby — bacics,

ng = azazcy + babzcy — arazca — bibzca,

u1 = agazcy — agbzcr — arbzea,

v1 = 2bgbgcy — 2b1b3co + ajazce — asazcy,

wy = 2aga3b; — 2a1a3by — azbibs + 2bycacs,

Uy = 4b1b302 - 3b2b301 - 2@1&362 — C1C9C3 + asasCy,

vg = —2a1bocg 4+ 2a3bico + asbicsg + asbscs,
wo = —4a1babs — 2asc1¢3 + c1cac3 + 3asbobs — azcico — 3agbacy + ajascs,
us = —2&1&31)2 — a3b1b2 + 2a2a3b1 — 2b10263 — 2a1a2b3 + b26103,

v3 = 2a1babs + azcic3 — cicacs — arascs + azcics + azbibs,

wg = —3a1b3cy — azbicy + 3asbzcy + 2azbacy .
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Consequently, the manifold under consideration is not recurrent. Let us now consider 1-form non vanishes

Ale;) =
(6 ) 3([1 +mq + nl) — (lg + mo + ng)
Bles) = —(ui + vi +w;) (7.19)
’ 3(lh +ma +n1) — (lz +ma + n2)

such that
3(ly +my +mnq1) — (Ia +ma +ny) #0.

From (1.3), we have
(De,R) (X,Y)Z = [A(e;) + B(e)|R(X,Y)Z + B(e))[g(Y. 2)X — g(X, Z)Y]. (7.20)

By virtue of (7.16), (7.17), (7.18) and (7.19), it can be easily seen that the Riemannian manifold satisfies relation
(7.20). Hence the manifold under consideration is a nearly recurrent Riemannian manifold (M3, g), which is
neither recurrent nor symmetric. Thus we have the following theorem:

Theorem 7.2. There exist a nearly recurrent Riemannian manifold (M3, g), which is neither recurrent nor
symmetric.
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1. Introduction

The deformation of parametric surfaces family is determined by

cos [ sinu sinh v + sin 8 cos v cosh v
Xg (u,v) = | —cos B cosusinhv + sin §sinu coshv
wcos B+ vsin 8

Here, u, € (—m, @], v € (—00,00), B is the parameter of deformation. Xg is minimal, i.e., has zero mean
curvature. X is the helicoid, X, /2 is the catenoid. Therefore, the surfaces are locally isometric, have the same

Gauss map.
In addition, helices of X¢ match to parallel circles of X, /. Finally, we meet the classical theorem of the
French mathematician Edmond Bour.

Bour’s Theorem [1]. A helicoidal surface is locally isometric to a rotational surface so that helices of the
helicoidal surface match to parallel circles of the rotational surface.

Some other Euclidean and also Lorentz-Minkowski versions of it were studied by [2]-[14].
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Local isometry of the generalized helicoidal surfaces family in 4-space

Next, we present some fundamental geometric and differential facts of four dimensional Euclidean space. Let

T - 7 = T1Y1 + T2Y2 + T3Y3 + TaY4

be a Euclidean inner product, and let X: D C E? — E* be a parametric representation of surface M in Euclidean

4-space E*. The tangent space of M at a point p =X(u, v) is spanned by X,, and X,,, where X,, = %, Xy = %.

The first fundamental form matrix of M is obtained by

(20

E=Xy Xy, F=Xy Xy, G=Xy " Xyp.

where

We assume the surface M is regular. That is, W? = detI = EG — F? > 0. Let {n1,72,(1,(2} be a
orthonormal frame of M where 7;, 72 are tangent to M, (1, (2 are normal to M. The second fundamental form
matrix of M w.r.t. the unit normal vector (;, @ = 1, 2, is described by

I — (LfM.)
M* N*

Li = Xyu * Cia Mi = Xyv Cia Ni = Xyo Ch

where
8%x 8%x 8%x
and Xyuy = u2’ Xy = udv’ Xyy = o2 °
We determine by

@ (N)+6)(r")—2(F) (1)
2W2

(a) H; = , the mean curvature of M w.r.t. n;, i = 1,2,
(b) ﬁ = Hyny + Hans, the mean curvature vector of M,

(¢) H= 0, the surface M is minimal,

1 1\ (ul)2 2 2\ (2)2
(d) K= (L) ()~ (m )1;2@ )(5*) = () = det(lllwf“(m),the Gaussian curvature of M, respectively.

An orthonormal tangent frame field {#;, 72} of M is choosen by

1 1
= K =
m=E PTwE

(EXy — FXy),

with its Gauss map
1
= — (Xy A Xyp).
G = o (XuAX)
In this paper, we generalized the work of The Hieu and Ngoc Thang [14].

2. Generalized helicoidal surfaces family in £*

A vector (a,b,c,d) of E* will be identified with its transpose in the rest of this work.

Letvy: I C R — Tl be a curve in a plane IT in E*, £ be a line in II. A generalized rotational surface family
in [E* is described by rotating a profile curve ~ about a line (i.e., axis) /.

When ~ rotates about /, it simultaneously matches parallel lines perpendicular to the ¢, so the displacement
speed is proportional to the rotation speed. Therefore, the final surface is named the generalized helicoidal
surface family with axis ¢ and pitch a € R\{0}.
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Parametrization of the profile curve is given by

Y(w) = (f (u),0,9 (u), h(u)),

where f,g,h : I C R — R are the differentiable functions for all v € I. So, in E, a generalized helicoidal
surface family with pitch a € R\{0} is defined by

f (u) cosw

f(u)sinw

g (u) +av
h (u)

H(u,v) = ; 2.0

where f, g, h are the differentiable functions, u,a € R\ {0}, and 0 < v < 27. When a = 0, it is just a rotational
surface in E4.

By taking the first derivatives w.r.t. u and v, respectively, of the generalized helicoidal surfaces family defined
by Eq. (2.1), we find the following first quantities of the family

E:f/2+g/2+h/2, angl7 G:f2+a2,

2 2
where /% = () o2 = () .07 = ()"
We compute two normals of the generalized helicoidal surface family described by Eq. (2.1) as follows

h' cosv
1| A sinv
(1= T 0 ) (2.2)

_f’

—ff'g cosv+a(f?+h?)sinv
1 —a (f*+ NW?)cosv— ff'g sinv
- W f(f/2+h/2) ’
_fg/h/

respectively. Here, T = \/f2 + W2, W = /a2 (f2 + h2) + f2 (2 + g% + h'2).
Using the second derivatives of the helicoidal surface defined by Eq. (2.1) w.r.t. u and v, respectively,

G (2.3)

Huw = (f" cosv, fsinv, g", h"),
Huw = (_f/ sinv, f/ COSU7O7O) ’
How = (7fcosv,—fsinv,0,0),

where [ = 0"/ g’ = 29 ' = 2°h and the normals determined by Eq. (2.2) and Eq. (2.3), we have the

uZ> ou?’ Ju?>
following second quantities of the generalized helicoidal surfaces family described by Eq. (2.1):
o f//h/_f/h// w0 le_LhI
T ) ) T )
L2 _ f (_ (f/2 + h/2) g// _|_g/ (f/f// + h/h//)) M2 B af’ (f/2 + h/2) N2 _ f2f/g/
B wT o WT o WT

Hence, the mean curvatures H; (: = 1, 2) and the Gaussian curvature K of the generalized helicoidal surfaces

e

[V =)
MM
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Local isometry of the generalized helicoidal surfaces family in 4-space

family defined by Eq. (2.1) are given by as follows
(f2 +a2) h/f// _ f (f/2 +g/2) h — fh/?’ _ (a2 +f2) f/h//
W2\/f? + h7? ’
{f (CL2 +f2) {f/g/f// _ (f/2 —l—h/2) g”—l—g’h’h”} }
0 _ {2&2 (f/2 +h/2) +f2 (f/2 +g/2 +h/2)}f/g/
i Wi\ T+ ’
_ (f3f/29/2W2 _|_fh/2) f// + (fo/g/ (f/2 4 h/2) WQ) g//
o (f3f/g/2h/W2 _ ff/h/) h — a2f/2 (f/z + h/2)2 W2
W4 (f/2 + h/2)

H, =

K =

3. Bour’s theorem on generalized helicoidal-rotational surfaces family in E*

Next, we generalize the Bour’s theorem for the generalized helicoidal-rotational surfaces family in four
dimensional Euclidean space.

Theorem 1. Let H be the generalized helicoidal surfaces family described by Eq. (2.1), and let p(u), q(u),
u > 0 are the differentiable functions supplying the equation
a4 2724 (f2 —|—a2) B2
f? '
Therefore, the generalized helicoidal surface family H defined by Eq. (2.1) is locally isometric to the following
generalized rotational surfaces family

P+’ = 3.1

/f2 + a2 cos (erfffif_;zdu
/2 + a2 sin (v—&—ffzaif/azdu

f2+a2
f _fq(w)
so that helices on the generalized helicoidal surface correspond to parallel circles on the generalized rotational
surfaces.

Proof. The arc lenght element of the generalized helicoidal surface given by Eq. (2.1) is described by as
follows
s> = (f?+ ¢ + 1) du® + 2ag'dudv + (a® + f?) dv?

Setting@ = u, v = v+ [ fz“if;zdu, the generalized helicoidal surface determined by Eq. (2.1) transforms to
‘H (@, ). Considering the new parameters of the surface, its arc lenght element reduces to

ds® = [ (f*+h?) + i P (a® + f?) dv?
B a? + f2 )

On the other side, in E*, the following generalized rotational surfaces family

f(s) cost

R(st) = f(s)sint
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has the following arc lenght element
ds* = (f° + g + %) ds” + fdt*. (3.3)
Again setting f = y/a? + f2, p(u) = ¢’, q(u) = b, we get the following functions

fp(u) fq(u)

= | ————_d = | ———==du.
g /a2 + f2 u b /a2 + f2 v

Hence, differential Eq. (3.1) determines that the generalized helicoidal surfaces family given by Eq. (2.1) is
locally isometric to the generalized rotational surfaces family determined by Eq. (3.2).

The helices of H are defined by u = ug; where uy is a constant, those are match to the curves of R determined
by f = \/u3 + a?; that is, those are the circles of the plane {z3 = g (s), z4 =h(s)}.

We now taking the isometric surfaces in Theorem 1, consider the following.

Theorem 2. Let H and R be the generalized surfaces family related by Theorem 1. When the family have
the same Gauss map, those are hyperplanar, minimal.

Proof. Let {k1, k2, k3, kq} be the canonical basis in E* and denote k;; = k; A kj, 4,5 = 1,2,3,4,4 < j. So,
the Gauss map of the generalized helicoidal surface (2.1) is

ff'ki2
+ (af' cosv+ fg'sinw) ki3
1 +fhsin vk
Gn = W | + (af'sinv — fg' cosv) koz
—fh/ COS 1}/{}24
—ah’k:34

(3.4)

and also the Gauss map of the generalized rotational surface (3.2) is as follows
[ [ k12

+fpsin (v + [ Fmdu) ks

+fgsin (v+ [ gz du ) kiy (3.5)

—fpcos (v+ [ zdu) ko

—fqcos (v+ [ %du koa

1
gR:W

where

W = \/a2 (f/2 + h’2) + f2 (f/2 + g2+ h’2).
When Gy is equal to G, identically, Eq. (3.4) and Eq. (3.5) give rise to the following

af' cosv+ fg'sinv
af' sinv — fg' cosv
fh sinv

—fh cosv

—ah/

where vg = v + [ ffiﬁlﬁdu. Using Egs. (3.8) — (3.10) ,

= fpsin (vr),
= —fpcos(vgr),
= fgsin(vg),
= —fqcos (vg),
=0,

we have

B =0 and ¢ = 0.
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Local isometry of the generalized helicoidal surfaces family in 4-space
That is, generalized surfaces determined by Eq. (2.1) and Eq. (3.2) are hyperplanar.

Now, we prove surfaces given by Eq. (2.1) and Eq. (3.2) are minimal. For this, since ¢ = 0, then p # 0 by
using ((3.6) . cosv + (3.7) . sinv), it gives

af’ = fpsin (/ f;:g_(ﬂdu) .

Also, ((3.6) .sinv — (3.7) . cos v) reduces to

fg' = fpcos (/ an+ganu) .

arccot f—g, —/aig/du
af/ - f2_|_a2 :

Derivativing the last equation w.r.t. u, we obtain the following

Hence, we have

(F2+a®) (£29' + 119" = 11"9) + (a*F2 + f9"%) g = 0. G-I

The mean curvatures of the generalized helicoidal surfaces family given by Eq. (2.1) w.r.t. the following
normals

0 —fg' cosv + af’sinv
¢ 0 o = 1 —fg'sinv — af’ cosv
! 02" @@+ f2) f2 + fig” If

1 0

are described by, respectively,

H, =0,
H2 _ (f2 +a2> (fg/f// _ff/g// _f/29/) _g/ (a2f’2 +f29/2)
2((a® +12) 2 + 29)"" ’

And also, the mean curvatures of the generalized rotational surfaces family defined by Eq. (3.2) w.r.t. the
following normals

0 —/f2¢"2 + a2 2 cos (v + [ 71‘2(15112 du)
0 o= 1 _ /fzg/Q T a2f?sin (v + f f;fIaQ du)
0 b
1

G

\/(a2 -+ f2)f/2 + f2¢2 ff
0

are determined by, respectively,

H, =0,
H2 _ f29/ [(f2 _|_a2) (fg/f// _ ff/g// _ f/29/) _g/ (azflz +f2g’2)} .
2\/f2+a2\/f2g’2+a2f’2 ((a2—|—f2)f’2—|-f29’2)3/2

From Eq. (3.11), the helicoidal-rotational surfaces family have the mean curvatures Hy = 0. Finally, the
generalized helicoidal surface family determined by Eq. (2.1) and the generalized rotational surfaces family

described by Eq. (3.2) are minimal. That is, H = 0.
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Theorem 3. Let the generalized helicoidal surfaces family defined by Eq. (2.1), and the generalized
rotational surfaces family given by Eq. (3.2) having the same Gauss map be the locally isometric surfaces
family related by Theorem 1. Therefore, the parametrizations of the family are described by

f(u) cosw

f(u)sinw

g +av |’
c

V2 + a2 cos (v +f fzaif;zdu
V 2+ a%sin (v + [ ffiflﬁdu
b argcosh <@) 7
d

H(u,v) =

respectively. Here,

g(u) = \/Mm \/fz tat+ \/fz tar b — g arctan <\/(b2 —@)(f2 4+ a2)> ,

Vi@ JPra P @ (2 +a? )

and a,b,c,d € R, b > a, f > Vb? — a?.

Proof. Generalized surfaces H and R are the hyperplanar from Theorem 2. Assume H covered by the
hyperplane f (s) = ¢, and also R covered by the hyperplane § (s) = d. Since R is minimal, it is just a catenoid.
Thus, g (s) = barg cosh (3) , where b # 0. Therefore,

/f2+a2 f2g/2+a2f12
b arg cosh T = Wdu

Then, we get

L Vb2 = a2\/f? + a?
I T PR

Finally, after some computations, we obtain

w4+ 1 b2 — a?
g = b2—a21n1/i—aarctan (u))7
w—1 a
Wherew:Mfo_ia% > 0.

4. Conclusion

(3.12)

Considering the findings in the previous section, we obtain the following results.

Corollary 1. When ¢’ = 0, generalized helicoidal surfaces family H describe the helicoid. The mean
curvature of the generalized rotational surfaces family R is zero. That is, the generalized rotational surfaces
family is transform to the catenoid. By using Eq. (3.12), the pitch a is equals to b.
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Local isometry of the generalized helicoidal surfaces family in 4-space

Example 1. Taking f(u) =u,c=d=0,b=2,a =1 in Theorem 3, the other function is described by

g(u) = V3In vul+ 14 vu? _3) —arctan( 3Sf—j3”> .

Vuz+1—+vu2 -3

Then, we have the projection of the isometric helicoidal-rotational surfaces from dimension four to three. See
Figure 1 for the graphics of the helicoidal surface, and also see Figure 2 for the rotational surface.

Figure 2: Rotational surface

Jie
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1. Introduction

Let A denote the class of all analytic functions f(z) of the form
f)=z2+) apz" (ar >0,neN={1,2,3,..}) (1.1)
k=2

which are analytic and univalent in the open unit disk
U={z: 2€C;|z| < 1}.

We shall denote the class of all functions in A which are univalent in U by S, for details (see [9]; see also the
work [7], [8], [17]). For 0 < ¢ < 1, we introduce the family of new functions defined as follows:

f(2)

Q5B = {f € A: Re <(1 - )\)7 +)\qu(2)) >B,8<1, A> O} (1.2)

where D, stands for g-derivative of the function f(z) introduced by Jackson [14]. For ¢ — 1~ it reduces to class
of analytic function introduced by Ding et al. [6].

*Corresponding author. Email address: mgshrigan @gmail.com(M.G. Shrigan)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.



M. G. Shrigan and P. N. Kamble

For function f(z) € A given by (1.1) and 0 < ¢ < 1, the g-derivative of a function f(z) is defined by (also
refer [12], [21])

D,f(2) = T, (o v0q 20) 13

from (1.3), we deduce that
D, f(z) =1+ f: k] qar 271 (1.4)
[k]g = 1__qq : (1.5)

It is well known that every function f € S has a inverse f~*, defined by

U fR) =2 (z€0)

and

) =, (ol < (i) = )

where
fHw) = w — agw? + (263 — az)w® — (5a3 — 5agaz + ag)w* + ...

A function f(z) € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent in U. We denote by %
the class of all functions f(z) which are bi-univalent in U and are given by the Taylor-Maclaurin series
expansion (1.1). The familiar Koebe function is not a member of 3 because it maps the unit disk U univalently
onto the entire complex plane minus a slit along the line f% to —oo. Hence image domain does not contain in
U. A systematic study of the class X of bi-univalent function in U, which is introduced in 1967 by Lewin [17].
Ever since then, several authors investigated various subclasses of the class X of bi-univalent functions. By
using Grunsky inequalities Lewin showed that |as| < 1.51. Subsequently, Brannan and Clunie [4] conjectured
that |as| < v/2. Netanyahu [18], showed that r]peaX las| = %. In 1985 Branges [1] proved Bieberbach conjecture

which state that, for each f(z) € S given by Taylor-Maclaurin expansion (1.1) the following coefficient
inequality holds true:

lan| <n; (neN-1),

N being positive integer.

Brannan and Taha [6](see also [5]) introduce certain subclass of the bi-univalent function class ¥ similar to
the familiar subclasses S*(«r) and K(«) of starlike and convex functions of order « (0 < « < 1), respectively.
According to Brannan and Taha [6] (see also [3]) a function f(z) € A is in the class S& (o) of strongly bi-
univalent functions of order o (0 < o < 1) if each of the following conditions is satisfied

f€eXand

arg ('Z}CQS))‘ < Og; 0<a<lz€el)

and

/
arg <wg (w))‘ < %; 0<a<lwel),
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where g is the extension of f~!in U. Recently, several researchers such as (see [2, 11, 13, 15, 16, 19]) obtained
coefficients |az| and |ag| of bi-univalent functions for the various subclasses of the function class ¥. For a further
historical amount of functions of class X, see the recent pioneering work by Srivastava et al. [22, 23]. The
coefficient estimate problem involving the bound of |a,, |(n € N\ {1,2}) for each f € ¥ given by (1.1) is still an
open problem.

The main aim of the present investigation is to introduce and study two new subclasses of the function class
Y and find estimates on the initial coefficients |az| and |ag| for functions in these new subclasses of the function
class X using g-differential operator.

2. Coefficient bounds for the function class H(c, \)

We now introduce the following class of bi-univalent functions.

Definition 2.1. : A function f(z) given by (1.1) is said to be in the class H&(c, \) if the following conditions
satisfied:

feX¥and |arg ((1 —)\)@ —|—)\qu(2)>‘ < O%T; O<a<l,A>1l,zel) 2.1
and
arg <(1 - A)% + )\Dqg(w))‘ < %ﬂ; O<a<1,A>1wel) 2.2)
where the function g is given by
g(w) = w — asw? + (242 — as)w® — (5a3 — Hagas + ag)w* + - - - . (2.3)

We note that for A\ = 1 and ¢ — 17, the class H%(a, \) reduces to the class H$ introduced and studied by
Srivastava et al. [24] and for ¢ — 17, the class H%(c, ) reduces to the class By (o, A) introduced and studied
by Frasin and Aouf [11]. We begin by finding the estimates on the coefficients |as| and |as| for function in the
class HE (o, A).

In order to derive our main results, we have to recall here the following lemma.

Lemma 2.2. [9] Ifp € P then |ci| < 2 for each k, where P is the family of all functions p analytic in U for
which Re{p(z)} >0
p(z) =1+crz+coz? +e32° 4 ... for z € U.
For functions in the class H (v, A) the following result is obtained.

Theorem 2.3. Let f(z) be given by (1.1) be in the function class H&(a,N), 0 < a < 1; 0 < ¢ < 1 and
A > 1.Then
2a

laz] < V20 =N+ Bl N+ (1 —a)(1 = A+ [2];))2 @

and

402 2«
93l S TR @ T T A Bl =
A
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Proof: It follows from (2.1) and (2.2) that
f(z)

(1= N5 £ ADf(2) = [p(2))”

and
- aDgw) = )" (zweD),
respectively, where
p(z) =1+ prz+p22® + ...
q(w) =1+ qw + gw? + ...
in P. Now, upon equating the coefficients of z and 22 in (2.6) and (2.7), we get

(1 =X+ [2]4A) a2 = ap1,

-1
(1 =X+ [3]gA) a3 = aps + %p%,

—(I=A+[2]gA) a2 = aqx
and

ala—1) ,

(1= X+ [3]gA) (243 — a3) = aga + 5 i

From (2.8) and (2.10), we obtain
b1 = —q

and
2(1 - A+ 2,03 =a® (2 +4d).
Also, from (2.9), (2.11) and (2.13), we find that

2(1=X+[3lgN) a3 = o (p2 +q2) +

(67

Therefore, we obtain
2
2 Q

2720 A+ BlgNa+ (L—a)(L = A+ 20?2

a (P2 + q2) -

Applying lemma 2.2 for the coefficients ps and ¢, yields

2a
las| < \/2(1 A+ Bl Na+ (1T —a)(I -2+ [2]11)\)2’

which gives desired estimate on |as| as asserted in (2.4).
Next, in order to find the bound on |a3|, we subtract (2.11) from (2.9), We thus get

(0= 1) (1= A+ 2N a3

o (0 +4f) (1 = A+ [3]4))

20 A+ Bl as =a - ) + R

Applying lemma 2.2 for the coefficients p;, g, p2 and g2 in above equality, we get

las| < 402 + 2c '
(IT=A+[2]gA)2 (T =X+ [3]gA)

This completes the proof.
If we choose A = 1 and ¢ — 1~ in Theorem 2.3, we have the following result.

222

2.6)

Q2.7)

2.8)

(2.9)
(2.10)

@2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

2.17)

(2.18)
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Corollary 2.4. ([24]). Let f(z) given by (1.1) be in the class HE, (0 < a < 1). Then

2
< P 2.1
jaa] < 0y 5 (2.19)

and
3 2
jas] < & O;Jr ) (2.20)
If we take ¢ — 17 in Theorem 2.3, we have the following result.
Corollary 2.5. ([11]). Let f(z) given by (1.1) be in the class Bs(a, X), (0 < o < 1) and (A > 1). Then
2
laz| < < (2.21)
VO+1)2+a(l+2) - )2)
and
402 2
@ a (2.22)

< .
jas] < O+1? Toasd

3. Coefficient bounds for the function class (3, \)

We now introduce the following class of bi-univalent functions.

Definition 3.1. : A function f(z) given by (1.1) is said to be in the class H¥ (53, \) if the following conditions
satisfied:

f € ¥ and Re <(1)\)JCF:)+>\qu(z)) >0 (0<8<1L,A>1,2€l) 3.1
and
Re ((1 - /\)%w) + )\Dqg(w)> >0 (0<8<1,A>1wel). (3.2)

For functions in the class H% (5, A) the following result is obtained.

Theorem 3.2. Let f(z) be given by (1.1) be in the function class HL(8,)), 0 < 8 < 1,0 < q < 1 and
A > 1.Then

. 2(1-p5) 2(1-p)
a2 <mm{(1—)\+[2]q/\)’ (1—)\+[3]q/\)} G-
and
o208 40— py 21 )
laa] < m‘“{u B T AT @ T oA BN } G4
E 2
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Proof: It follows from (3.1) and (3.2) that
f(2)

(1= NT2 4 AD,f() = B+ (1= ()

and
=02 ADg(w) = B+ (1 Bla(w)  (zweU),

w
respectively, where
p(z) =1+ prz+p22® + ...
q(w) =14 qw + guw? + ...

in P. Now, upon equating the coefficients of (3.5) and (3.6), we obtain

(L= A+ [2lgA) a2 = (1 = B)p1,

(L= A+ BlgA) az = (1 = B)p2,

—A=A+[2gN) az=(1-B)n
and

(1= A+ [3]¢A) (203 — a3) = (1 - B)ge.
From (3.7) and (3.9), we obtain
P1=—q

and
2(1 = A+ 20763 = (1= 8)” (p] +af) -
Also, from (3.8) and (3.10), we have
2(1 = A+ [8]g\)a3 = (1 - B) (b2 + a2).-
Applying lemma 2.2 for (3.12) and (3.13), we get

|CL2| <min{ 2(1_B) 2(1_B) }
- A=A+ 20N) VA =X+[3]A) [

we get desired estimate on |as| as asserted in (3.3).
Next, in order to find the bound on |as|, we subtract (3.10) and (3.8), we get

2(1 = A+ [3]gA) as = (1= B) (p2 — q2) + 2(1 = A+ [3]¢)) a3,
which, upon substitution of the value of a% from (3.12), yields

‘a ‘ _ (1 B 6)2
TR = A+ 21,02
On the other hand, by using (3.13) into (3.15), it follows that

e L
21 — A+ B],\)?

Applying lemma 2.2 for (3.16) and (3.17), yields

(1-5)

0 +a) + m(@ —q2).

p2.

lag| < min{(l A+ [BlA) (1= A+ [2],0)2 + (1 =X+ [3]g\)

This completes the proof.
The next Corollary can be easily obtained from Theorem 3.2.
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20-5) _ 4(1-p NS

(3.5)

(3.6)

3.7)

(3.8)
(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

3

s
2




Initial coefficient estimates for subclasses of bi-univalent functions

Corollary 3.3. . Let f(z) given by (1.1) be in the class H%, 0 < 8 < 1. Then

[20-5) <g<
|ag| = 5 for0sB<1/3 (3.19)

1—5, for1/3<pg <1

and

2(1-6)

las| < 3

(3.20)

Remark 3.4. Corollary (3.3) provides an improvement for the estimates obtained by Srivastava et al. ([24]).

Corollary 3.5. ([24]). Let f(z) given by (1.1) be in the class HE, (0< B < 1). Then

2(1 —
las| < -5 (3.21)
3
and
1-5)(5-3
Mﬂﬁg——ﬁ%——ia. (3.22)
If we choose ¢ — 17 in Theorem 3.2, we have the following result.
Corollary 3.6. ([11]). Let f(z) given by (1.1) be in the class Bs(8,A), (0 < 8 < 1) and (A > 1). Then
2(1-5)
<3\ /- .
ool <4/ 55 (3.23)
and
4(1-p6)2 201 -
jag < 2007 20— F) (324)

A+1)2 " 2x+1

Remark 3.7. . For \ = 1 the results obtained in this paper are coincides with the results discussed in ([2]).
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Abstract. Let G = (V, E) be a graph with the vertex set V(G) and S be a subset of V(G). If every vertex of V is
dominated by S at least twice, then the set S is called a double domination set of the graph. The number of elements of the
double domination set with the smallest cardinality is called double domination number and denoted by yx2(G) notation. In
this paper, we discussed the double domination parameter on some types of shadow distance graphs such as cycle, path, star,
complete bipartite and wheel graphs.
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1. Introduction and Background

Many real-life problems can be modeled mathematically by using differential equations, integral equations,
algebraic relations, etc. However, the graphical representation of such problems, showing how the various
components are related, appeals to anyone working on it. Although the beginning of these graphic representations
dates back many years, its emergence as a concrete mathematical structure was shaped by the finding of a new
branch of mathematics, graph theory. As one of the most important characterizations, graph domination, has been
associated with various application areas such as analyzing chemical structures, electrical and communication
networks, and database management. Thus, graph domination has attracted interest from many mathematicians
due to its application potential to apply many problems such as design and analysis of communication networks
as well as defense supervision [4, 14, 19].

Now, we provide some basic information and definitions that will form the basis of this study. In general,
we follow [8, 15]. Let G = (V(G), E(G)) be a graph. The open neighborhood of a vertex v € V(G) is
N(v) = Ng(v) = {u € V(G) | uv € E(G)}, and its closed neighborhood N[v] = N(v) U {v}. The degree
of v, denoted by deg(v), is the size of its open neighborhood. One degree vertex is called as a pendant vertex
or a leaf, and its neighbor is called a support vertex. An edge incident to a leaf (or a pendant vertex ) is called a
pendant edge.

Let D be a subgraph of the vertex set of a graph G. If D is a dominating set in a graph G then every vertex
in V(G)\D is adjacent to at least one vertex in D, and the number of elements of the minimum cardinality

*Corresponding author. Email address: aysun.aytac@ege.edu.tr (Aysun AYTAC), ayshhen.mutlu@gmail.com (Aysen MUTLU )

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.



Double domination number of the shadow (2,3)-distance graphs

domination set is called the domination number of G, denoted by (G) [15]. Many variants of domination
parameter are studied in the literature [1-3, 6, 7, 11, 13, 16, 17].

In this paper, we focused on the double domination parameter. Double dominating set (abbreviated DDS' )
is introduced in [12]. A set S C V is a double dominating set for G if each vertex in V' is dominated by at least
two vertices in S. The smallest cardinality of a double dominating set is called the double domination number
Yx2(G). If S is a DDS of G of size as double domination number, then it is called as yx2(G)-set [12, 13].
Frankly, double domination is defined only for graphs without isolated vertices.

Let D be the set of all distances between distinct pairs of vertices in G and let Dy C D is called the distance
set. The distance graph of G denoted by D (G, Dy) is the graph having the same vertex set with G and if
d(u,v) € Dy then two vertices v and v are adjacent in D (G, D). The shadow distance graph of G, denoted by
Dy (G, Dy) is formed from G to satisfy the following properties [12, 18, 20] :

PI : G has two copies say G itself and G’
P2 :if u € V(G) is first copy then the corresponding vertex as v’ € V (G’) is second copy
P3 : the vertex set of shadow distance graph, Dq (G, Ds),is V(G) UV (G')

P4 : the edge set of shadow distance graph , Dy (G, D;),is E(G) U E (G') U Ey4s where Ey; is the set of all
edges between two distinct vertices u € V(G) and v' € V (G’) that satisfy the condition d(u,v) € D, in
G.

2. Main Results

We recall the following results related to the double domination number of a graph.
Theorem 2.1. [10] Let G be a graph with no isolated vertices. Then 2 < vy 2(G) < n.
Theorem 2.2. [10] If G is any graph without isolated vertices, then v(G) < vx2(G) — 1.
Theorem 2.3. [5, 10, 12]

a) If G = P, is a path graph for n > 2, then yx2 (P,) = [%]
b) If G = C,, is a cycle graph for n. > 3, then v« (C,) = (%"]
¢) If G = Ky, is a star graph for m > 1, yxo (K1 ) = m + 1.

Observation 2.4. [9] Each DD — set generated for any graph must contain all leaves and support vertices of
the graph.

We begin our results with the some distance shadow graphs.

Theorem 2.5. If G = P, forn > 8, then

@ ,n=3,4 (mod)5)
7X2(Dsd(G7{2})): @ +1 ,n=0,2 (m0d5)
_w_ 42 n=1 (mod5)
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Proof. Consider two copies of G, one G itself and the other denoted by G’. Let V; = {1,2,...,n} be the
vertices of G and let V5 = {n+1,n+2,...,2n} be the vertices of G’. We first establish upper bounds on
Yz (Do (G, {21)). Let
l#]-1 l#]-1
D= U {(i+2),(5i+3)}, Dy = U {(n+5i+2),(n+5 +3)}and D= D; U Ds.

=0
If n = 0(mod5), let S = DU{(nfl) (anl)}. If n = i (mod5) where i € {1,2,3,4}, let S =

DU{(n—-1),(n—2),(2n—1),(2n —2)}. In all cases, the set S is a DD — set of Dy4 (G, {2}). Further
if n = 0,2 (modS5), then |S| = [M] + 1, while if n = 1 (mod 5), then |S| = [M] + 2. Finally,

if n = 3,4 (mod 5), then || = {4("7“)] Hence, 7x2 (Dsa (G, {2})) < [%} if n = 3, 4 (mod 5),

w2 (Dya (G, {2))) < [4(”5—“)] Flifn = 0,2(mod5) and vxs (Dsq (G, {2})) < [ Wﬂ +2ifn =
1 (mod 5).

Now let’'s prove the lower bounds on .2 (Dsq(G,{2})). Let’s assume that the set
X = {wr,u2, .y Uiy ooy Uy Ut 15 - - -5 Uy - - -, Ug b 1S @ Y2 — set. Here; u; and w; are any two positive
integers such that u; < up < -+ < Uy < -+ < Uy < Upgp < - < U < --- < Uy, wherel <wu; <n
ie{l,2,...mfandn+1<u; <2nje{n+1,...,2}. Wehave f, = w10 —u, fort € {1,2,..., 20 — 2}
and t # m — 1. To show the inverse of the inequality, we need to show that f; < 5.

Suppose f; > 6 for at least one value of x. Without loss of generality, assume that f; = 6. In accordance
with this claim; the following sets are obtained.

[=2]-1
Dy =1{2,3,8,9} U U {(Gi+13),(5i+14)} 3 and
=0
[ ]-1
D2':{(n+2),(n+3),(n+4),(n+8),(n+9),(n+10)}u U {(n+5i+13),(n+5i+14)}
=0

In this case, X = Dy’ U D, and |X| = 10 + 4 [2Z12]. If n = 3 (mod 5) , then |X| = 10 + 4 (%£8) =
4nt18 " However, this value contradicts the upper value we found earlier as |S| = 22 for n = 3 (mod 5). A
similar situation can easily be seen that the values obtained for n = 0,1, 2,4 (mod 5) according to the X set
contradict the upper limits we obtained earlier. For all values of n according to mod b, it is easily seen that
Uy + U2 + Umg1 + Uy = 2n+10sinceu1 =2,uy =3, Upt1 =n+2and Uy,42 =n + 3.

m—3
If n = 0 (mod 5), then Z fi, + Z fto + f—2 + fo—2 < 5(x—6) + 4. Thus, we get > fi, +
to=m+1 t1=1

Z Jto = (Um—1 + Um—2 + U1 +Up_2) — (20 +10) + frn—2 + fo—2. For n = 0(mod 5), up—1 =
to=m-+1
n—2,Uno=n—3, U1 =2n—2andu,_o=2n—3, frn_o = fr_2 = 2. So, we have 6n — 10 — 2n —

10+4 < 5z —30+4andz > [22H9] Inthiscase, |[X| = o > [22H0] = { ("“)] + 1. This implies

that yx2 (Dsa (G, {2})) > [4(%1)1 L

If n = 1 (mod 5), theantl—i— Z fto + fn—3+ fm—2+ fo—3 + fo—2 < 5(x — 8) 4+ 8. Thus, we

tz m+1
get Z ftl + Z fwz = (um—2 + Um—3 + Ug—2 + ux—?)) - (27’l + 10) + fm—3 + fm—2 + fw—3 + .fz—2~
to=m-+1
Forn =1modS), Umo=n—3, Um3=n—4, U2 =2n—3,up_3=2n—4and f,,_3 = frn_o =
fe_s = fe_o=2.So,wehave 6n — 14 —2n — 10 < bxr —40and x > {4”7';16]. In this case, =z >

[42:416] — [0 ] 4o, This implies that 7z (Dea (G, {2)) > [ 2052 ] 42,

e
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m—4 r—4
If n =2(mod5), then Y fr, + > fio + fr—3+ fm—2+ fo—s + fo—2 < 5(x — 8) + 16. Thus, we

t1=1 to=m+1

get Z St + Z Jto = (Um—2 + Upm—3 + Up—2 + Uz—3) — (2n + 10) + fr—3+ fin—2 + fo—3 + fo—2. For
ti=1 to=m-+1
n=2mod5), Um-o=n—4, Um-3=n—05, Uy o=2n—4,u, 3=2n—>5and f,,,_3= fin_2 =fe_3 =

fo-z = 4. So, we have 6n— 18 — 20 — 10 < 5z —40and ¢ > [42H12] = [HE] 41 qn ehis case,

1X| =2 > [4H2] = [ (”H)_‘ + 1. This implies that’)/xg( sa (G, {2})) > [@—‘ +1.

If n = 3(mod5), then Z fo + Z fto < 5(x—4). Thus, we get
t=1 to=m+1
m—2 r—2
Sfe + 00X fio, = (Um At Um—1t+uztuz—1) — (2n+10). For n = 3 (mod5),
=1 to=m+1
Uy = N, Up—1 =N — 1, and u, = 2n, u,_1 = 2n — 1. So, we have 6n — 2 — 2n — 10 < 5z — 20 and
z > [8]0 In this case, |[X|] = =z > [&B] = [@—‘ This implies that
V%2 (Dsd (G7 {2})) > ’VW—I .
m—2 r—2
If n = 4(@mod5), then > f., + > fi < 5(z —4). Thus, we get
t1=1 to=m-+1
r—2
Z fio + X fio, = (umtum-1tus+uz,—1) — (2n+10). For n = 4 (mod)5),
t1=1 to=m+1
Uy =N —1, U1 =N — 2, Uy =2n — 1l and u,_1 = 2n — 2 So, we have 6n — 6 — 2n — 10 < 52 — 20 and
x > {%W. In this case, |X| = =z > {%W = [@-‘ This implies that

vx2 (Dsa (G,{2})) > [@—‘ Thus, the desired equality is obtained as a result of the lower and upper

bounds on yx2 (Dsq (G,{2})) -
This completes the proof.

|
Theorem 2.6. If G = C,, for n > 11, then
Fin ]
?” n=0, 4 (mod5)
Fin ]
vx2 (Dsq (G, {2})) = + +1 ,n=1,3 (mod5)
Fin
?n +2 ,n=2 (modH)
Proof. Let the vertices of the D4 (G, {2}) graph be divided into two sets of V (Dsq4 (G,{2})) = V1 U V4
where Vi = {1,2,...,n} and Vo = {n+1,n+2,...,2n}.We first establish upper bounds on

vx2 (Dsq (G, {2})). Let

[#52]-1
Di={1,n}us |J {Gi+5),(5i+6)}p,
=0

Dy={(n+1),2n)}ul U {(n+5i+5),(n+5i+6)} pand D= Dy U D,.

i=0
Ifn=1(mod5),letS=DU{(n—1),(2n — 1)}, in other cases S = D. In all cases, the set S isa DD — set
of Dyq (G,{2}). Further if n = 0, 4 (mod 5), then |S| = [42], while if n = 1, 3 (mod 5), then |S| = [42] + 1.

E =

[V =)
MM
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Finally, if n = 2 (mod 5), then |S| = [42] + 2. Hence, vx2 (Dsa (G,{2})) < [%2] if n = 0,4 (mod 5),
Yx2 (Dsa (G, {2})) <[] + 1if n =1, 3 (mod 5) and yx2 (Dsq (G, {2})) < {‘”ﬂ +2ifn =2 (mod 5).

Now let’'s prove the lower bounds on vxa(Dsq(G,{2})). Let’s assume that the set
X = {u1,u2, . s Uiy ey Uy Y15 - - -5 Ujy - - -, Ug } 1S @ Y2 — Set. Here; u; and w; are any two positive
integers such that u; < up < -+ < Uy < -+ < Uy < Upgr < - < Uj < - < ug,wherel <wu; <n
i e {1,2,,..,om}and n+1 < u; < 2nj € {n+1,...,z}. We have f; = wyo — w for
te€{1,2,...,x — 2}and t # m — 1. To show the inverse of the inequality, we need to show that f; < 5.
Suppose f; > 6 for at least one value of ¢t. Without loss of generality, assume thatf; = 6. In accordance with
this claim; the following sets are obtained.

[257] -1
Dy ={1,n}u U {(Gi+6),(5:+7)}p and
i=0
o5
Dy ={(n+1),(n+2),(n+5),(2n)}U U {(n+5i+6),(n+5i+7)}
i=0

In this case, X = Dy' U D, and | X| = 6 + 4 [27]. If n = 0 (mod 5), then |X| = 6 + 4 (2£2) = 4ntl0,
However, this value contradicts the upper value we found earlier as |S| = %" forn = 0 (mod 5). A similar
situation can easily be seen that the values obtained for n = i (mod 5), i € {1,2,3,4} according to the X set

contradict the upper limits we obtained earlier. This contradicts our claim. Thus, it must bef, < 5. In this case,
m—2
we have Z fi, + Z ft2 < 5(x —4). Furthermore, for all values of n according to mod 5, it is easily
to=m-+
seen that u1 + U2 + Um+1 + Umt2 = 2N + 13 sinceu; =1, upg =6, U1 =n+ 1and uy42 =n+5.
m—3

If n = 0(mod5), then Z fo, + Z fto + fm—2 + fo—2 < 5(x—6) + 8  Thus, we get
to=m+1
m—3

th1+ Z ft2+fm 2+f:1:2—(um 1+um 2+u:1: 1+ux 2) (2n+13)+fm72+fzf2 For
to=m+1

n—O(modS) Up_1=N—4, Upm_o=n—5,u_1=2n—4,andu, o =2n—>5, fin_o = fo_2 =4. So,
we have 6n — 18 — 2n — 13 S 5(z—6)andz > [4:1]. Inthiscase, |[X| = z > [22=1] = [42]. This
implies that yx2 (Dsq (G, {2})) [42].

m—2 r—2
If n = 1(mod5), then Z fi, + Z fto, < 5(x—4). Thus, we get > fy, + > fi, =

t1=1 to=m+1 t1=1 to=m+1
(U, + Um—1 + Uz + Up—1) — (2n 4+ 13). For n = 1 (mod3), upy, = N, Up—1 = n — 1, up; = 2n and
Uz—1 = 2n — 1. So, we have 6n — 2 —2n — 13 < 5z —20and 2 > [4%t2] = [42] 4 1. In this case,
|X| = x > [%2]+ 1. This 1mphes thatvxz( (G, {2}) =[]+ 1.

If n = 2(mod5), then Z fo, + Z fto + fm2 + fo2 < 5(x—6) + 4. Thus, we get

to=m+1
th1+ Z ft2+fm 2+fa:2—(um 1+um 2+uw 1+Uz 2)+fm 2+f:v 2_<2n+13) For
to=m+1
n = 2(mod)S), Upo1 = n—1,Upo2 =N —2,uU,17 = 2n—1, u,_o = 2n — 2. So, we have

6n—6—2n— 13 < 5(:13—6) andz > {%] =[] +2. In this case, |X| =z > [%]+2. This
implies that vx2 (Dsa (G, {2})) > [42] + 2.

m—3 x—3 m—3
If n = 3(mod5), then > fi, + >, fio + fim—2 + fo—2 < 5(x—6) + 6. Thus, we get > fi,+

t1=1 to=m-+1 t1=1

r—3

Z ftz + fm72 + fzf2 = (Umfl + Um—2 + Uzg—1 + UCE*Q) - (QTL + 13) + fm72 + fmiQ' For
to=m+1
n=3(mod5), Up-1=1n—2, Up2=n—3, U1 =2n—2, up 2 =2n—3and f,,,_2 = fo—2 = 3. So,
we have 6n—10—2n—13 < 5(z —6)andz > [#55] = [L]+ 1L Inthis case, [X| = = > [$]+1,
This implies that vy (Dsq (G, {2})) > {4?”} + 1.
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m—3 x—3
If n = 4(@mod53), then > fi, + > fio+ fm—2+fo—e < 5(x—6) + 8  Thus, we get
t1=1 to=m+1

m—3 r—3
le ft1+t > 1ft2 + fm—2 + fe2= (Um—1 4+ Um—2+Up—1 +Uz2) — (20 +13) + fr2 + fr_o. For
t= 2=m
n = 4 (mod 5),+um,1 =n—3Un2o=n—4u, 1 =2n—3, U2 =2n—4and f,,_o = fr_o =4. So, we
have 6n — 14 —2n — 13 < 5(z—6)and z > [2%3] = [42]. In this case, | X| = = > [%*]. This
implies that vx2 (Dsa (G, {2})) > [42].
Thus, the desired equality is obtained as a result of the lower and upper bounds on vy« (Dsq (G, {2})) .

This completes the proof.

Theorem 2.7. Form > 1landn > 2, let G = K,, ,, be a bipartite complete graph with (m + n)-vertices. Then,
the double dominance number of the graph (Dsq(G,{2}) is vx2 (Dsa(G, {2})) = 4.

Proof. Let the vertices of the D4 (G, {2}) graph be divided into four sets of V' (D4 (G, {2})) = ViUV UV/ U
Vy, where Vi = {v1,v2,...,0m}, Vo = {v1,09,...,00}, V] = {v],v},... v, } and Vi = {w],v},... v}
We first establish upper bounds on 7y (Dsq (G, {2})). If S = {v1, v1, v}, 0]}, then the set S is the DD — set
of the graph Dy (G, {2}). Thus, yx2 (Dsq (G,{2})) < 4.

For the lower bound, let the set T be the yx2 (Dsq (G, {2})) — set. Assume that |T'| = 3. This requires that every
vertex in 7T has at least one neighbor still in 7. Taking into account that V; = V/and Vo = VJ, the following
cases are obtained.

Casel. Letu; € Vi ,v; € Vo,v; € VJ. Assume that T = {u;,v;,v;} i € {1,...,m}, j,t € {1,...,n}
and j # t. However, in this case, there will be vertices in the graph Dg,4 (G, {2}) that are not double
dominated.

Case 2. Letu;,u; € Vi, u; € V{. Assume that T = {u;, u;,u;} i,j,t € {1,...,m} and i # j # t. However,
in this case, there will be vertices in the graph D4 (G, {2}) that are not double dominated.

Case 3. Letv;,v; € Vo, v, € V5. Assume that T = {v;,v;,vi} 4,5,t € {1,...,n} and i # j # t. However,
in this case, there will be vertices in the graph D4 (G, {2}) that are not double dominated.

Case 4. Letu; € Vi, uj € V{,v; € V4. Assume that T = {u;,u},vi} i,5 € {1,...,m} .t e {l,...,n}
and i # j. However, in this case, there will be vertices in the graph D4 (G, {2}) that are not double
dominated.

Case 5. Letv; € Vo, v, € Vo ,u; € V{ . Assume that T = {v;,v;,w;} j,t € {1,...,n}, i € {1,...,m}
and j # t. However, in this case, there will be vertices in the graph D4 (G, {2}) that are not double
dominated.

Case 6. Letu; € Vi ,v; € Vo, up € V/. Assume that T = {u;,v;,u;} it € {1,...,m}, j € {1,...,n}
and ¢ # t. However, in this case, there will be vertices in the graph D4 (G, {2}) that are not double
dominated.

In all cases, some vertices of the graph cannot be double dominated. Thus, we get vx2 (Dsq (G,{2})) =

|T'| > 4. Thus, the desired equality is obtained as a result of the lower and upper bounds on yx2 (Dsq (G, {2})) .
This completes the proof.

|

Corollary 2.8. Let G = Sy, be a star graph with (n + 1)-vertices. Then, the double dominance number of the
graph (Dsa(G,{2}) is 7x2 (Dsa(G,{2})) = 4.
S
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Proof. If m = 1 and n > 2, then K,, ,, = K ,. Thus, the proof of the result is easily seen from Theorem
2.7. |

Theorem 2.9. Let G = W1, be a wheel graph with (n + 1)-vertices. Then, the double dominance number of
the graph (Dsq(G,{2}) is yx2 (Dsa(G, {2})) = 4.

Proof. Let the vertices of the D4 (G, {2}) graph be divided into two sets of V' (D4 (G, {2})) = V (G)UV (G'),
where V (G) = {c1,u1,...,u,} and V (G') = {c},u],...,u,}. Let ¢; be the central vertex of the graph G.
We first establish upper bounds on vx2 (Dsq (G,{2})). If S = {c1,u1, ¢}, u}}, then the set S is the DD — set
of the graph Dy, (G, {2}). Thus, yx2 (Dsq (G, {2})) < 4.

To complete the proof, we need to prove the lower bound. Let the set T' be the v« (Dsq (G, {2})) — set.
Assume that |T| = 3. For double dominating of vertices in T, at least one neighbor of each vertices must be in
T'. Thus, we have the following states.

Case 1. Let every vertex in T be at V (G). Since deg (c¢1) = n, one of the vertices must be ¢; ( or every vertex
in T be at V (G’)). However, in this case, there will be vertices in the graph D4 (G, {2}) that are not
double dominated.

Case 2. Let two vertices in T be at V (G) and the other at V (G’). Since deg (¢1) = n, one of the vertices must
be ¢; (or two vertices in T be at V (G')and the other at V (G)). However, in this case, there will be
vertices in the graph Dy, (G, {2}) that are not double dominated.

In all cases, some vertices of the graph cannot be double dominated. Thus, we get vx2 (Dsq (G, {2})) =
|T| > 4. The desired bounds are obtained as a result of the upper bounds on yxa (Dsq (G, {2})) that were
established earlier.

This completes the proof. |

Theorem 2.10. If G = P, for n > 10, then

{4”;% 41 n=1 (mod5)
Ds s =
5 , otherwise

Proof. We first establish upper bounds on 2 (Dsq (G, {3})). We have deg (u1) = deg (u,) = deg (un41) =
deg (ugn) =2,deg(u;) =2, 1€ {2,3, n—1,n—2,n+2, n+3, 2n—1, 2n — 2} and deg (u;) =4,j €
{4, ..., n—=3,n+4, 2n—3}. Letthe set D be a DD — set of the graph D, (G, {3}). Therefore, in order
to double dominate the vertex u;, it must have neighbors as well. Similarly, this is valid for the vertex w,, 1. So,
{ug,uq, Upt2,unta} € D. In order for the vertices in D to be double dominated, us and its duplicate, w45,
must be added to S. In this case the vertices ug , u7 and similarly the vertices wu, ¢ , un47 that are copies of
these peaks are double dominated by the set D. For double dominating of the vertices ug and w7, the vertices
Up+9 , Unt10 are added to D since D is a DD — set. Add the vertices ug , u1g for u, ¢ and u, 7. Continuing
in this way, upper limits on yx2 (Dsq (G, {3})) are obtained. Let

2]
D= U {U5i+4 y U5i+5 5 Un45i4+4 un+5i+5} U {U2 , Un+2}-
i=0

Ifn=0(@mod5),letS = D. Ifn = 1,2,3(mod5), let S = D U {uy,, us,}. Otherwise, n = 4 (mod 5 ),
S = D U {up,Up—1,U2n,U2,—1}. In all cases, the set S is a DD — set of Dgq(G,{3}). Further if

n = 1(mod5), then [S| = [428] 4 1, while if n # 1(mod5), then |S| = [4%2]. Hence,

Yx2 (Dsa (G, {3})) < [#28] + 1if n = 1 (mod 5 ) and otherwiseyy2 (Dyq (G, {3})) < [22] + 1.
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Now let’'s prove the lower bounds on 7xa(Dsq(G,{3})). Let’'s assume that the set
X = {ur,uo, .., U,y U, Uing 1, -+ -, Ujy ..., Ug } IS @ Yxo — set. Here; w; and u; are any two positive
integers such that u; < up < ... < u; < ... < Uy < Upy1 < ... < uj < ... <u,,wherel <u; <n
i e {1,2,....om}andn+1 < u; < 2n j € {n+1,...,x}. We have f; = w2 — u; for
te{l,2,...,2—2}and ¢t # m — 1, m. To show the inverse of the inequality, we need to show that f; < 5.
Suppose f; > 6 for at least one value of ¢{. Without loss of generality, assume thatf; = 6. In accordance with
this claim; the following sets are obtained.

D'={2,45(n+2),(n+4),(n+6),(n+9)}U
[#52]-1
U {Gi+10),(5i+11), (n + 5i + 10), (n + 5i + 11)}
=0

In this case, X = D’ and [X| = 8 +4[2:2]. If n = 0(mod 5), then |X| = 8 + 4 (255) = 4ni20,
However, this value contradicts the upper value we found earlier as |S| = 4”%10 for n = 0 (mod 5). A similar
situation can easily be seen that the values obtained for n = i (mod 5), i € {1,2,3,4 } according to the X
set contradict the upper limits we obtained earlier. This contradicts our claim. It must be f; < 5. So, we have

Z fi, + Z ft, < 5(x — 4). For all values of n according to mod 5, it is easily seen that uq + us + ty, +
to=m+1
Um+1 =2n+12 s1nceu1 =2, uy —4 Uy =N+ 2, Upy1 =n+ 4.

If n = 0 (mod 5), then Z fe, + Z Jto = (Um + Um—1 + Uz + ug—1) — (2n + 12). For n = 0 (mod 5),
to=m-+1
Uy = N, Up_1 = nfl , Uy = 2n and u,_; = 2n — 1. So, we have 6n — 2 — 2n — 12 < 5(x —4) and

r > (4’”6} In this case, |X| =z > [4”“3} = [42£8] This implies that yx2 (Dsq (G, {3})) > [4%2].

If n = 1,2,3 4(m0d 5) then E ft1 + Z ft2 +f'rn 2+fl 2 < 5(]]— )+f’rn—2 +f$_2. Moreover,
to=m-+1
z—3
Z ff1+ Z ft2+fm 2+f7" 2*(um 2+Um 1+ur 2+ur 1) (2n+12)+fm—2+fm—2-

ti=1 ty=m—+1
If n = 1 (mod 5), then we have 4n — 18 < 5(x — 6) and z > {‘%ﬁ]smce Up—o =N — 2, Up_1 = N —
1, ugoo=2n—2, uy_y =2n—1and f,_o = fy—» = 2. Inthis case, |X| = 2 > [4nHl2] = [4n48] 47
This implies that vx2 (Dsq (G, {3})) > [422] + 1.
If n = 2 (mod 5), then we have 6n — 10 — 2n — 12 < 5 (z — 6) and z > [ 428 |since upm—2 =n— 3, Upm—1 =
n—2, Uy o=2n—3, Up_1 = 2n—2and f,,_o = fr_o = 3. In this case, =z > [ ni ] This implies
that Tx2 (Dsd (G7 {3})) > |'4n57+8"
If n = 3 (mod 5), then we have 6n — 14 — 2n — 12 < 5 (z — 6) and » > [ 22 [since up—2 =n— 4, Up—1 =
n—3, Up_o=2n—4, uy_1 =2n—3and f,,_o = fo_> = 4. In this case, =gz > [1248] = [4nt8]
This implies that vx2 (Dsa (G, {3})) > [#2E2].

If n = 4 (mod 5), then

m—4

r—4
Shut D futtmstfmoat fost oz

t1=1 to=m-+1

S 51 (x — 8) + fm—3 + fm—2+fw—3 + fw—?

m—4 r—4
Moreover, > fi, + >, fi, = (Um—2 + Um—3 + Up—2 + up_3) — (2n + 12). For n = 4 (mod 5), we
t1=1 to=m-+1

have 6n — 18 — 2n — 12 < 52 — 40 and = > [42H0] since up—2 =1 — 4, Up—3 = N — 5, Uy_o = 2n — 4,
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Up—3 =2n — 5 and fr—3 = fm—2 = fo—3 = fo—2 = 4. Inthis case, |X| = z > [12H0] = [4248] This
implies that vx2 (Dsa (G, {3})) > [#2E2].

Thus, the desired equality is obtained as a result of the lower and upper bounds on yx2 (Dsq (G, {3})).

This completes the proof. u

Theorem 2.11. If G = C,, for n > 10, then

[4 107
"; “1 ,n=1 (mod5)
[4n +10]
Yx2 (Dsa (G,{3})) = E +1 ,n=3 (mod3)
[4n + 107 .
, otherwise
5
Proof. Let the vertices of the D4 (G, {3}) graph be divided into two sets of V (Ds4 (G,{3})) = V1 U V4
whereV; = {1,2,...,n} and Vo = {n+1,n+2,...,2n}. We first establish upper bounds on
Yx2 (Dsa (G, {3})). Let
]
Di={n,(n-1),(n=2}us |J {Gi+4),6Gi+5},,
i=0
n=Tl-1
Dy={2n,2n-1, 2n—2} U U {(n+5i+4),(n+5i+5)} pand D =Dy UDs.
i=0

If n = 0,1,3,4(mod5), let S = D. If n = 2(mod5), let S = D U {n—3, 2n—3}. Otherwise,
n = 4(mod5), S = D U {un, un—_1,Usn,usn—1}. In all cases, the set S is a DD — set of D4 (G, {3}).
Further if n = 1 (mod 5), then |S| = [0 — 1, while if n = 3 (mod 5), then |S] = [#%+19] + 1 and
otherwise |S| = [4H9]. Hence, yx2 (Dsq (G, {3})) < [#2H2] — 1if n = 1 (mod 5), yx2 (Dsa (G, {3})) <
[42£107 4 1 if n = 3 (mod 5) and otherwise vy (Dsq (G, {3})) < [42H107.

Now let’s prove the lower bounds on 2 (Dsq(G,{3})). Let's assume that the set
X = {ur,uo, .. Uiy, Uy U 15+ -, Ujy - -, Ug b 1S @ Yo — set. Here; w; and u; are any two positive
integers such that ug < up < ... < u; < ... < Uy < Upy1 < ... < Uj < ... < u,,wherel <u; <n
ie{l,2,...,myandn+1<u; <2n je{n+1,...,z}. Wehave f; = us1o—u; fort € {1,2,...,2 — 2}
andt #m, m —1, m — 2. To show the inverse of the inequality, we need to show that f; < 5.

Suppose f; > 6 for at least one value of ¢t. Without loss of generality, assume thatf; = 6. In accordance with
this claim; the following sets are obtained. Let

D'={n, (n—1), (n—2), 2n, 2n—1, 2n —2}U

[257]-1
U {(6i+4),(6i+5),(n+6i+4),(n+6i+5)}
=0

However, the vertices (6i +6) , (n + 67+ 6) cannot be double dominated with this set. In this case, some
vertices must be added to the set D’. This contradicts the upper bound we found earlier. Hence, it must be f; < 5.
So, we get

-5

3

r—5
fot D fot fo-at fmes+ fmo2 + fooat foos + faz

t1=1 to=m-+1

<5(x—10) + frn—a + fi—3 + frn—2 + fo—a + fo—3 + fo—2.
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Also, the right-hand side of the inequality is equal to (U, —4 +Um—3 FUz—g4 +Uz—3) +Fm—a +fm-3 +fm—2
+ fr—a +fz—3 +fr—o. For all values of n according to mod 5, it is easily seen that w1 + ug + Umt1 + Ut =
2n+ 18sinceu; =4, ug =5, Upy1 =N+ 4, Upta =N+ D,

For n = 0 (mod 5), we have 6n — 22 — 2n — 18 < 5z — 50 and z > [#%H9] since uy,—g4 = n — 6,

Um-3 =N —95,Ugg4=2n—06, uy_3=2n—>5and fm74 = fa:74 = fm73 = f:r73 =4, fm72 = f::."72 =2.

In this case, | X| = 2 > [42H197 This implies that vy (Dsq (G, {3})) > [42+10],
5 p 5

For n = 1(mod 5), we have 6n — 26 — 2n — 18 < 5(z —10) and z > [*28]since up—4 = n — 7,
Un—3=n—06,u,4=2n—7,u;_3=2n—6and fm74 = fa:74 = fm73 = f:rf?) =3, fm72 = fw72 =2.

In this case, | X| = = > {M" = [w] — 1. This implies that yxo (Dsq (G, {3})) > {W] +1.

10
m—4 r—4
Ifn =2@mod5), then > fi, + > fio+ fm-s+ fm—o+ forz+ foro < 5(x—8) + fr3 + frn—2
t1=1 to=m-+1
m—4 x—4
+fe—3+ fo—2. Forn =2 (mod5), frn-3= fm-2= fo—3= fo—2=2.Then,wehave » f;,+ > fi,+
t1=1 to=m+1

28 =(Um—3 + Um—2 + Uz—3 + Uz—2) — (2n + 18) + 8. Furthermore, we get 6n — 10 — 2n —18 < 5z — 40
and z > [#2H2] since up-3 = n — 3, Up_a = n — 2, up_3 = 20 — 3 uy_p = 2n — 2. In this case,
|X| = 2 > [4H2] = [42H19] This implies that vx2 (Dsa (G, {3})) > [22412].

If n = 3 (mod 5), then the formulain n = 0,1 (mod 5) is valid. For n = 3 (mod 5), we have 6n—14—2n—18 <
5(x—10)and z > [*H8]since up—g = n — 4, U3 =1 — 3, Ug_g = 2n — 4, uy_3 = 2n — 3 and
fm—a = fm—3 = fm-2 = fo—a = fo—s = fo—o = 2. Inthiscase, |[X| = z > (4";181 = (4"'5*101 + 1.
This implies that 7.2 (Dsa (G, {3})) > [42412] + 1.

If n = 4 (mod 5), then the formula in n = 0, 1, 3 (mod 5) is valid. For n = 4 (mod 5), we have 6n — 18 — 2n —
18 < 5(x—10)andx > [ = [42H0gince up—y =1 —5, Um—3 =n—4, ug_g =2n—5, uy_3 =
2n —4dand fr—4 = fin—3 = fo—a = fe—s =3 and f,,,—2 = fo—2 = 2. Inthis case, | X| = =z > [4”5410].
This implies that vx2 (Dsq (G, {3})) > [42H10].

Thus, the desired equality is obtained as a result of the lower and upper bounds on vy (Dsq (G, {3})).

This completes the proof. |
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